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Introduction 


Transmutation operators theory is one of the attempts to create a general approach to 
different mathematical problems. Let us start with the main definition. 


Definition 1. For a given pair of operators (A, B), an operator T is called a trans- 
mutation (or intertwining) operator if on elements of some functional spaces the 
following property is valid: 


TA=BT. (1) 


It is obvious that the notion of transmutation is a direct and far reaching generaliza- 
tion of the matrix similarity from linear algebra. But transmutations do not reduce 
to similar operators because intertwining operators often are not bounded in clas- 
sical spaces and the inverse operator may not exist or not be bounded in the same 
space. As a consequence, spectra of intertwining operators are not the same as a rule. 
Moreover, transmutations may be unbounded. It is the case for the Darboux trans- 
formations which are defined for a pair of differential operators and are differential 
operators themselves; in this case all three operators are unbounded in classical spaces. 
But the theory of the Darboux transformations is included in transmutation theory 
too. Also, a pair of intertwining operators may not be differential ones. In transmuta- 
tion theory there are problems for the following various types of operators: integral, 
integro-differential, difference-differential (e.g., the Dunkl operator), differential or 
integro-differential of infinite order (e.g., in connection with Schur’s lemma), general 
linear operators in functional spaces, and pseudodifferential and abstract differential 
operators. 

All classical integral transforms due to Definition | are also special cases of 
transmutations; they include the Fourier, Petzval (Laplace), Mellin, Hankel, Weier- 
strass, Kontorovich—Lebedev, Meijer, Stankovic, Obrechkoff, finite Grinberg, and 
other transforms. 

In quantum physics, in the study of the Schrédinger equation and inverse scattering 
theory, the underlying transmutations are called wave operators. 

The commuting operators are also a special class of transmutations. The most 
important class consists of operators commuting with derivatives. In this case trans- 
mutations as commutants are usually in the form of formal series or pseudodifferential 
or infinite order differential operators. Finding commutants is directly connected with 
finding all transmutations in the given functional space. For these problems works 
a theory of operator convolutions, including the Berg—Dimovski convolutions [89]. 
Also, more and more applications are developed that are connected with the trans- 
mutation theory for commuting differential operators; such problems are based on 
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classical results of J. L. Burchnall and T. W. Chaundy. The transmutations are also 
connected with factorization problems for integral and differential operators. A spe- 
cial class of transmutations are the so-called Dirichlet-to-Neumann and Neumann- 
to-Dirichlet operators, which link together solutions of the same equation but with 
different kinds of boundary conditions. 

How do transmutations usually work? Suppose we study properties for a rather 
complicated operator A. But suppose also that we know the corresponding properties 
for a more simple model operator B and transmutation (1) readily exists. Then we 
usually may copy results for the model operator B to corresponding ones for the more 
complicated operator A. This is the main idea of transmutations. 

Let us consider for example an equation Au = f. Then applying to it a transmu- 
tation with property (1), we consider a new equation Bu = g, wihv=Tu, g=Tf. 
So if we can solve the simpler equation Bv = g, then the initial one is also solved 
and has solution u = T~!v. Of course, it is supposed that the inverse operator exists 
and its explicit form is known. This is a simple application of the transmutation tech- 
nique for finding and proving formulas for solutions of ordinary and partial differential 
equations. 

The monographs [51,571] are completely devoted to transmutation theory and 
its applications (note also the author’s survey [532]). Moreover, essential parts of 
monographs [56,89,252,259], among others, include material on transmutations; the 
complete list of books which investigate some transmutational problems is now near 
of 100 items. 

We use the term “transmutation” due to [53]: “Such operators are often called trans- 
formation operators by the Russian school (Levitan, Naimark, Marchenko, etc.), but 
transformation seems a too broad term, and since some of the machinery seems ‘magi- 
cal’ at times, we have followed Lions and Delsarte in using the word ‘transmutation’ .” 

Now transmutation theory is a completely formed part of the mathematical world 
in which methods and ideas from different areas are used, i.e., differential and integral 
equations, functional analysis, function theory, complex analysis, special functions, 
and fractional integro-differentiation. 

In the history of transmutation theory, three main periods can be distinguished. In 
the first initial period, basic ideas and definitions were formulated. Their source was 
the theory of similarity of finite matrices (see [175,212,573]), some ideas on similarity 
of operators, and some results for the simplest differential equations. It is believed that 
the idea of transmutations in the operator formulation was expressed by Friedrichs 
[153]. But in fact, the method of transmutation operators for obtaining representations 
of solutions to differential equations was developed and first applied much earlier in 
the 19th century in the works of A. V. Letnikov. In addition, it was essentially the first 
real application of fractional integro-differentiation as transmutations to problems of 
differential equations [273,498]. 

The second period conventionally continued during 1940-1980. This can be called 
the classic period. Numerous results in the theory of transmutation operators and their 
applications were obtained. We list the main directions and results of this period. 

The methods of transmutations were successfully applied in the theory of in- 
verse problems, defining the generalized Fourier transform, the spectral function, and 
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solutions of the famous Gelfand—Levitan equation (see the works by Z. S. Agra- 
novich and V. A. Marchenko [4,368-374] and B. M. Levitan [316—318,321,322, 
325-327]). In scattering theory, the no less famous Marchenko equation was pre- 
sented (see B. M. Levitan [3 16—318,321,322,325—327], V. A. Marchenko [4,373,374], 
and L. D. Fadeev [131,132]). For both classes of inverse problems, transmutation op- 
erators are the main tool, since the listed classical equations are written out for the 
kernels of the transmutation operators, and the values of the kernels on the diagonal 
reconstruct unknown potentials in the inverse problem from the spectral function (see 
[31,68,308,309,417,420,421,497]). 

For the Sturm—Liouville operators, classical transmutations on the interval were 
constructed by A. Ya. Povzner [454] and on the half-axis by B. Ya. Levin [313]. In 
spectral theory, well-known trace formulas and the asymptotics of the spectral func- 
tion were obtained by V. A. Marchenko [373,374] and B. M. Levitan [316-318,321, 
322,325-327]. Estimates of the kernels of transmutation operators responsible for the 
stability of inverse problems and scattering problems were given by V. A. Marchenko 
[4,373,374]. Estimates of Jost’s solutions in quantum scattering theory were obtained 
by Z. S. Agranovich and V. A. Marchenko [4,373,374], B. M. Levitan [3 16-318,321, 
322,325-327], V. V. Stashevskaya [557,558], and A. S. Sokhin [546-549]. As a result 
of applying the transmutations, we can say that the theory of Sturm—Liouville opera- 
tors with a variable coefficient was trivialized to the level of the simplest equation with 
trigonometric or exponential solutions. The Dirac system and other matrix systems of 
differential equations were studied by B. M. Levitan and I. S. Sargsyan [326]. 

The theory of generalized analytic functions was developed. Such theory can be 
interpreted as a part of the transmutation operators theory that intertwines the unper- 
turbed and perturbed Cauchy—Riemann equations (see L. Bers [26,27], S. Bergman 
[25], I. N. Vekua [579,582], B. Boyarsky [36], and G. N. Polozhy [450-452]). It has 
applications to mechanics problems and the theory of elasticity and gas dynamics. 
Based on the methods of transmutation operators, a new part of harmonic analysis 
was created. This part contains various modifications of generalized translation opera- 
tors and generalized convolutions (see J. Delsarte [83,84], I. I. Zhitomirsky [609,610], 
and B. M. Levitan [321,327]). 

A deep connection between transmutation operators and Paley—Wiener type theo- 
rems was established (see V. V. Stashevskaya [557,558], A. I. Akhiezer [5], H. Chablis 
[62-65], and H. Trimesh [569,570]). The theory of transmutation operators allowed 
us to give a new classification of special functions and integral operators with special 
functions in kernels (see R. Carroll [51-53] and T. Corvinder [273]). Moreover, to 
find the transmutation operator kernels, the existence and explicit form of the Green 
or Riemann functions for various classes of differential equations are used [545,588, 
589], stimulating the finding of these functions for various problems. 

In the theory of nonlinear differential equations, the Lax method was developed. 
This method uses transmutation operators to prove the existence of and construct solu- 
tions to nonlinear differential equations (see [1,54,605,617]). Darboux transformation 
has also been widely used as transformation operator in the case when both the in- 
tertwining and intertwined operators are differential [366]. For a connection between 
Darboux transformation theories and transmutation operators, see [11]. In quantum 
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physics, when considering the Schrédinger equation and problems of theory scatter- 
ing, a special class of transmutation operators, so-called wave operators, were studied. 
General scattering problems and inverse problems were considered from the point of 
view of transmutations in [131,132,375]. In [213] the wave operators were constructed 
for problems of scattering theory with the Stark potential. Unfortunately this paper by 
V. P. Kachalov and Ya. V. Kurylyova (1989) is practically forgotten. For example, in 
the article [324] (1995), B. M. Levitan formulates the problem of constructing the 
corresponding transmutation operator as unsolved. 

In the theory of transmutation operators, restrictions related to the order of the 
differential operator were discovered. It was shown that for differential operators 
of orders higher than the third, classical Volterra operators exist only in the case 
of analytic coefficients (see V. I. Matsaev [365], L. A. Sakhnovich [488-490], and 
M. M. Malamud [356-360]). In the general case, transmutations have a more com- 
plicated structure that requires access to the complex plane even for constructing real 
solutions (see A. F. Leontiev [328], Yu. N. Valitsky [578], I. G. Khachatryan [254, 
255], M. M. Malamud [356-360], and A. P. Khromov [256]). At the same time, in 
the spaces of analytic functions, the equivalence of differential operators of the same 
order was proved and a number of problems were studied (see D. K. Fage [133-139], 
B. A. Marchenko [370-372], Yu. F. Korobeinik [269,270], and M. K. Fishman [144]). 
Operator theory was applied to the theory of solubility for the well-known Bianchi 
equation (see D. K. Fage [139]). 

Transmutation theory is strongly connected with many applications in different 
fields of mathematics. Transmutation operators are applied in inverse problems via the 
generalized Fourier transform, the spectral function, and the famous Levitan equation; 
in scattering theory, the Marchenko equation is formulated in terms of transmutations; 
in spectral theory, transmutations help to prove trace formulas and asymptotics for the 
spectral function; estimates for transmutational kernels control stability in inverse and 
scattering problems; for nonlinear equations via the Lax method, transmutations for 
Sturm-Lioville problems lead to proving existence and explicit formulas for solutions. 
Special kinds of transmutations are the generalized analytic functions, generalized 
translations and convolutions, and Darboux transformations. In the theory of partial 
differential equations, the transmutations work for proving explicit correspondence 
formulas among solutions of perturbed and nonperturbed equations, singular and de- 
generate equations, pseudodifferential operators, problems with essential singularities 
at inner or corner points, and estimates of solution decay for elliptic and ultraelliptic 
equations. In function theory, transmutations are applied to embedding theorems and 
generalizations of Hardy operators, Paley—Wiener theory, and generalizations of har- 
monic analysis based on generalized translations. Methods of transmutations are used 
in many applied problems: investigation of Jost solutions in scattering theory, inverse 
problems, Dirac and other matrix systems of differential equations, integral equations 
with special function kernels, probability theory and random processes, stochastic 
random equations, linear stochastic estimation, inverse problems of geophysics, and 
transsound gas dynamics. Also a number of applications of the transmutations to non- 
linear equations is permanently increased. 
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In fact, the modern transmutation theory originated from two basic examples (see 
[532]). The first is the transmutation T for Sturm—Liouville problems with some po- 
tential g(x) and natural boundary conditions 


T (D* y(x) +. q(x) y(x)) = D? (Ty(x)), D* y(x) = y"(x). 


In this book we pay a lot of attention to equations with the singular Bessel differ- 
ential operator B,,, 
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and the second example of transmutation is a problem of intertwining the Bessel op- 
erator B, and the second derivative: 


T (By) f =(D)Tf. 


This class of transmutations includes the Sonine—Poisson—Delsarte and Buschman— 
Erdélyi operators and their generalizations. Such transmutations found many applica- 
tions for a special class of partial differential equations with singular coefficients. 

It should be noted here that the first fundamental paper that began the study of 
degenerate and singular partial differential equations with variable coefficients is the 
article by M. V. Keldysh [235] (Problem E). 

Let u = u(%,...,Un), f = f(%1,...,X%,). In accordance with I. A. Kipriyanov’s 
terminology, the equation 


\ Giyt=f (2) 
i=1 


is classified as B-elliptic, the equation 
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is classified as B-parabolic, and the equation 


n 
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k=2 


is classified as B-hyperbolic. 

Singular elliptic equations containing the Bessel operator are mathematical models 
of axial and multi-axial symmetry of the most diverse processes and phenomena of 
the world. Difficulties in the study of such equations are associated, inter alia, with 
the presence of singularities in the coefficients. The foundation of a systematic study 
of equations of B-elliptic type was laid in the works [592,594,596,598,599], where 
Weinstein’s theory of generalized axially symmetric potential (GASPT) was created. 
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In his papers Weinstein made a link between the B-elliptic equation and Tricomi 
equations and their fundamental solutions. I. A. Kipriyanov, together with V. V. Ka- 
trakhov (see [225,247,364]), studied boundary value problems for elliptic equations, 
with singularities of the type of essential singularities of analytic functions at isolated 
boundary points. L. N. Lyakhov studied the questions regarding fractional powers of 
the B-elliptic operator (elliptic operator with the Bessel operator instead of all or some 
second derivatives) and realized a solution to the B-elliptic equation and other ques- 
tions (see [343—347,351,352]). In the paper of M. B. Kapilevic [217], the theory of 
degenerate elliptic differential equations of Bessel class were considered. 

The first who applied the Fourier—Bessel (Hankel) transformation to equations with 
the Bessel operator B, was Yakov Isaakovich Zhitomirsky. At the beginning of the 
1950s, the rapid development of the theory of generalized functions by Gelfand and 
Shilov made it possible to establish the uniqueness class for the solution of the Cauchy 
problem for a system of linear partial differential evolution equations with constant co- 
efficients that depend only on the order of the system. Further attempts to extend these 
results to equations with variable coefficients depending on spatial coordinates were 
made. In search of such equations, Ya. I. Zhitomirsky came to parabolic equations with 
the Bessel operator (B-parabolic equations). For such equations, he developed and 
used the theory of Fourier—Bessel (Hankel) integral transform in the corresponding 
function spaces to obtain results on uniqueness classes. These results were obtained in 
the thesis by Ya. I. Zhitomirsky (1954) and published in articles [609,610]. He found 
classes of the correct solvability of problems for parabolic systems with increasing 
coefficients [611]. Exact uniqueness classes were established for solving the Cauchy 
problem for linear evolutionary systems with variable coefficients, and a new bound- 
ary for the growth of coefficients was found that guarantees the stability of uniqueness 
classes in [612-615]. Subsequently, Ya. I. Zhitomirsky turned to questions of the ex- 
istence and uniqueness of a solution to the Cauchy problem in terms of the general 
theory of differential equations. 

A. B. Muravnik studied parabolic differential equations and their generalizations. 
In [390,392,394,396,397,399-402], the Cauchy problem for parabolic differential- 
difference equations are investigated. In [391,403], these investigations are extended 
to more general cases where second derivatives and translation operators act with re- 
spect to an arbitrary amount of nonspecial spatial variables, while Bessel operators 
and the corresponding generalized translation operators act with respect to an arbi- 
trary amount of special spatial variables; thus, the considered functional-differential 
equations become differential-difference and integro-differential at the same time. 
In the monograph [9], the above investigations are summarized and developed. In 
[407-409,412], elliptic differential-difference equations in the half-plane are inves- 
tigated. In [85,86,393,395,398,404406,410,411], qualitative properties of solutions 
(including blow-up phenomena) are investigated for various quasilinear partial dif- 
ferential equations and inequalities (including singular and degenerate ones) with 
Kardar—Parisi-Zhang nonlinearities arising in numerous applications. In [386-389], 
specific properties of Fourier—Bessel transforms of measures are studied and applied 
to singular differential equations. 
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The class of B-hyperbolic equations was first studied by Euler, Poisson, and Dar- 
boux and this study was continued by Weinstein [593,595,597,599]. In [593,595] the 
Cauchy problem for (7.1) is considered with k € R, the first initial condition being 
nonzero and the second initial condition equaling zero. A solution of the Cauchy 
problem (7.1)-(7.2) in the classical sense was obtained in [595,596,599,602] and 
in the distributional sense in [38,56]. S. A. Tersenov in [564] solved the Cauchy 
problem for (7.1) in the general form where the first and the second conditions 
are nonzeros. Different problems for Eq. (7.1) with many applications to gas dy- 
namics, hydrodynamics, mechanics, elasticity and plasticity, and so on, were also 
studied in [7,32,38,39,56,61,74,88,96,97, 127,140, 148-150, 159,203,306,383,461,462, 
539,550,552,553,559,564,581,602,616], and of course the above list of references is 
incomplete. Problems for operator-differential (abstract) equations including hyper- 
bolics with Bessel operator appeared in the well-known monograph [56] A. V. Glushak 
studied abstract differential equations with a Bessel operator such as B-hyperbolic 
equations (see [182,185,188—190,192,193]). In particular, he investigated the stability 
of the property of uniform well-posedness of the Cauchy problem for the indicated 
equations and studied the solvability conditions for such problems with the Fredholm 
operator with derivatives. 

In the most detailed and complete way, equations with Bessel operators were stud- 
ied by the Voronezh mathematician Kipriyanov and his disciples Ivanov, Ryzhkov, 
Katrakhov, Arhipov, Baidakov, Bogachov, Brodskii, Vinogradova, Zaitsev, Zasorin, 
Kagan, Katrakhova, Kipriyanova, Kononenko, Kluchantsev, Kulikov, Larin, Leizin, 
Lyakhov, Muravnik, Polovinkin, Sazonov, Sitnik, Shatskii, and Yaroslavtseva. The 
essence of Kipriyanov’s school results was published in [242]. For classes of equa- 
tions with Bessel operators, Kipriyanov introduced special functional spaces which 
were named after him [243]. In this field, interesting results were investigated by 
Katrakhov and his disciples; now these problems are considered by Gadjiev, Guliev, 
Glushak, Lyakhoy, and Shishkina with their coauthors and students. Abstract equa- 
tions of the form (2) originating from the monograph [56] were considered by Egorov, 
Repnikov, Kononenko, Glushak, Shmulevich, and others. To describe the classes of 
solutions to the corresponding equations, I. A. Kipriyanov introduced and studied 
the functional spaces [243], later named after him (see the monographs by H. Tri- 
bel [568] and L. D. Kudryavtsev and S. M. Nikolsky [304] in which separate sections 
are devoted to Kipriyanov’s spaces). Transmutations are still one of the basic tools for 
equations with Bessel operators; they are applied in the construction of solutions and 
fundamental solutions, the study of singularities, and new boundary value and other 
problems. 

Transmutation operators for numerous generalizations of the Bessel operator were 
also considered. An important generalization of the Sonin—Poisson—Delsart operator 
is the transmutation operator for hyper-Bessel functions. The theory of such func- 
tions was originally laid down in the works of Kummer and Deleru. A complete 
study of hyper-Bessel functions, differential equations for them, and the correspond- 
ing transformation operators was exhaustively carried out by I. Dimovsky and his 
students [89,92,93]. The corresponding operators deservedly received in the literature 
the names of Sonin—Dimovsky and Poisson—Dimovsky operators; they were also stud- 
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ied by V. Kiryakova [92,93,252,253]. The central role in the theory of hyper-Bessel 
functions, differential equations, and transmutation operators for them is played by 
the famous Obreshkov integral transform, introduced by the Bulgarian mathemati- 
cian N. Obreshkov. This transformation, whose core is expressed in the general case 
in terms of the Meijer G-function, is a simultaneous generalization of the Laplace, 
Mellin, sine- and cosine-Fourier, Hankel, Meijer, and other classical integral trans- 
forms. Various forms of hyper-Bessel functions, differential equations, and transfor- 
mation operators for them, as well as special cases of the Obreshkov transform, were 
subsequently rediscovered many times. Obreshkov’s transform was historically the 
first integral transform whose kernel is expressed in terms of the Meijer G-function 
but cannot be expressed in terms of one generalized hypergeometric function. An- 
other important integral transformation, the Stankovic transform, was introduced by 
the Serbian mathematician B. Stankovic. The core of the Stankovic transform is ex- 
pressed in terms of the Wright-Fox H-function, but is not expressed in terms of the 
simpler Meijer G-function. This transformation finds important applications in the 
study of fractional differential equations of the type of fractional diffusion [1 18,264, 
265,459,460]. 

At the same time, similar theories were also constructed for some other model 
operators, such as [51—53,601] 
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The importance of A operators of the form (3) for the theory lies in the fact that, 
according to the famous Gelfand formula, they represent the radial part of the Laplace 
operator on symmetric spaces [162]. Here the Bessel operator is obtained by choosing 
v(x) =x” in (3). Another model operator for which the transmutations are constructed 
is the Airy operator D? + x. In [213] its perturbed version related to the Stark effect 
from quantum mechanics was also considered. We studied the shift operators with 
respect to the spectral parameter Erdélyi-Vekua—Lowndes [337-339]. 

Papers from the 1990s to the present can be attributed to the third period of de- 
velopment of transmutation theory, which can be called the modern period. In this 
period, many important studies have been received and continue to appear (see, for 
example, reviews [55,234,375,528,532,533]). We list some of them. The development 
of the theory of generalized analytic functions was continued (see A. P. Soldatov 
[551], S. B. Klimentov [260-263], and V. V. Kravchenko [277]). Applications of 
transmutation operators to embedding function spaces and a generalization of Hardy 
operators were found [522,524,525]. Various constructions of a generalized transla- 
tion and the generalized versions of harmonic analysis based on them were studied by 
A. D. Gadzhiev, V. Guliev, and A. Serbetci [174,206,207], S. S. Platonov [442-444], 
and L. N. Lyakhov and E. L. Shishkina [351-353], as well as in [510]. The use of 
transmutation operators and related methods in the theory of inverse problems and 
scattering theory continued [59,439,467,604]. For differential equations, the devel- 
opment of the Darboux method and its modifications continues (see V. B. Matveev 
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[366]), new classes of problems for solutions with significant features on the part 
of the boundary at internal or corner points are considered (see V. V. Katrakhov 
[225,227] and I. A. Kipriyanov [248—250]), and exact estimates of the rate of de- 
crease of solutions of some elliptic and ultraelliptic equations have been obtained (see 
V. Z. Meshkov and S. M. Sitnik [379,380,520]). 

A separate topic is the use of operators in the study of various fractional 
integro-differentiation operators (see I. Dimovski and V. Kiryakova [89,93,252] and 
N. A. Virchenko [583,584]). Using the methods of transmutation operators, sin- 
gular and degenerate boundary value problems, pseudodifferential operators (see 
V. V. Katrakhov [225,227], I. A. Kipriyanov [249,250], L. N. Lyakhov [343,344], 
and O. A. Repin [468]), and operator equations (see A. V. Glushak [184—186] and 
V. E. Fedorov [141,142]) were studied. The equations with Bessel operator and re- 
lated questions were studied by A. V. Glushak [185,188,189], V. S. Guliev [208], 
L. N. Lyakhov, I. P. Polovinkin, and E. L. Shishkina [349,350,354], L. S. Pulkina 
[463], K. B. Sabitov [486], and V. V. Volchkov [587]. 

A separate class of problems is comprised of problems of the Dirichlet-to-Neumann 
and Neumann-to-Dirichlet types, under which the transformation operator acts on the 
boundary or initial conditions, preserving the differential expression; such tasks have 
found important applications in mechanics (see O. E. Yaremko [600]). 

Enough completed modifications of harmonic analysis for Bessel operators were 
constructed in the works of S. S. Platonov [442-444]. For a perturbed Bessel type 
operator with variable coefficients, see Kh. Triméche [571,572]. Recently, harmonic 
analysis has been actively created for differential-difference operators of the Dunkl 
type [115-117,479,480] based on appropriate generalizations of Sonin—Poisson— 
Darboux operators. 

The existence of transmutation operators corresponding to generalized translation 
also allows us to determine the generalized convolution and new algebraic and group 
structures, and consider various problems of approximating functions [69]. The ideas 
of M. K. Fage developed for the Bianchi equation in connection with the construction 
of transmutations for higher order differential equations found their continuation in 
the study of more general equations in the works of V. I. Zhegalov, A. N. Mironov, 
and E. A. Utkina [606,607]. In the theory of fractional order equations, papers that can 
be interpreted as considering the transmutations method for representing solutions of 
fractional order equations through solutions of integer order equations have appeared 
(see A. Pskhu [459,460], Ya. Pruss [458], and A. N. Kochubey [264,265]). 

Transmutation operators find applications in the theory of the Radon transform 
and mathematical tomography [162,416,485], as well as in the expansion of functions 
in various series in special functions [214]. In the works of V. A. Marchenko, the 
application of transmutations to quantum theory continued [375,376]. 

An important section of transmutation theory is a special class of Bushman-Erdélyi 
operators. This is a class of transmutation which, with a certain choice of parameters, 
is a generalization of the Sonin—Poisson—Dardoux operators and their conjugates, the 
fractional integro-differentiation operators of Riemann—Liouville and Erdélyi—Kober, 
and the Mehler—Fock integral transforms. 
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Integral operators of the indicated form with Legendre functions in kernels were 
first encountered in the works of E. T. Copson according to the Euler—Poisson— 
Darboux equation in the late 1950s [70-72]. The first detailed study of the solvability 
and reversibility of these operators was started in the 1960s in the works of R. Bush- 
man [41,42] and A. Erdélyi [123-127]. 

Bushman—Erdélyi operators and their analogues were also studied by T. P. Higgins 
[167], Ta Li [561,562], E. R. Love [335,336], G. M. Habibullah, K. N. Srivastava, 
V. I. Smirniv, B. Rubin, N. A. Virchenko, and I. Fedotova [584], A. A. Kilbas and 
O. B. Skoromnik [240], and others. Moreover, the problems of solving integral equa- 
tions with these operators and their factorization and inversion were studied. The 
results are partially mentioned in the monograph [494], although the case of the inte- 
gration limits chosen by us is considered special there and is not considered, with the 
exception of one set of composition formulas (see also [234,522,537]). 

The term “Bushman-Erdélyi operators” is the most historically justified. It was 
introduced by S. M. Sitnik in [522,523], and later it was used by other authors. Ear- 
lier, in [494], the term “Bushman operators” was proposed by O. I. Marichev. The 
term “Chebyshev—Gegenbauer operators” [485] is also used in the theory of Radon 
transforms and mathematical tomography. The most complete study of the Bushman— 
Erdélyi operators, in our opinion, was carried out in the 1980s and 1990s [521-525] 
and then continued in [234,528,533-535]. It should be noted that the role of the 
Bushman—Erdélyi operators as transmutations before these works has never been 
noted or considered before. 

Recently, V. Kravchenko and S. Torba together with their colleagues have taken 
up the problem of efficient construction of the integral kernels of the transmutation 
operators. They tried to use the fact that the result of application of a transmutation 
operator to any nonnegative integer power of the independent variable can be obtained 
without knowledge of the operator itself. The powers of the independent variable are 
transmuted to so-called formal powers arising in the spectral parameter power series 
(SPPS) method (see [257,276,277,283]). This mapping property of the transmutation 
operator [45,286] leads to the possibility to transmute any polynomial into a cor- 
responding generalized polynomial in terms of formal powers. V. Kravchenko and 
S. Torba proved a completeness property of so-called wave polynomials in a class 
of solutions of the wave equation and, as a corollary, the completeness of the sys- 
tem of the transmuted wave polynomials in a class of solutions of the hyperbolic 
equation satisfied by the transmutation kernel [287,288]. This result led to a method 
of approximation of the transmutation kernels and consequently of solutions of the 
Sturm—Liouville equation. It was observed in [287,288] that an approximate represen- 
tation of the solution based on an approximation of the transmutation kernel admits 
estimates independent of the real part of the square root of the spectral parameter. This 
feature makes such representations especially valuable for solving spectral problems 
and allows one to compute large sets of eigendata. 

The next step was made in [281], where the authors managed to pass from ap- 
proximation of the transmutation kernels to their exact representation in the form of 
functional series involving Legendre polynomials with easily computable expansion 
coefficients. As a corollary, new representations for solutions of the one-dimensional 
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Schrédinger equation and later on for the Sturm—Liouville equation [290] in the form 
of the Neumann series of Bessel functions were obtained revealing the same attractive 
feature: They admit truncation estimates independent of the real part of the square root 
of the spectral parameter and allow one to compute in practice thousands of eigendata 
applying minimal computational efforts. 

It is worth mentioning that the mapping property of the transmutation operators 
allowing one to obtain the images of the powers of the independent variable with- 
out knowledge of the transmutation operator itself was used in several publications 
[45-48 ,258,274,275,282] for obtaining complete systems of solutions of partial differ- 
ential equations and for using them when solving different boundary value problems. 

Besides regular Sturm—Liouville equations, singular perturbed Bessel equations 
were studied in [284,291,293]. 

In [278] and [292] the authors explored the possibility to expand the transmuta- 
tion kernels into series in terms of other systems of orthogonal polynomials obtaining 
different series representations for solutions of the one-dimensional Schrédinger equa- 
tion. 

In [280], V. Kravchenko found a way to obtain a functional series representation 
for the transmutation operator with a condition at infinity, the Levin transmutation op- 
erator arising in the Gelfand—Levitan—Marchenko scattering theory. In [82] this result 
was developed and led to an attractive representation of the Jost solutions and as a con- 
sequence to an efficient method of practical solution of spectral problems on infinite 
intervals, allowing one to compute spectral (or scattering) data corresponding not only 
to the discrete part of the spectrum but also to its continuous part, a computationally 
challenging problem. 

In [279], V. Kravchenko discovered an application of the Fourier—Legendre series 
representation for the transmutation kernel from [281] to the solution of the clas- 
sical inverse Sturm—Liouville problem on a finite interval. Their idea is based on 
the observation that the potential can be recovered from the very first coefficient of 
the Fourier-Legendre series, and to find this coefficient a system of linear algebraic 
equations can be obtained directly from the Gelfand—Levitan equation. In contrast to 
existing methods for solving inverse Sturm—Liouville problems, the method derived 
by V. Kravchenko is not iterative. The inverse spectral problem is reduced directly to 
a linear system of algebraic equations. 

The same approach was developed in [280] for the inverse scattering problem on 
the line and in [81] for the inverse Sturm—Liouville problem on the half-line. Thus, as 
was shown by V. Kravchenko and his group, the transmutation operator method is an 
important tool for practical solution of forward and inverse spectral problems. 

Thus, the methods of transmutation theory and related problems were applied 
to one degree or another in the works of many mathematicians. We list some of 
them: A. I. Aliev, H. Begehr, J. Betancor, A. Boumenir, B. Braaksma, L. Bragg, 
R. Carroll, H. Chebli, I. Dimovski, C. Dunkl, J. Delsarte, A. Fitouhi, R. Gilbert, 
V. Hristov, V. Hutson, G. K. Kalish, S. L. Kalla, T. H. Koornwinder, V. Kiryakova, 
J. Loffstrém, J. Lions, M. M. Moro, J. S. Pym, B. Rubin, F. Santosa, J. Siersma, 
H. S. V. de Snoo, K. Stempak, V. Thyssen, K. Triméche, M. Voit, Vu Kim Tuan, 
Z. S. Agranovich, A. A. Androshchuk, A. G. Baskakov, L. E. Britvina, Yu. N. Val- 
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itsky, V. Ya. Volk, V. V. Volchkov, A. D. Gadzhiev, A. V. Glushak, M. L. Gor- 
bachuk, I. Ts. Gokhberg, V. S. Guliev, I M. Huseynov, Ya. I. Zhytomyrskii, 
L. A. Ivanov, M. S. Eremin, D. B. Karp, V. V. Katrakhov, A. P. Kachalov, A. A. Kil- 
bas, I. A. Kipriyanov, M. I. Klyuchantsev, V. I. Kononenko, Yu. F. Korobeinik, 
V. V. Kravchenko, M. G. Krein, P. P. Kulish, I. F Kushnirchuk, G. I. Laptev, 
B. Ya. Levin, B. M. Levitan, A. F. Leontiev, N. E. Lynchuk, S. S. Lynchuk, 
L. N. Lyakhov, G. V. Lyakhovetsky, M. M. Malamud, V. A. Marchenko, V. I. Mat- 
saev, A. B. Muravnik, N. I. Nagnibida, L. P. Nizhnik, M. N. Olevsky, S. S. Platonov, 
A. Ya. Povzner, B. Rubin, F. S. Rofe-Beketov, K. B. Sabitov, L. A. Sakhnovich, 
A. S. Sokhin, V. V. Stashevskaya, S. M. Torba, L. D. Faddeev, D. K. Fage, K. M. Fish- 
man, I. G. Khachatryan, A. P. Khromov, E. L. Shishkina, S. D. Shmulevich, and 
V. Ya. Yaroslavtseva. Of course, this list is not complete and could be significantly 
expanded. 

We must note that the term “operator” is used in this book for brevity in the broad 
and sometimes not exact meaning, so appropriate domains and function classes are 
not always specified. It is easy to complete and make strict for every special result. 

Now let us list the content of the book briefly by chapter. 

In Chapter |, basic definitions and propositions are presented. First we give defini- 
tions of some special functions such as the gamma function, beta function, Pochham- 
mer symbol, error function, Bessel functions, hypergeometric type functions, and 
some orthogonal polynomials. Next, some functional spaces and integral transforms 
are considered. Also Kipriyanov’s classification of second order linear partial differ- 
ential equations, the divergence theorem and Green’s second identity for B-elliptic 
and B-hyperbolic operators, the Tricomi equation, and the abstract Euler—Poisson— 
Darboux equation are discussed. 

In Chapter 2, we collect the basic facts about fractional calculus and fractional order 
differential equations. First we give a brief history of fractional calculus and fractional 
order differential equations, which include one-dimensional fractional derivatives and 
integrals, fractional derivatives in mechanics, fractional powers of multi-dimensional 
operators such as Riesz potentials, and differential equations of fractional order. We 
list some standard fractional order integro-differential operators, such as Riemann— 
Liouville fractional integrals and derivatives on a segment and a semiaxis, Gerasimov— 
Caputo fractional derivatives, Dzrbashian—Nersesyan fractional operators, sequential 
order fractional operators, and others. Also integral transforms and basic differential 
equations of fractional order are considered. 

Chapter 3 contains information about transmutations. We give a definition of the 
transmutation operator, some examples of classical transmutations, transmutations for 
the Sturm—Liouville operator, and transmutations for the singular Bessel operator such 
as the Poisson operator, the generalized translation, and the weighted spherical mean. 

Chapter 4 contains detailed studies of weighted generalized functions generated 
by quadratic forms. First we define the weighted generalized function associated with 
a positive quadratic form concentrated on a part of a cone and obtain its properties; 
next, we obtain the Hankel transform of weighted generalized functions generated by 
quadratic forms. 
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Chapter 5 covers one- and multi-dimensional Buschman—Erdélyi transmutation 
operators theory. It includes Buschman—Erdélyi transmutations of the first, second, 
and third kinds with properties, Sonine—Katrakhov and Poisson—Katrakhov transmu- 
tations, and generalizations to the multi-dimensional case. 

In Chapter 6, we present the integral transform compositions method (ITCM) for 
constructing different transmutations. We give basic ideas, a background, and a defi- 
nition of the ITCM and apply the ITCM to derive transmutations connected with the 
Bessel operator. Also some examples of the use of the ITCM to the solution of differ- 
ential equations are given. 

In Chapter 7, differential equations with Bessel operator without fractional power 
operators are considered. Firstly, hyperbolic and ultrahyperbolic equations with Bessel 
operator such as the general and generalized Euler—Poisson—Darboux equation and the 
singular Klein—Gordon equation are solved. The rest of Chapter 7 contains the solution 
to the problem for elliptic equations with Bessel operator. In this chapter we also give 
a short historical introduction on differential equations with Bessel operators and a 
rather detailed reference list of monographs and papers on mathematical theory and 
applications of this class of differential equations. 

Chapter 8 introduces the applications of transmutations to different problems. It in- 
cludes applications of Buschman—Erdélyi transmutation to the Copson lemma, norm 
estimates and embedding theorems in Kipriyanov spaces, and the Radon transform. 
Next, applications of the transmutation method to estimations of the solutions for dif- 
ferential equations with variable coefficients and the E. M. Landis problem and to the 
perturbed Bessel and the one-dimensional Schrédinger equation are given. Finally, 
we present identities for iterated weighted spherical means, which are necessary in 
various applied problems of tomography and integral geometry. 

In Chapter 9, fractional powers of Bessel operators are studied. We consider frac- 
tional Bessel integrals and derivatives on a segment and on a semiaxis, and some 
of their integral transforms, such as the Mellin transform, the Hankel transform, and 
the generalized Whittaker transform. Moreover, resolvents for the right-sided frac- 
tional Bessel integral on a semiaxis and the generalized Taylor formula with powers 
of Bessel operators are given. 

In Chapter 10, the theory of fractional powers of hyperbolic operators with Bessel 
operators instead of all or some second derivatives is developed. Such operators 
are called hyperbolic B-potentials. First, we give definitions of the hyperbolic B- 
potentials and prove their absolute convergence and boundedness. Next, using the idea 
of approximative inverse operators, we construct an inverse-to-hyperbolic B-potential 
operator. Also mixed hyperbolic Riesz B-potentials and their inversions are consid- 
ered. 

In Chapter 11, we solve fractional differential equations with singular coefficients. 
We apply the Meijer transform method for solution of homogeneous fractional equa- 
tions with left-sided fractional Bessel derivatives on semiaxes of Gerasimov—Caputo 
type and the Mellin transform method for the solution of ordinary linear nonhomoge- 
neous differential equations of fractional order on semiaxes. Next, we use the Riesz 
B-potential method for solution of nonhomogeneous hyperbolic equations with Bessel 
operators. 


Basic definitions and propositions 


1.1 Special functions 


1.1.1. Gamma function, beta function, Pochhammer symbol, and 
error function 


The gamma function, also called the Euler integral of the second kind, is one of the 
extensions of the factorial function (see [2], p. 255). 
The gamma function 1'(z) is defined via a convergent improper integral 


[oe 


T(z) = [ yt ay, (1) 


0 


which converges for all z € C such that Rez > 0. Function (1.1) is extended by ana- 
lytic continuation to all complex numbers except the nonpositive integers (where the 
function has simple poles). 

Integration by parts of expression (1.1) yields the recurrent formula 


P(z+1)=2zP(z). (1.2) 
Rewriting formula (1.2) in the form 


T(z) 


Tz-lD= ; 
@ ) z-l 


(1.3) 


we get an expression that allows us to determine the gamma function of z € C such 

that Rez < 0, for which the definition (1.1) is unacceptable. Formula (1.3) shows that 

T(z) has simple poles at z= 0, —1, —2, —3, .... From (1.3) we get 
Viztm+l=zz4+1)---+m)F(z), meéeN. (1.4) 


For the gamma function Euler’s reflection formula 


TZrd-z= 


; , (1.5) 
sin z7 


the formula 


Gy Ga a ‘ 
a 2 *) > cos(az)’ ee 
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and the Legendre duplication formula 
922-1 1 
1(2z) = ed (<+ 5) (1.7) 


are valid. 

The beta function, also called the Euler integral of the first kind, is closely related 
to the gamma function (see [2], p. 258). 

The beta function B(z, w) for z, w € C, Rez>0, Re w>0 is a special function de- 
fined by 


1 


Bz, w) = a ae 2 (1.8) 


0 
The beta function is related to the gamma function by the formula 


_ TR) 


The Pochhammer symbol (z), for integer n is defined by 
(Zn =2(z 4+ 1)...(z+n—1), WH 12: ve, (z)jo=1 (1.10) 
(see [2], p. 256). The following equalities are true: 
(2)n =(-1)"(1-n—2)n, (Dn =n!, 
and 


T(z+n) 
Zn = ——. 1.11 
(Z)n To (1.11) 
Equality (1.11) can be used to extend (z), to real or complex values of n. 
The error function (also called the probability integral) is defined as 


erf (x) = ler 


(see [2], p. 297). 
The error function’s Maclaurin series holds for every complex number z and has 
the form 


ot a 


xeR, (1.12) 


( 1)"z 2n+1 2 23 2 z! 2 
ony See = (: ). 


The error function is an entire function. 
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1.1.2 Bessel functions 


Bessel functions, named after the German astronomer Friedrich Bessel, are defined as 
solutions of the Bessel differential equation 


d* d 
x? SA ie y + (x? 


2 
=0, 
dx2 dx Bie 


where @ is a complex number. 

The Bessel functions of the first kind, denoted by Jy(x), are solutions of Bessel’s 
differential equation that are finite at the origin x = 0. The Bessel function Ja (x) can 
be defined by the series 


[oe 


(-—1)” x\2m+a 
Je) = Pm ganda) Ct) 


m=0 


For noninteger a the functions Jy(x) and J_9(x) are linearly independent. If @ is 
integer the following relationship is valid: 


Ja (x) = (—1)* Ja (x). 


The Bessel functions of the second kind, denoted by Y, (x), for noninteger a are related 
to J (x) by the formula 


Jy (x) cos(am) — J_g (x) 
sin(az) 


Yo(x) = 


In the case of integer order n, the function Y,(x) is defined by taking the limit as a 
noninteger @ tends to n: 


Yn (x) = lim Yo(*). 


Functions Yy(x) are also called Neumann functions and are denoted by Ny (x). The 
linear combination of the Bessel functions of the first and second kinds represents a 
complete solution of the Bessel equation: 


y(x) = Cy Jg (x) + C2Vq (x). 


Hankel functions of the first and second kind, denoted by HE (x) and HO (x), 
respectively, are defined by the equalities 


HS (x) = Jax) + iYa(x) (1.14) 
and 


H® (x) = Jy (x) — iY g(x). (1.15) 
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Modified Bessel functions (or occasionally the hyperbolic Bessel functions) of the 
first and second kind I(x) and K(x) are defined as 


[e,e) 


1 2m+a 
a(x) =i“ Jaix) = > Sere (5) (1.16) 
m=0 
Kg(x) = lee lad eG (1.17) 


2 sin(az ) 


where @ is noninteger. 
In the case of integer order a, the functions Jy (x) and Ky (x) are defined by taking 
the limit as a noninteger @ tends ton € Z: 


I,(x) = lim Ig (x), K,(x) = lim K(x). 
an an 
It is obvious that Kg (x) = K_q(x). 


Function /,(r) is exponentially growing when r > oo and K,,(r) is exponentially 
decaying when r — oo for real r and v: 


naa = —(1+0(-)). lArg(@)| < 5, 2 > 00, 


coon \F(+90(!))- eos 


For small arguments 0 < |r| < /v+ 1, we have 


1 v 
Kir)~ on) > 


—In(5)-» if v =0, 

Ki(r)~ es 2 (1.18) 
mY); ae ifv > 0, 

where 


d= lim n (-en tr} :)= I(4 +o) 4 Fe 


is the Euler—Mascheroni constant [121]. 
Here are some of the important particular cases of Bessel functions: 


ae [2 
Ji (z) =,/ — sin(z), J_1(z)=,/ — cos(z), 
2: TZ 2 TZ 
2, [2 
Ii (z) =,/ — sinh(z), [1 (z) =,/ — cosh(z), 
2 HZ HZ 
wT o-z 
Ki@)=K_1@)= ae 
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The normalized Bessel function of the first kind j, is defined by the formula (see 
[242], p. 10, [317]) 


; 2’°Twt+]) 
Jv (x) = —— J), (1.19) 
x 
where J, is a Bessel function of the first kind. Operator function of the type (1.19) 
was considered in [183,187]. 
The normalized modified Bessel function of the first kind i, is defined by the for- 


mula 


2Trwtl 
hues 


. v(x), (1.20) 
Xx 


iy(x) = 


where J, is a modified Bessel function of the first kind. 
The normalized modified Bessel function of the second kind k, is defined by the 
formula 


ky (x) Kya), (1.21) 


~ DP + yx? 
where K,, is a modified Bessel function of the second kind. We have 


dk, (x) 1 
dx — - ®T(1+ v)x” 


Kil): (1.22) 


Here are some of the important particular cases of normalized Bessel functions: 


fO==", gsG =a: 
2, Z ) 
eo 246 Sane: 
2: Z 3 
e< . 
ki(z)=—, k_i(z)=e%. 
2: Zz 3 


Using formulas (9.1.27) from [2] we obtain that j,(¢) is an eigenfunction of oper- 


ator (By); = ce + vg: 
(By)i jus (tt) = 0° joi (th), (1.23) 
(By)rivaa (tt) = tiv (Tt), (1.24) 
(By)rkva (tt) = tk ya (Tt). (1.25) 


Normalized Bessel functions have the following properties: 
jv) =1, i, 0) = 0, i, (0) =1, i,,(0) =0, 


1 
lim x7’k, (x) = —, v>0, (1.26) 
x0 2Qv 
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: T(-v) 
SOO) = sr aay v <0, —véN, (1.27) 
1 

lim x“ko(x) =0, a>0, lim —ko(x) =—1, (1.28) 

x20 x>0Inx 
dk 

fim x2t1 FO) _ pes (1.29) 

x0 dx 

We will use notations 

n 

i.) =[] ina Oe) (1.30) 
i=l 

and 

n 

iy (8) =| Tina Gigi), (1.31) 


i=1 


where y = (V1, ---) Yn)s V1 > 0, «+ Yn > O. 

Information about the Bessel functions is taken from [591]. 

The Struve function is a solution y(x) of the nonhomogeneous Bessel differential 
equation: 


1 
ey dy a Cs a”) _ 4(3)°" 
dx2 dx Jar (a 4 5) 


Struve functions, denoted as Hy (x), have the power series form 


CO 


_ (-1)" x\ 2m+o+1 
H)= ead) (mea) (3) , ve 


Another definition of the Struve function, for values of @ satisfying Rea > -5, is 
possible using an integral representation: 


Hy (x) = ee) ‘fs sin(x cos T) sin?” (rt) dt. 
Vat (a +5) Jo 


1.1.3 Hypergeometric type functions 
The hypergeometric Gauss function inside the circle |z|<1 is determined as the sum 
of the hypergeometric series (see [2], p. 373, formula (15.3.1)) 


CO 


oF (a,b; ¢; 2) = F(a, b,c) =), 
k=0 


(a)x(D)x ze 


(Oo. Ev (1.33) 
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and for |z| > 1 it is obtained by analytic continuation of this series. In (1.33) parame- 
ters a, b, c and variable z can be complex, and c 4 0, —1, —2, .... The multiplier (a); 
is the Pochhammer symbol (1.10). 

Since the hypergeometric series (1.33) converges only in the unit circle of the com- 
plex plane, it is necessary to construct an analytic continuation of the hypergeometric 
function beyond the boundary of this circle, to the entire complex plane. One of the 
ways to continue analytically is to use the Euler integral representation of the form 


1 
ro) b-1 —b-1 - 
Fi (a,b; ¢;z)= —.. | t L=a° 1—tz) “dt, 1.34 
Ala, brew) = pee f td 9 ta 42) (1.34) 
0 
0 < Reb < Rec, ljarg(1 — z)| <7Z, 


in which the right side is defined under the specified conditions, ensuring the conver- 
gence of the integral. 

An important property of the hypergeometric function is that many special and 
elementary functions can be obtained from it with certain values of the parameters 
and the transformation of an independent argument. 

Examples for elementary functions are 


1 
(1+ x)" = 2Fi(—n, B, B; —x), oe) = 2th 12 2), 


; x 
e*= lim 2Fi (I.n,1:), 
noo n 


een or ee = 
cosx = lim a, B, -; -—— }, 
gee 2’ 4a 


h iin ghee x 
coshx= lim a, B, ~; —— }. 
a ee 2’ dap 


The first-kind Bessel function and the Gauss hypergeometric function are related 
by the formula 


2 
J, (2) = 2F\ («80+ 1; -<,) 


m | —~42— 
a, B>o0 | P(v+ 1) 4ap 
The degenerate Kummer hypergeometric function , F\(a; b; z) is 


[ee 


1Fi(asb;z)= >> 


n=0 


a) 2n 


bMnl’ 
associated with the Gauss hypergeometric function by the limiting relation 


Zz 
1F\(a;c;z)= lim 2F; (a,b; CG =). 
b->0oo b 
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The degenerate Tricomi hypergeometric function (a; b; z) is determined by the 
equality 
rd—b) 
W (a; b; z) = —————_- | F(a; b;; 
(a; b; z) Ta+i-b! 1(a; b; z) 


T(b—1) 4_, 
ae F. 1—b;2—b;2z). 
r@ zy Fi(at+ Zz) 


Next we present Whittaker functions which appear in kernels of integral transforms 
connected with the fractional Bessel integral. 

Whittaker functions M,,,(z) and W,.,,,(z) are special solutions of Whittaker’s equa- 
tion 


d*w 1 « 1/4-,2 
+ + aie ewe, 
4 z 22 


They are modified forms of Kummer’s confluent hypergeometric functions and were 
introduced by Edmund Taylor Whittaker by 


‘L 1 
Meu (= exp-/ntt?M (ue + rh + 2h z). 


1 1 
We (2) = exp(—2/2) 220 (wat > 1 +2u; :) ; (1.35) 
where 
CO M)n 
av’z 
M@,b,)=) aay = Fi bia) 
n=0 
and 
U(a, b, z) et 7) M(a,b jp ee) -bM(a+1—b,2—b,z) 
a,b, Z) = ———— Ma, dD, —— —b,2—b, 
=Taeti-b a Seay ss ‘ 


are Kummer’s functions. 

The Whittaker functions M,,,,(z) and W,.,,,(z) are the same as those with opposite 
values of jz; in other words, considered as a function of jw at fixed « and z, they are 
even functions. When « and z are real, the functions give real values for real and 
imaginary values of ju. 

A generalized hypergeometric function is defined as a power series 


CO 


pein imi > 
n=0 


(41)n-++(Ap)n ae 
(Di)n-** (bq)n n\ 


The functions of the form 9F;(; a; z) are called confluent hypergeometric limit 
functions and are closely related to the Bessel functions J, and J,. The relationships 
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are 
_ _&) 2 
Jus(X) repent (at! = ) 
__ Gy 2 
lO = Fa iGe+t%) 
or 


2 2 
oFi(sath-F)=jeX), oF (eth $)=iaG). 


We also need the function ; F2(; a; z). It is known (see [456]) that for a > 0, € > 0, 
t>0, 


t 
i oh" Aay = ere 
[( u?) TL OE as 
0 


re 
x TAC a+l,yt+l; =) 


and for y <2,a>0,€>0,t>0, 


t 


a-l 2 
a l-y _ 
[( u ) ul Yuet = a ay 


0 


ce 
x A(t at+i,yt+l; +). 


The Appell hypergeometric function F4(a, b,c, c2; x, y) (see [456], p. 658) for 
|x|!/2 + |y|!/2 <1 has the form 


(4) m4n(b) 

‘ _ m-+n m-+n mon 

Fy(a,b,c1,c23 x, y)= ) Cie ys (1.36) 
=0 


For |x| 1/2 + |y|1/2 > 1, function F4(a, b; c1, c2; x, y) is understood as an analytical 
continuation, which is determined by the formulas from [130]. 

Struve functions (of any order) can be expressed in terms of the generalized hyper- 
geometric function ; F>: 


zor “ i 7 
H. (2) = ——~——1Fi(1, 3,0 +3,-4). 


2% ./nT (a + 3) 


10 Transmutations, Singular and Fractional Differential Equations 


The Lauricella function ({500], p. 33) is 


FO (ay, sy An, by, mag) bn; cy Z 15 ees Zn) 


(1.37) 


<3 3 (1) my (An), (B1)m, (bn ny e Sia" 


(C)in +...+mp mi! my!’ 
1 


max{|Z1|, -.-5 [Znl} < 1. 


The Fox—Wright function »Wq(z) is defined for z € C, aj,b; € C, a, Bj € R, I= 
1,...,p, j= 1,...,q by the series 


Pp 
( ) co I] P@+aik) ak 
al, O, f=1 
eee onan. | 2 oe oe 
“1 40 [T] 1G) + Bik) 
j=l 


If the condition 


is satisfied, the series in (1.38) is convergent for any z € C. Let 


P q 
5=] [lal | [161". 
i=1 j=l 
q Pp p—-q 
=) b;- —_- 
LL j Yat 5) 


If 


then the series in (1.38) is absolutely convergent for |z| < 6 and for |z| = 6 and 
Rep > 7: 

The Mittag-Leffler function Eg,g(z) is the entire function of order 1 /a defined by 
the following series when the real part of « is strictly positive: 


io n 


Zz 
Put)= 2 Tent By zeEC, a,BeEC, Rea>0, ReB>0. (1.39) 


Function (1.39) was introduced by Gesta Mittag-Leffler in 1903 for a = 1 and by 
A. Wiman in 1905 in the general case. The first applications of these functions by 
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Mittag-Leffler and Wiman were applications in complex analysis (nontrivial exam- 
ples of entire functions with noninteger orders of growth and generalized summation 
methods). In the USSR, these functions became mainly known after the publication 
of the famous monograph by M. M. Dzhrbashyan [98] (see also his later monograph 
[106]). The most famous application of the Mittag-Leffler functions in the theory of 
integro-differential equations and fractional calculus is the fact that through them the 
resolvent of the Riemann—Liouville fractional integral is explicitly expressed in accor- 
dance with the famous Hille-Tamarkin—Dzhrbashyan formula [494]. In view of the 
numerous applications to the solution of fractional differential equations, this function 
was deservedly named in [202] “Royal function of fractional calculus.” 
The derivative of the Mittag-Leffler function is calculated by the formula 


; EupZ) wr (U+kz* 
E,g@O=—e—= : 
dz ty PB + al + ky) 
Note that 

Ea,p(0) = 1, 

id 1 

= K = 

Eo1@) => z= = 

k=0 

. e — 1 sinh(,/z 
FE, i(Z)=e, E},2(z) = ; E2(z) = ann) 
z JfZ 


Using the Fox—Wright function (1.38) we can write 


d, 1) 


Ea,p(Z) = 1¥1 ee 0) 


| ‘ (1.40) 


A general definition of the Meijer G-function is given by the following line integral 
in the complex plane (see [20], p. 206): 


aj,...,@ 
Gmn Pp Zz 
PAN Diese Dy 


il (bj —s) ll ld —aj;+s) 
j=) j=) 


=. z ds. (1.41) 
20i q P 
zr [] rda-4;+s) T] T@-s) 
j=m+1 j=nt+l 


The general Legendre equation reads 


2 
a 
(1=2)y"=2y'+ [x4 - | y=0, 
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where the numbers A and jz may be complex. This differential equation has two 
linearly independent solutions, which can both be expressed in terms of the hyper- 
geometric function 2 F: 


1 tae" 1—z 
P#(z) = ——_ ] —— Fy { —-A,A4+1;1-— uw; —], 1.42 
», (2) aol] 2 i( Ae a ) (1.42) 
for |1 —z| <2, 
O Gis 


ft TA+ e+ 1) el? (2? — 1H? P A+petl AtH+2 3, 1 
DIT(A+3/2)  zatett a al 
(1.43) 


for |z| > 1. 


Functions aid and oF are generally known as Legendre functions of the first and 
second kind of noninteger degree, with the additional qualifier “associated” if ju is 
nonzero. 

We will use also Legendre functions with z = x, where —1 < x < | (see [19]). 
The interval (—1, 1) is “the cut.” If jz is even integer, then the values of Ee (z) on both 
sides of the cut are equal and in this case it is sufficient to take the branch cut along the 
real axis from —1 to —oo. In all other cases ise (x —i0) and ai (x +70) are different 
(here f(x +i0) means int f(x +ie), ¢ > 0). In order to avoid ambiguity it is usual to 


introduce slightly modified Legendre functions. These will be denoted by P/'(z) and 
Qi (2): 


Pua) = [el T PH(x +i0) te 7% mie (1.44) 


Q(x) = see [eo Oke +10) +e" Ot —10)], (1.45) 


1.1.4 Polynomials 


Gegenbauer polynomials or ultraspherical polynomials C, (a) (x) are orthogonal poly- 


: ; : : F al 
nomials on the interval [—1, 1] with respect to the weight function (1 — x?)"~7 that 
can be defined by the recurrence relation 


aa Ci (x) =2ex, 


Chx)= “x(n +a —1)CP_,(4) — @+ 2a —2)C7_»(@)). 


The next decomposition is valid: 


(a) n 
wos rc mae 
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Gegenbauer polynomials are particular solutions of the Gegenbauer differential equa- 
tion 


(1—x*)y"” — Qa + l)xy’ +n(n + 2a)y =0. 


When a = 5 this equation reduces to the Legendre equation, and the Gegenbauer 
polynomials reduce to the Legendre polynomials. When a = 1, the equation reduces 
to the Chebyshev differential equation, and the Gegenbauer polynomials reduce to the 
Chebyshev polynomials of the second kind. 

They are given as Gauss hypergeometric functions in certain cases where the series 
is in fact finite (see [2], p. 561): 


2a 1 1-z 
CM = On on 2F (—n. 20+ mse 5 5) ) 
[n/2] 


~ ‘ Musee n—2k 
7 du - F@kn 21” . 


The Gegenbauer polynomial can also be represented by the Rodrigues formula 


CHR) = 


1 
(-l)"T@t+5)Fat+ = (1 — x2)-e+ 1/2 di [a a oe ; 
2"n! TQa)P(a+n+ 5) dx" 


1.2 Functional spaces 


1.2.1. Orthant R", Cc” 


eu! 


Sev, and Li, spaces 


Suppose that IR” is the n-dimensional Euclidean space, 


Ri =(*=@1,...,4n) €R", x1>0,...,4%n>0}, 
Re == Gis 225 Xn) ER", x1>0,...,x,>0}, 
yY=("1, ---» Yn) is a multi-index consisting of positive fixed real numbers y;, i=1, ..., 1, 


and |y|=yi+.--+Yn- 
The part of the sphere of radius r with center at the origin belonging to R"_ we will 
denote S$, (n): 


St (n)={x eRY : |x|=r} U {x eR4 2x; =0, |x|<r,i=1,..., n}. 


Let Q be a finite or infinite open set in R” symmetric with respect to each 
hyperplane x;=0, i = 1,...,n, Q4 = QO RR, and Qy =QN R", where Rt = 
{x = (x1,...,%,) € R", x1; >0,...,x, = 0}. We deal with the class C”(Q._) consist- 
ing of m times differentiable on Q4 functions and denote by C’”(Q,) the subset of 
functions from C” ((&24) such that all derivatives of these functions with respect to x; 
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for any i = 1, ..., 2 are continuous up to x;=0. Class C”,(Q4) consists of all functions 


as 


from C”(Q4) such that Fant ! (see 


= 0 for all nonnegative integers k < 
xj=0 
[610] and [242], p. 21). In the following we will denote C77, (R’) by CZ),. We set 


oy (24) = (CH, M4) 


with intersection taken for all finite m and CV (Ri) =C% 
As the space of basic functions we will use the subspace of the space of rapidly 
decreasing functions: 


Sw= | rece sup |x*D? f(x)| <0 vospezt 
xeRY 


where a = (@1,...,Qn), B = (BI, ---, Bn), O1, ---, An, B1, ---, Bn are integer nonnegative 
a __ 1%) a2 xn" Bb Bi Br — o 
numbers, x® = x, ie sce , D? = Dy, ...Dx,, Dx; = oa 
Let LRT) = jee 1<p<oo, be the space of all measurable in R" functions even 


with respect to each variable x;, i = 1, ...,m, such that 


/ | f(x) |? x” dx < 0x, 


R’, 


For a real number p > 1, the Li,-norm of f is defined by 
1/p 
= = Py 
Flex cary =F llp.y = firco x! dx 
RY 


It is known (see [242]) that Le is a Banach space. 


1.2.2 Weighted measure, space L}., and definition of weak 
(p,q)y type operators 


The weighted measure of 02 is denoted by mes, ({&2,) and is defined by the formula 


mes, (4) = f x¥de. 
Q4 
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Let us consider the space with positive weighted measure mes,,. For a scalar valued 
measurable function f that takes finite values almost everywhere we define 
by (f,t) = mes, {x € Ri: |f(@)| >= i x’ dx, 
{x: | fx) |>e}+ 


where {x:| f (x)|>t}T=(xeER:| f()|>2}. We will call the function wy, = wy(f,t) a 
weighted distribution function of | f (x)|. 


Statement 1. For any function f € Ey (R;*) the following equality is correct: 


lee) 1/p 


IIfllny = pf Pa. tdt}) (1.46) 


0 


Proof. Let us first suppose that the function f is continuous in R* and has a limited 
support Q*. This area is divided into parts as follows. Let 


m=) <t)<th<...<t=M, 


where m and M are the largest and the smallest value of the function | f| on the Qt. 
We introduce the following partition of this area: 


L L 


at =(Jot= UL) &: 8-1 <lf@l <a}. 


i=1 i=l 


It is easy to see that the weight measure of a subset on is represented as a difference 
of the weight distribution functions at the points ¢; and t;+1: 


mes, {Q;"} = by (f3 ti) — My SF; ti41). 
Then 


[ircoire ax = f irooreax 
Qt 


+ 
Ry 


£ £ 
ys | f &)|? mes, Q; = fim eo [Hy fs tis.) — Myf: ti) ] 


L 
= ~ fn? [Hy (Fs ti) My (F t41)] 
M oo 


ats / 1? dw, (f, dt = — / 1? diwy Cf, tat, 


m 0 
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where A is the maximum partition size and &; € Qt is the midpoint of the i-th partition 
and we took into account that 4, (f; ¢) for the continuous function / is a differentiable 
function. Now equality (1.46) is obtained by integration by parts. 

Now let f € Ly (R7*). In this case an infinitely differentiable function f, exists 
such that 


lim || f — fellpy =0. 
e>0 pP 


It remains to write equality (1.46) for the function f, and passing to the limit at e > 0 
taking into account that both functions 1, (f-; t) and 4, (f; t) are monotone and that 


lim Hy (fei 1) = My (fi 0). 


The proof is complete. 


The space Epo =i, is the space of all measurable in Ri functions even with 
respect to each variable x;, i = 1, ...,, for which the norm 


Illex aany = lI Flloo,y = ess supy|f)| = infty (f, a) = 0} 
xeR ak 


is finite. 


Statement 2. Norms of spaces Ly and L}, related by equality 


If lloo.y = lim |Ifllp.y; fELd. (1.47) 
poo 
Proof. If || f\loo,y =, then equality (1.47) is obvious. 
Let 0<|| flloo,y <0o. We introduce the notation sy = ess sup,,| f()| = II flloo,y- 
xeRY 
We have 
a \/p 


Illy =| f ifeorarax | ssl? | f iroorParax 
4 


Then 


1/p 


lim || fllp,y < (sh)? lim / | f(x) |P/2x” dx 
poo J poo 
ee 


1/p 1/2 


= (5/7 | Tim, / If (x) |Px? dx 
t 


re 17/2 
= (Sp)? Tim Lf Ip. 
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SO we get 


a if 
jim IF llp.y = Sir. (1.48) 


From sy = ess sup, | f(x)| = inf {yu ,(f, a) = 0} it follows that for all ¢ € (0, S¥] 
: xeR ak 
the set Ec Ri such that mes, E < oo and 
| f(x)| > sy —e, VWxeE, 


exists. We obtain 
1/p 1/p 


[s — 8)Px¥ dx < [itooreras Sllfllpy- 
. E 


which implies that 
(Si _ e)(mes, E)!/? <P lpy 
and 


* ¥ 
lim || fIlp.y Zep =e 
poo . 


or, due to the arbitrariness of e€, 


lim || f|Ip,y = S}- (1.49) 


poo 


From (1.48) and (1.49) it follows that lim || f||p,) = Si O 
poo 


Note that for f € Loo, statement 2 is well known (see [419]). 
A linear operator A is of strong type (p,q)y, 1<p<oo, 1<q<on, if it is defined 
from Ly to Ly and the following inequality is valid: 


Af llay SAllfllpy, VF ELD, (1.50) 


where constant h does not depend on f. 
We say that a linear operator A is an operator of weak type (p,q)y A< p<, 
l<q<o)if 


Allfllpy \4 y 
My (Af, A)S(— SJ} » VF ELD, (1.51) 
where h does not depend on f and A, A > 0. 


If ¢ = &, then a linear operator A is an operator of weak type (p,q), when it has 
strong type (p, q)y. 
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Ul 


1.2.3 Space of weighted generalized functions S’,,, 
continuous functions, and unitary operators 


absolutely 


For 1< p<, Li toc(R4) = LY ieé is the set of functions u(x) defined almost ev- 


erywhere in R’ such that uf € es for any f € Sey. 


Definition 2. Let ck, (X) be the space of all functions u € Cc (X) with compact 
support. 


Definition 3. Let ee (X), X CR", be the space of all functions integrable with the 


weight x” on compact subsets in X: 


fELioc,(X) > / | f (x) |x” dx < 00. 
X 


Definition 4. The space of weighted generalized functions S/,,,(R".) = S., is a class 
of continuous linear functionals that map a set of test functions f € Sey into the set 
of real numbers. Each function u(x) € Li loc Will be identified with the functional 
u€ S/,,(R1.) = Si, acting according to the formula 


(u, fy = [uo f(x) x” dx, Ff € Sey. (1.52) 
Ry 
Generalized functions u € Sj, acting by formula (1.52) will be called regular 


weighted generalized functions. All other generalized functions u € S’,, will be called 
singular weighted generalized functions. 


As we have seen, a singular weighted generalized function cannot be identified 
with any locally integrable function. The simplest example of a singular weighted 
generalized function is the weighted delta function. 

The weighted delta function 5, € S/,, is defined by the equality (by analogy with 
[177], p. 247) 


(y,P)y =9), P(x) € Sev. 
The fact that this generalized function is weighted is explained as follows. Let 


2. 
pen ik tieeers 
IrCge @-bP |x| <e, 


0 |x| >, 


W(x) = 


where C, is selected such that 


[ eccon’ax =1. 


RY, 
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Since 


lim / w@\e@x’dx=9O), Ee Ses, 
é>+0 
a 
we have 


(We(X), PX) )y > Gy), GO)y, e— +0, p € Sev. 


Considering that for convenience we will write 


Cone / SudeWadn=ie@) 


Ry 


and understand it in the sense of the limit of delta-shaped sequences. 
Following [494] we give the definition of the space AC (&2) of absolutely continu- 
ous functions. Let Q = [a, b]. 


Definition 5. A function f (x) is called absolutely continuous on an interval QQ if for 
any € > 0 there exists a 6 > O such that for any finite set of pairwise n nonintersecting 
n 


intervals [ag, by] C Q, k = 1,2,...,n, such that for Y> (by — ax) < 5, the inequality 
k=1 


n 
Y | fe) — f(a) < € holds. The space of these functions is denoted by AC(Q). 
k=1 
The space AC (&2) coincides with the space of primitives of Lebesgue summable 
functions (see [266], p. 338): 


x 


b 
f(x) € AC(Q) & fx) = / g(t)dt +c, 7 |p(t)|dt < co. 


a 


Definition 6. Let us denote by AC"(Q), where n = 1,2,..., the space of functions 
f (x) which have continuous derivatives up to order n — 1 on Q with f®-)(x) € 
AC(Q). 


It is clear that AC'(Q) = AC(Q). 
The space AC” (Q2) consists of those and only those functions f(x) which are rep- 
resented in the form 


n—-1 


fw=> an foo Ho(ndt + Yatra. 


where g(t) € Li (a, b), cx are arbitrary constants. 

A unitary operator is a surjective bounded operator on a Hilbert space preserving 
the inner product. Unitary operators are usually taken as operating on a Hilbert space, 
but the same notion serves to define the concept of isomorphism between Hilbert 
spaces. 
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1.2.4 Mixed case 


In this subsection we give a summary of the basic notations, terminology, and results 
connected with the case when the Bessel operator acts on all variables except the first 
one. 

Suppose that IR”*! is the (n + 1)-dimensional Euclidean space, 


Rit ={¢,)=@,21,---.%) ER", 21>0,...,%n>0), 


yY=(1, ---. Yn) is a multi-index consisting of positive fixed real numbers yj, i=1, ..., 7, 
and |y|=yi+...+yn. Let © be a finite or infinite open set in R’*+! symmetric with re- 
spect to each hyperplane x;=0, i = 1,...,n, and QO, = © AR”*! and 0,=0 aR, 
where R"*1={(t,x)=(t,x1,..-,4n)ER"*!, x1 20, ..., x0}. We deal with the class 
C” (©) consisting of m times differentiable on ©, functions and denote by C” (©) 
the subset of functions from C’”’ (©) such that all existing derivatives of these func- 
tions with respect to x; for any i = 1, ...,m are continuous up to x;=0 and all existing 
derivatives with respect to f are continuous for t € R. Class €”,(O4) consists of 


= 2k+1 
all functions from C”(@+) such that ° 3K nd = 0 for all nonnegative integers 
IP A 


i x=0 


k< met and for i = 1,...,m (see [610] and [242], p. 21). In the following we will 
denote €” (R"*!) by €%,. We set 


7, (+) =( )¢%,@4) 


with intersection taken for all finite m. Let C25 (R —) = €3. Assume that ¢2(O,) 


is the space of all functions fe€2(O +) with a compact support. We will use the 


notation e © (O4)=94(O4). 
Let Li(O4), 1<p<oo, be the space of all measurable in ©, functions such that 


[itqaprxatax <0o, x” = [ x”. 
O4 i=l 
For a real number p > 1, the Le (©)-norm of f is defined by 


1/p 


IFllewoy =| f Lfe.01Ps% dea 


O4 


The weighted measure of ©; is denoted by mesm, (©) and is defined by the 
formula 


mesm, (84) = f x7 drde. 


Oy 
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For every measurable function f(x) defined on Re we consider 


My (fo) =mesm,{(t,x) ER: |fG, x) > 0} 


= / x’ dtdx, 


{(t.x): [f(t.x)|>o}* 


where {(t, x):| f(t, x)|>o}T={(t, yer TG: x)|>o}. 
Let a space LY (O14) be defined as a set of measurable on © functions f(t, x) 
such that 


Flex cosy = esssup, (FE, *)| = inf {tf 0) =O} < oo. 
(t.x)€ Ox. os 
For |< p< @, ie loc(O+) is the set of functions u defined almost everywhere in 
© such that uf € LpO+) for any f €D+4(O4). _ 
Let us define D/, (©) as a set of continuous linear functionals on @4. Each 
function u € £L’ ,, (Q4) will be identified with the functional u € D', (©) acting 


l1,loc 
according to the formula 


(u, f)y = i u(t, x) f(t, x) x” dtdx, f€ D+). (1.53) 


O, 


Functionals u € D', (04) acting by formula (1.53) will be called mixed regular 
weighted functionals. All other continuous linear functionals u € D/, (O4) will be 
called mixed singular weighted functionals. 

The generalized function 6, is defined by the equality (by analogy with [242], 
p. 12) 


(y,9)y=90), vEeD+(O4). 


As the space of basic functions we will use the subspace of rapidly decreasing 
functions: 


6a(Ri*) ={feco: sup |1°x DF F(t, x)| <x}, 
(t.x)eRYT! 


where a = (a1, ...,@n), B = (Bo, B1,---, Bn), @0, 01, ---, On, Bo, Bi, ---, Bn are arbitrary 
integer nonnegative numbers, and x% = x{1x5?...xn", DP = pPo pe DE, D; = 


a —.9 —_ / . / 
ap Dx; = ad = 1, ...,2. In the same way as 9’, we introduce the space G,,. In 


fact we identify S’,, with a subspace of D!, since D4 is dense in Gey. 
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1.3 Integral transforms and Lizorkin-Samko space 


1.3.1. One-dimensional integral transforms with Bessel functions 
in the kernels and Mellin transform 


In this subsection, following [180], we consider some one-dimensional integral trans- 
forms which we will use later. 


Definition 7. The one-dimensional Fourier transform of an integrable function f : 
R-> Cis 


FLSME) = [ feoet ax, 


for any real number &. 
Under suitable conditions, f is determined by F| f] via the inverse transform: 


(ee) 


1 , 
fod= a f FLA) ede, 
IU 


—oo 


for any real number x. 


In F[ f], instead of the kernel e~**, sometimes e!*§ , e275, or (277) 7!/2 et is 
chosen, as in certain instances these kernels are more convenient. 


Theorem 1. [/S0] Let f € L be piecewise smooth in each interval [a, b] C R. Then 
we have for every xy € R 


1 rs ; 
sof FLFIe) ede = Fe0) 
IU 


if f is continuous at xo, and we have 


CO 


il 2 
a | Furie eae = 
IU 


—oo 


f (xo + 0) — f (xo — 0) 
2 


if f is discontinuous at xo, and the integral in this case has to be understood in the 
sense of Cauchy’s principal value. 


Let f, g € Ly 1 Lo. Then the Parseval formula follows 


(oe) 


[ feor@ar= / FLSIE) Fgh) dé, 


—co 
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where the bar denotes complex conjugation. 
The Plancherel theorem, which follows from the above, states that 


| rer ax= f IF Ne? dé. 


Definition 8. The Laplace transform of a function f (t), defined for all real numbers 
t > 0, is the function F(s), which is a unilateral transform defined by 


LI f(s) = F(s) = , f@e" de, (1.54) 
0 


where s is a complex number frequency parameter s = 0 + ia, with real numbers o 
and o. 


Let Ey, a € R, be the space of functions f:R—-C, fe Lie-(R), such that 
(oe) 
if | fle“ dt < co and f(t) vanishes if t < 0. 
0 


Let f € Eq. Then the Laplace integral (1.54) is absolutely and uniformly conver- 
gent on H, = {p: p € C, Rep > a}. The Laplace transform of function f € Eg is 
bounded on A, and it is an analytic function on Hz = {p:p €C,Rep >a}. 

Let f € E, be smooth on every interval (a, b) € R;. Then in points t¢ of continuity 
the complex inversion formula 


c+ioo 
CLIO = 0 = i Fonds. exe. 


holds. 

The Laplace transform of the Mittag-Leffler function multiplied by the power func- 
tion is (see [241], p. 47, formula (1.9.13), where p = 1) 
a—B 


LixP Ba pAx")6) = S—. 


(1.55) 


S 


Definition 9. The one-dimensional Hankel transform of a function f eLi (RI) is 
expressed as 


F/LAIE) = FyLFCONE) = FE) = if FO) Fra (8) x" dx, (1.56) 
0 


where y > 0 and the symbol j, is used for the normalized Bessel function of the first 
kind (1.19). 
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Let feLy (R+) be of bounded variation in a neighborhood of a point x of continu- 
ity of f. Then for y > 0 the inversion formula 


Pu ql-y rs a 
= _ _ é 
Fy (fEN@) = f@)= r2(z$1) figonfes’ dé (1.57) 
0 


holds. 


Definition 10. For functions f the integral transform involving the normalized modi- 
fied Bessel function of the second kind ky-1, y = 1, as kernel is the Meijer transform 


defined by 
[o.@) 


Kyl PME) = FE) = frau (8) $04" de. (1.58) 


0 


Let f € Li-(R4) and f (t) =o (16-5) as t > +0, where B > y-2 ify > 1 and 


B>-—lify =1. Furthermore, let f(t) = 0(e%) as t > +00. Then its Meijer exists 
a.e. for Re& > a (see [150], p. 94). 


Since ky (zj=e%, 


oe) 


Kol fl(é) = F(E) = / e f(x) dx = LIFE) 


0 


is a Laplace transform (1.54). 
Let S be the space of rapidly decreasing functions on (0, 00), 


s=[recma.so: sup |x*D* f(x)| < oo vonpe ze}, 
x€(0,00) 


and f € S. We also will use the following transforms with Bessel functions in the 
kernel: 


Ay f@) = footncn roar Ve= (1.59) 
0 


and 


wifey = font yan red, (1.60) 
0 
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where J, is the Bessel function of the first kind of order v and Y,, is the Bessel function 
of the second kind of order v. 

Transforms H, and Y,, are well studied in [477,478,166]. In these papers, their 
boundedness in £,,,,-spaces have been completely examined. The £, ,,-space is the 
space of functions (or, more precisely, equivalence classes) such that their Lebesgue 


CO 
integral f |x’ f(x)|? a is finite. The Lp ,,-norm is defined by 
0 


1 
ind 
If lle = (ie roorS), (1.61) 


Here 1 < p < oo and yp is any number. 


Definition 11. The Mellin transform of a function f :R4 — C is the function f* 
defined by 


ee) 


F*(s) = MEI) = / x! fad, 


0 


where s =o + it €C, provided that the integral exists. 

As space of originals we choose the space pe —0o <a<b< ©, which is the 
linear space of R4. —> C functions such that x°—' f (x) € L1(R4) for every s E{pe 
C:a<Rep <b}. 

If additionally f*(c + it) € L1(R) with respect to t, then the complex inversion 
formula holds: 


[e.e) 


1 cti 
M~'Tel@) = f@) = 5 / x *p(s)ds. 


c—i00 


In fact, the gamma function I(z) corresponds to the Mellin transform of the nega- 
tive exponential function: 


T(z) = M[e™*](z). 


If an operator A is acting in the images of the Mellin transform as a multiplication 
to a function 


MIAf](s) =ma MFI), (1.62) 


then we name m4 a multiplier of operator A. 
The Mellin convolution (f * g)m(y) of two functions f and g is given by 


[fee (=) ae (1.63) 
0 
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We have 
f d 
M] f K(=) 20 | 6) = MIKI) MIN0), (1.64) 
0 
so M[K |(s) is the multiplier for the Mellin convolution (see [361]). 


1.3.2 Properties of composition of integral transforms with 
Bessel functions in the kernel 


The next lemma, which allows to reduce the question of the boundedness of some 
operator in L» to study its multiplier, is well known (see [114,98,565]). We give this 
lemma here. 


Lemma 1. (1) Let for operator A equality (1.62) be true. Then, in order for expansion 
of A to the bounded operator in L2 to be allowed, it is necessary and sufficient that 


sup 
—éeR 


MA (16+ 5) [=m <o. (1.65) 


Thus we have ||A\|r, = M,. 
(2) In order for expansion of the inverse operator A~' to the bounded operator in 
L2 to be allowed, it is necessary and sufficient that 


1 
Be mMaA (18+) [=m <oe (1.66) 


+t 
mi" 

(3) Let operators A and A~' be defined and bounded in L>. Then in order for A 
and A~! to be unitary it is necessary and sufficient that an equality 


Thus we have IA IIL, = 


Im, (w+ 5)|=1 (1.67) 


is true for almost all € € R. 


Here, we give some more known results from [477,478,166] which we will use 
later. 


Lemma 2. (/) The integral transform H, bijectively maps the space £2,,, into itself 
when 5 <p <v+3. 
(2) Let f € Loy, 5 <p< 5 — v. Then for Res = pt we have 


MA, f(s) =m, (s) MIFIC — 5), (1.68) 


Basic definitions and propositions 27 


where 


2Qs+2v+1 
(est 
2s—2v4+3 \° 
Cc) 


Lemma 3. (J) The integral transform Y, bijectively maps the space £2,,, into it- 
self when 5 <pw< 3 — |v|, except for the case 1 = 5 —v. For b= 5 —v we 
have Y[Ly 1] = Hy[Ly 1_,) and Vy = Cy Hy + Coy H_y when —5 <v<Oand 
AIL, 1] = H_y[L, 1] = Ly diy: It is obvious that WIL 1-4] Cc Ly diy: For 
Mo it is proved in [478]. 

(2) Let f € Loy, 5 <pw<vt+ 3. Then for Res = tt we have 


my(s) = 25-2 


(1.69) 


1 
MY f(s) = —m,(s) etg (: oe ae wl) = MUsId —s), (1.70) 


2s+2v+1 
a) 
2s—2v+3)* 
sor ee 


Now let us study the composition of operators H,, and ),. 


where m,(s) = 28-3 


Theorem 2. Let f € £2, 5 << 3 — v. Then: 
1) Operator Hy, acts in Mellin images according to (1.62) with the multiplier 


2 2v—1 
m(s) = e(“*2 a. Res =. (1.71) 


2) The formula 


27 v+3 
Hy fa) = =| a (-) ” at (1.72) 
0 


is valid. 


Proof. 1) According to [478,166], if f € £2,,, then V, f € Lo, for; <u <5-(v| 
and we can apply formula (1.70) to Vy f: 


MAW f(s) =m (MY fId — 5). 
Then using (1.68) we get 
1 
MAW f(s) = —m,(s) my (1 — 5) etg ((s ote ») ) MIF (5). 


To prove (1.71) it remains to substitute 


r 2s+2v+1 r 3—25s+2v 
s—} 4 1_s 4 
m,(s) = 2° - 2 ——__— my(—s)=22~ 


2s—2v43\’ 5—2s—2 
) =) 
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(see (1.69)) and to apply formulas (1.5) and (1.6). 
Formula (1.71) can also be obtained directly. We denote Y,[f](s)=g(s) and 
change the variables in (1.59) by t = i. We obtain 


ra i. fia 
Huleits)= f (=) ~s(-) ay (1.73) 
yy y y y 


where &y(x) =x? J,(x). 
Then using formula (1.64) we get 


1 1 
MAy[g](s) = MR] (s)M E g (=) = M[R]() MIg(y)] — 5). 


We used formulas (3) and (4) from [19], p. 268, for obtaining the last expression. It is 
clear that 


rg i five 
g(y) = LIQ) =/» (*) —f (=) —, 
‘ P/ P P/ P 
where ), (x) =x? Yy(x). Then 
MIgl(1 —s)=M[Ky]U —s), 
1 1 
M E f (<)| Ud —s)=MIK,J0d —s) M[f](). 
P P 
So 
MIA, Vy f(s) = M[K1](s) M[ Kal. — 5) M[f1(). 
Substitution of values M[K,](s) and M[K2](1 — s) from [19] into this expression 
gives (1.71). 
2) Denoting m(s) = M[K](s) we can write 
M[Ay VY fs) = M[K ](s) MIF). 
Using formula (18) from [19], p. 302, we get 


2 xta 
a an am 1—x 


7: 


Applying (1.64) we obtain (1.72). 
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It is easy to see that for v = +5 the operator HM, VY, is equal to Hilbert transform on 
semiaxes: 


27 xf 
Ay Wya== f oat 
0 


It is easy to explain this fact. We know that (see formulas (14) and (15) in [21], p. 90) 


Jy (x)= Y_1(x) — (=) sin(x), 


TUX 


Then for v = 5 operators Hi, and )\, are cosine- and sine-Fourier transforms. Ac- 


cordingly, for v = -5 operators HM, and V, are sine- and cosine-Fourier transforms. 
Superposition of such transform operators is a Hilbert transform on semiaxes. 


Theorem 3. Let f € £o,,, 5 << 3 —|v|. Then: 
1) Operator \,, H, acts in Mellin images by formula (1.62) with multiplier 


(=F) 
m(s) = —ctg Z n|, Res=w. (1.74) 


2) The formula 


CO 
2 x\3-» tf(t) 
YtAy f(x) = I( yo Oa (1.75) 
4 t x“ —t 
0 
is valid. 
The proof of this theorem resembles the proof of Theorem 2. 
From (1.72) it is clear that VY, H, = —H_,Y_, and we can consider only one of 


these compositions. 

Next we consider norms of H,, V,, and their compositions in L2(0, oo). For estima- 
tion of norms of H,, and yy we use (1.70) and (1.68), which we write in the following 
form: 


1 
x 


1 
MAY f\(s) =mioM| f (<)| (s), (1.76) 


MD =e ees (: a ») ae ly (<)| (s). (1.77) 
2 2 x x 


To obtain (1.76) and (1.77) we used formulas (3) and (4) from [19], p. 268. 
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It is obvious that for operators H,, and Y, representation (1.62) does not hold; 
hence we cannot apply Lemma | directly. We introduce auxiliary operators H, and 
YY, according to the formulas 


Aatficy= f 4 (=) Cece (1.78) 
0 
DI = 7, X\ /x\4 dt 
tf = fv (=) (Z)° ro. (1.79) 
0 


Obviously (see (1.73)), for any function f € L2 we have 
Ay f =Ayf, W=WS, 


where 


and 


MUAY f(s) = MULAy f(s) = mv (s) MEF), 


Sw 1 F 
MW f(s) = M[W f(s) = my (s) ctg (s+5-»)5 MI f(s). 


Thus for (1.78) and (1.79) the representation (1.62) holds with multipliers of operators 
Hi, and Y,, accordingly. Let show that 


1 1 
-+(3)| 
SB 


Indeed 


[ 


= If llzo. 


2 


1 5()f aca furore = fri 


[o,@) 
We have 
[Av fll [Ay fll 
|| Hy Plt = na ay = SU ells 
EL2 Il flit. fel2 Il fille. 
Similarly we obtain ||Y,||z, = rll. Now we can use Lemma | to prove the next 


two theorems. 
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Theorem 4. For v > —1 operator H,, is unitary in Lo. 


Proof. The space L2 - obtained from £2 ,,, when an ee therefore the multiplier of 


operator H,, for v > 5 is defined on the line Res = 5. Let us write its values on this 
line: 


p ( tteaié 
(«+ Ilia 


Considering that |z| = |z| and T(z) =I we obtain 


atl 1 
Im (ie +5) 


for any € € R. That means unitarity of Hi, and, consequently, H, by Lemma |. O 


Remark 1. /t is easy to see that for complex v the operator H, is not unitary in L». 
Indeed, letv=X+ip, 1 #0. Then 


‘ r (Aetsure)) 
pa: _ 
m(e+5)] 


A+1+i(u—é) 
c=) 


It is obvious that the modules of imaginary parts of the arguments of gamma functions 
are equal here if and only if § = 0 and, consequently, equality (1.67) is not true for 
almost all € € R. 


Theorem 5. For v € (—1, 1) the operator Y, is bounded in Ly and 


—3<0 
Illes |g) ™)| ve(- L-4)u (3.1). 
1 


Proof. Let us write the multiplier of operator Y, on the line Res = 5: 


p (ttetié) p (tewtig oe 
In(e+4)]- ey =|e(% *) a. 


Here we use formulas (1.5), (1.6), and |I'(z)| = |['(Z)|. Since for k € Z 


lim tg(z) = 
k 


2> 540 


we require that v # 2k + 1. For —1<v<1 this requirement is obviously satisfied. Be- 
cause (see [20]) 


1 
li ig +-)f=1 
fin fe(i#+3)]=1 
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VY is bounded in L2. Using 


tg(z) = ( i 
==) =. 
gk e2iz 4+ 
we obtain 
ig—v\ 

tg 5) Tl) = fv), 
where 

a e2/§ — 26e-"§ cos(vr) + 1 

pee’ e218 4. Je—nE cos(vt) + 1 
We have 


sup Jule) = f0)= tg (57)[ 


forve (-1,-3) U (. 1) and 


sup fo) = filo) =1 
éeR 


for -5 <v< 5. Therefore, noting that ||V,||z, = \|D, lz, we obtain the statement of 


the theorem by Lemma |. 


Theorem 6. Operators H,Y, and Y, Hy are bounded in Lz for —1 < v < 1. The 
formula for norms 


1 <= 
A Vllie=(NAllie= a 
|| Ay vilLs Yo vilLs lee v ( 1, $)U(4.1) 


is valid. 


Proof. The multiplier of Y,,H, ona line Res = 5 is 


m(ie+5)= (“ at) nae (FS*) 


(259) |= toe. 


It remains to note that ||V, 4,||_, is an even function of v and is defined on symmetric 
intervals. Finally, since H, Y, = —V_, H_,» we have 


Av Yo lle. = WY Able. 


sup 
EéER 
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Let us consider weighted Lebesgue spaces £2,,,. Since the boundedness of operator 
A acting from £2,,, to £2,,, is equal to the boundedness of operator B = x#—3 Ay 2-H 
acting from L2 to Lo, all statements of Lemma | are preserved for the weighted case 
with changing i& +5 5 to ié + uw. However, as was noted earlier, we cannot apply 
Lemma | directly to operators Hj), and Y,; that is why we will use H, and J, again. 
It is easy to see that 


1 1 

-f(-)| =Iflle, 

Xx x Loy 

and 
[Av lle p> Lo 1p 
Hy Flic, Wy fllcos, 

= sup BH gyp EH <li, ,. 

fLoy IF loo. feLr yu IF leo 


Similarly, we find that 
[Bata titty, = al ss 


It follows that if in Lemma | we change ié + 5 to ié + 1 — y, it is possible to use this 
lemma for operators H, and \, in spaces £2, ,,. 
First we prove the auxiliary lemma. 


Lemma 4. Let a, 8 € R and a $ B. Then the relation 


Tdé +a) 
sup | ——_——_~ 
cer | (E + B) 
lee) a> Bp, 
=o a=-n, B4—-—m,n,meéeNo, 
q, where Ral <q<oo_ inother cases 
is valid. 


Proof. (1) Let a > B. In virtue of the asymptotic formula (see [20], p. 62, formula (4)) 


PGE +a) ~~ Ge)a-B 
rdé+B) (i&) ’ |[§| > 9, 
we obtain 
im ee = co a> B, (1.80) 
lEl>o0 | T(E + B) 0 a<fB 


and the first statement in curly brackets is proved. 
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(2) Let a = —n, B 4—m, n,m € No. In this case the numerator of the considered 
relation has a pole at € = 0 and at the same time the denominator at this point is finite. 
(3) Let |a| < 8B, a4 —n,n € No. Using the formula (see [430]) 


é 2 
© 1+ (ais) 


g \7 


ete 
P@é + B) 


ae 
~ |B) 


2 
1+ é 
we obtain mea <1 for (a — B)(@+ 6+) <0. Therefore for a < £ this is 
(eS (oi 
(a@+s) 
true for any s if a + 6 > 0. These two conditions are equal to |a| < 6 since by the 


condition of the lemma a ¥ B. So for |a| < 6 the supremum is at € = 0. 
(4) Let a < B, a + B <0. From (1.80) it follows that sup | K+” 
EER 


is finite for 


PCE+B) 
a#—n,néNo. Ifa =—n, B = —m,n,m € No, then using formula (11) from [20], 
p. 61, we get 


m! 


I'(—n) 
| P'(—m) 


nl? 


and thus the lemma is completely proved. 


Theorem 7. The operator Hy acting from £L2,,, to £2,1~, is unbounded under any of 
the following conditions: 
(1) w—-v=2n+3,nENo, 


(2) <5. 
In other cases it is bounded and for its norm the formula 


2v=20+3 
re) 


2v+2u+3 
eas 


NI 


Aloo, u > L210 =2 


is valid. 


Proof. We can write the module of the multiplier of H, on the line Res = 1 — pw: 


p ( 2vti2é—2u+3 p ( 2uti2é—2u+3 
d alee 4 1 4 
Im(@ié + 1 — )| = 22-4 | ——_____~] = 22° # | _~______~ | , 
r (2=Beeutt) r (2ees eu) 
a rr 


Now setting a = 
ment of the theorem. 


dyn tuts B= aut hets and applying Lemma 4 we obtain the state- 
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Theorem 8. The operator V, acting from £2, to L2,;-, is unbounded under any of 
the following conditions: 

(u<>, 

(2) w£v=2n+ 3,nENo. 

In other cases it is bounded. If at least one of the following conditions: 

(3) w>landv>—5 andw+v <2, 

(4) uw <2and v5 andu+v>1, 
is satisfied, then for the Y,-norm the formula 


2v—2u4+3 2v—2p+3 
2 Go 


—2v+2u+5 2v+2u—1 
(Se) ) 


1 
RS: emery oem = 22 


is valid. 


Proof. Let us consider the multiplier module of )/, on the line Res = 1 — p: 
i2€+2v—2u+3 i2—-2v—2u+3 
Gee) Bae) 


i2€—2v—2u+5 i2€+2v+2u—1\]° 
oe ages a ees, 


In(ié +1 — | =22-# 


Now we set a = — p= sien O= cee y= nce Note that if 


each function f(x) and g(x) has a maximum at xo, then the function p(x)=f (x)g(x) 
has a maximum at the same point. Now applying Lemma 4 to relations 


r(F+a)| |r($+e)| |r(Fte)| [r(F+e) 
(+A [eCEe) [rCeeeyl ro) 


we obtain the statement of the theorem. 


Turning to the consideration of the superposition of H,, and V,, we should note that 
the representation (1.62) is valid for them and we can apply Lemma | directly. 


Theorem 9. The operator H, Vy is unbounded below in L2,,, if wv = 2n+ 3, neZ. 
In other cases it is bounded and for its norm the formula 


WAvYllco, 
1 wt+ve (2n,2n+ 1), nEZ, 
~ ig (PE *) a] w+ve(2n-1,2n—5)U(2n- 5,20), neZ, 


is valid. For 4 + v =n, n €Z, and only for them operator H, Vy is unitary in £2... 


Proof. By formula (1.71) for s =i& + jv we can write out the multiplier module of 


AyYy: 
= ') 
tg n|. 


lms + w)| = 7 
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Putting Putevel = -+ we get function f, (€), which we studied in the proof of Theo- 


rem 6. From the properties of this function and from Lemma | we obtain the statement 
of the theorem. 


Corollary 1. Since YH, = —H_,)_, we have an analogous theorem for YH, by 
replacing v with —v. 


Similarly to what was done in the proof of Theorem 7, by formula (1.70) for f € 
Lo, we obtain 


MA) Ay f\(s) = my(s)myd — NMI f(s) = m(s) MIF), 


be < min 2 hy (1.81) 
p=" as ae 
Here 
2s+2v+1 2s+2y+3 
15 ee a 
m(s) = Res =w. 


—2s+2v4+3 2s+2y+1\? 
ae ee) eee oe 


It is obvious that |m (ig + 5 | = 1 for all € € R. So the operator H, H, cannot be 


presented as Mellin convolution with a kernel from L2. One way or another equality 
must be fulfilled (see [608], p. 53), Le., 


[o.e) 
WK\lz. = — | pas 
Sa} | 8 
0 


We are looking for HH, in the form suggested by the lemma from [6], p. 78. 


2 
dé. 


Lemma 5. To each bounded linear operator T in L2(0, 0) corresponds a function 
P(x,t) belonging to L2(0, 0%) by t for each x € (0, 0) and having the following 
property: For all f (t) € L2(0, ©), almost everywhere on x, 


[o.@) 


d 
rin =< f Pa.n sod. 
x 
0 
Therefore, let 


ee) 


d x d x dy 
AyLAy f(a) = = / K (=) Oldy=—_ | & («) DFO (1.82) 
0 
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Then 
d 
M(H, H, f\(s)=M Es * on)| (s) 
=(1—-s)MIK * (yf) — 5) = —s)MI[K]0 — 5)M[f1(s). 
Comparing with (1.81) we obtain 
m(s) = (1—s)M[K](1 —s), 


whence 


; p (42) r( 2etoutl) p(s) 


2 —2s+2v+l 2s+2u+3 r : 
r( 4 2y )r (24e \rg+)) 


M[K](s) = 


Applying formulas (9) on p. 728 from [457] and (5) on p. 268 from [430], we get 
s—2y s+2y 
2,1 ,1,-F-] 02 
Ka) =-633 (hy 0 <p x ). 
qo > 
where G;" is the Meijer G-function (1.41). 
The substitution in (1.82) gives the final expression for H, Hy: 


x i) 
(=) ) rows 
y 


Remark 2. Similarly, one can obtain the formula for Y, Vy and Hy), but they are 
cumbersome. 


d Ss oy wl, s+2y 
salt, rua) == f 02! sav 0, =v =n 
0 


1.3.3 Multi-dimensional integral transforms 


Definition 12. The multi-dimensional Hankel transform of a function f eLi (R’,) is 
expressed as 


F,[/1G) =F, [f@)1@) = f@)= i; f(x) jy (x; €)x" dx, 
RY 
where 


n 


ips) =] Tina), 1 >0,.%m > 0, 


i=1 7 


and the symbol j,, is used for the normalized Bessel function of the first kind (1.19). 
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Let fel} (R+) be of bounded variation in a neighborhood of a point x of continu- 
ity of f. Then for y > 0 the inversion formula 


ins 2r-ly! Pe 

EF, (f/Ole)=f@)= ; fiveotee’ dé 
TT r2(4")s 

j=l ee 


holds. 


Definition 13. The multi-dimensional Fourier—Bessel transform of a function 
FEL) (RY) is 


Fy Lf, §) = Fit,t) = / fe. xe“™ jy Gy Bx’ dtde, 
Ri 


where 
n 
jip@b= LT jng2 (x8), V1 > 0... ¥n > 0. 
t= 


IfgeS! 


ev? 


(Fy g,9)y =(g,F,9)y, g € Sev, (1.83) 


then the equality 


defines the Hankel transform of functional g € S/,,. 

In [491] the space Vy consisting of functions vanishing on a given closed set V 
of measure zero was considered. The Lizorkin-Samko space ®y is dual to ®y in the 
sense of Fourier transforms. We introduce the space wy, of functions S,, vanishing 
with all their derivatives on a given closed set V: 


wy, ={y € Sey(R1): (D'w)(x) =0,x € V, |k| =0, 1,2, ...}. 
Space Wy, is dual to o}, in the sense of Hankel transforms, 
}, ={9:F ge WF}. (1.84) 
For the mixed case let Dv denote the following class of functions: 
Wy ={h € Sey(R4t') : (D' (x) =0, x € V, [kl =0, 1, 2, ...} 
and 
by y ={9: Fy ype U,v}. 


We will consider weighted generalized functions over ® and VW. The Hankel trans- 
form of f € ®’ is 


Fy fh Wy =F, Wy, we. (1.85) 
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If ge W’, then 


(Fys. Py =(8,.Fyp)y, gpe®. (1.86) 


Definition 14. [/63] Let f be a function on R", integrable on each hyperplane in 
IR”. Let P” denote the space of all hyperplanes in IR". The Radon transform of f (x): 
IR” — R is defined as the function Rf : S"~' x R > R on P” given by 


i tose / Feces 


xX-W=S 


where dm is the Euclidean measure on the hyperplane x -w=s. 
Along with the transformation f + Rf we consider also the dual transform R* p 
which associates with a continuous function g on R" the function R*g on R" given 


by 


R(x) = / vé)dpié), 


xe& 
where € = {x -w =} is the hyperplane incident with the point x € R" and dy is the 


measure on the compact set {§ € P"” : x € &} which is invariant under the group of 
rotations around x and for which the measure of the whole set is 1. 


1.4 Basic facts and formulas 


1.4.1 Kipriyanov’s classification of second order linear partial 
differential equations 


We will deal with the singular Bessel differential operator B, (see, for example, 
[242], p. 5): 


am ya 14,24 
By), = = t —, t>0, ER. 1.87 
Oy an sa PB OE . . (87) 


The Russian mathematician I. A. Kipriyanov introduced convenient classifications 
for linear differential operators and linear partial differential equations with operator 
(1.87). 

Let ay > 0, k = 1,...,n. In accordance with I. A. Kipriyanov’s terminology the 
operator 


n n 2 n 

> or nc, gE Ba 
B 1, —_— + ——— = —— kT 

ZH vi) me a(S Xk =| Lk ik Ox * OXE 
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is classified as B-elliptic operator, the operator 


9 n 
—_ -— B,.) x. 
a\ ax] 2a Vi xi 


is classified as B-parabolic operator, the operator 


n 
a\ (By, dx = > ak (By, Yap 
k=2 


is classified as B-hyperbolic operator, and 


n 


Pp 
Vi a(By)y — > a(Bydy,  l<p<n, 
k=1 


k=p+l 


is classified as B-ultrahyperbolic operator. 
We will use notations 


dy Ayes > Bis (1.88) 
k=1 
and 
y= ( yx = (By, ) x, — pe rere (1.89) 
i=2 


For A,, the term Laplace—Bessel operator is used. 
Let u = u(x) =u(%q,..., Xn), f = f(&) = f(1,..., Xn). B-elliptic linear differ- 
ential equations have the form 


Soak (By xe = f (1.90) 


k=1 


Generalized axisymmetric potential theory (GASPT) for particular cases of (1.90) was 
studied by A. Weinstein [592,594,599,598]. Also Eq. (1.90) and related ones were 
considered by L. D. Kudryavtsev [303], P. I. Lizorkin and S. M. Nikol’skii [334], 
I. A. Kipriyanov [242], V. V. Katrakhov [226], and others. 

B-parabolic linear differential equations 


au n 
——) a(By)xu =f (1.91) 
Lge 


a| 


Ox 


were studied by Ya. I. Zhitomirskii [610,609], M. I. Matiichuk [364,363], and 
A. B. Muravnik [394-397]. 
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B-hyperbolic linear differential equations have the form 


a7u 
axe 


a} 


y ee aes (1.92) 
k=2 


The study of this class of equations was begun in the works of L. Euler [128], 
S. D. Poisson [447], and J. G. Darboux [77] and continued in the works of 
R. Carroll and R. Showatler [56], A. Weinstein [599,595,593,596], D. Fox [147], 
I. A. Kipriyanov and L. A. Ivanov [246], S. A. Tersenov [564], etc. 

In [349,350,354] the B-ultrahyperbolic linear differential equation 


n 


Pp 
So ar(By xt — > ax(By,)xiu = 0 (1.93) 
i=1 


i=pt+l 


was considered. 

For equations of fractional order, a similar classification is adopted. 

Let a € R, a > 0. B-elliptic linear differential equations of fractional order have 
the form 


(> a) if 
k=1 


B-parabolic linear differential equations of fractional order have the form 


Fy n a 
— -(By,) x =f, 
(5 2 Ait ~s] u=f, 


and B-hyperbolic linear differential equations of fractional order have the forms 


n 


a2 n - e 
( axe — F408) u= f and («a _ S08.) u= f. 
k=2 


k=1 


Kipriyanov (see [242]) also introduced the B-polyharmonic of order p function. It 
is the function u = u(x) = u(X1,..., X,) such that 


Au =0, (1.94) 


where A,, is operator (1.88). The B-polyharmonic of order 1 function will be called 
B-harmonic. 

The multi-dimensional Hankel transform F,, given in Definition 12 acts to A, as 
the Fourier transform acts to the Laplace operator. This is proved in the next Lemma. 


Lemma 6. Let u € Sey. Then 


Fy [Ay f1) = -l€/F/Lf1@). (1.95) 
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Proof. We have 


F,[A, f1@) = [i f @) by Gs &)x” dx 


RY 
n 1 9 , 9 
Df | ee anf Jy Gr: €)x" dx. 


Integrating by parts by variable x; and using formula (1.23), we obtain 
“ 1 a a 
F,[A = ee ee ee 
7lAy 16) d, / F(x) E aa aad ») xVdx 
=lgn 


=SC#) f forhcrgre’ax 
at 


i=1 


=—|é/ if f(x) jy xs x dx = EFL PIE). 
RY 


We will also need the formula 


@ \" auton tat)» (1.96) 
2xdx Ce+)) , : 


1.4.2 Divergence theorem and Green’s second identity for 
B-elliptic and B-hyperbolic operators 


Here we give the generalization of the divergence theorem to the case of weighted 
divergence and derive Green’s second identity for A, and L],. 
Suppose that é = (e, ..., €)) is an orthonormal basis in R”, 


v= 1 oa 1 a 
yo x Oxy” x} OXn 


is the first weighted nabla operator, 


F = F(x) = (F\(x), ..., Fr@)) 
is a vector field, and 


1 ar 1 dF, 


a Oxy a OXn 


(Vi, F)= 


is the weighted divergence. 
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In Rt let us consider a domain G* bounded by a piecewise smooth surface 


= q 
S TERY. Thus, a surface can be represented as a union S t= U St of a finite number 
k=1 
of its parts Se without common internal points. Let there be for each interior point a 
neighborhood within which the surface Sc is represented by parametric equations of 
the form 


Xi = Xi 01, ---, Vn—1), Syn; 


where xi(y), y = (1, ---; Yn—1), has continuous first derivatives and the rank of the 
Jacobi matrix | Fe | is equal to n — 1. The vector 
el x en 
ax1(y) 9xXn) 
N= yl i ay 
9x1) 9xXn) 
OYn-1 - OYn-1 


is normal to the surface ST in each point y € S* with the exception of the junction 
points of surfaces $7, k = 1, .., q, where it is not defined unambiguously and will not 
be considered. The vector 


is determined to within sign. Of the two possible directions ¥, we choose the external 
with respect to the domain GT. Such a vector will be called the unit normal vector to 
the surface ST at the point y. We denote by n; the angle which forms a vector ¥ with 
an axis x;. Then 


v=e,cosn, +... + €n COS Mp. 


Theorem 10. Let Gt be the domain in Ri such that each line perpendicular to the 
plane x; =0,i =1,...,n, either does not cross Gt or has one common segment with 
G* (maybe degenerating to a point) of the form 


aj (x’) < x; < B(x’), KS Meee M1 MEL os Kei) i=l,...,n. 
_ Ff 2=(21(x), -, 8n(x)) is a continuously differentiable in G* vector field and 


F=(F,(x),..., Fn(x)), Fi (x)=x]' 21(x), Lies Fy, (x)=xp" gn (x), then the following for- 
mula is valid: 


Jo, Patdx= [ Gi) x’ dS, (1.97) 
Gt St 


where V is the external unit normal vector S*. 
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n be fixed. If the part of the surface S™ defined by the equation 
" defined by the equation 


Proof. Let i = 1,..., 
B;(x’) is denoted by St and the part of the surface S" 


x; = a(x’) is denoted by S*, then 


u xéeS,, 
cae) Hee) ay 
C= 1 xe st 
Js) tH) Ha) (HY 

We have 


ee 


{s oe v oe: 


Let us consider 


1 OF; 
7 : x” dx 
xi! OX; 
Gees 
ae 
ere Ae a Pein rail pe OX Sac a 
Ll 
Q aj (x’) 


where Q is a projection of Gt to x; = 0. Integrating by x; we obtain 


y 
= x’ dx 
xvi Ox; 
Gt! 
F; =f; (x’) Y1 -1,.Y¥i+1 Yn dx;_1dx; d 
(x)I =o; (0/)*1 re ie Ae Xn AX1...dxj—1dXj41...dxXp. 
Q 
Len Sa a ae a ee Sr ida arg. Then, 
1 OF; 
7 ' x’ dx 
xi! OX; 
Gt! 
= fe BOA Ae dx! 
Q 
- 
=f Fila 1 2) sito OD? dx’ 
Q 


_ / Fi (x1, seep Xi-1, Bi ey; Xi+1; see Xn), ej) 
Q 
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ap; \? ap; \* ap; \? Ce sane ee 
« f+ (#) ee) eae) aie: 


oF : F(x, vee XJ—-1, Aj x’), Het, vey Xn) (V, ej) 
Q 


OQ; : 0a; : 00; 5 0a; : ’ 
x,/lt+ +... + + t..+ (x')” dx’ 
Ox] OXj—1 OXj+1 OXn 


= / Fix), e:)(x')" dSy + / Fila), ea)" dSa 


St st 
2 . PeNOR TT ee ; Pre Oe Ke 
Sit st 
= / gi(x)cosn x’ dS. 
St 
Then 


n 
[oy Praxe=> f sicnoosnxras = [gi x’ dS. 
Gt i=1o4 St 


Remark 3. Suppose that a domain Gt € Ri is a union of domains G*, ..., Gy, with- 
out common internal points. Let each G} be the domain in Rt such that each line 
perpendicular to the plane x; = 0, i = 1,...,n, either does not cross GF or has one 


common segment with G} (maybe degenerating to a point) of the form 


ae@sensh@), e=Gistsieieste), Tolan, 


and F = (Fy(x),... Fux), Fix) = x]' gi), Fu@) = xh" aux), 8 = 
(g1(X), -; Zn(x)), is a continuously differentiable in G* vector field. Then the fol- 
lowing formula is valid: 


J ' Patdx= [ G5) x’ dS, (1.98) 
Gt St 


where S* € Rt is a piecewise smooth surface boundary and v is the external unit 
normal vector S*. 


Theorem 11. Let G* satisfy the conditions in Remark 3. If 0, W are twice continu- 
ously differentiable functions defined on Gt, such that 


3) 9 
Ox; Heb Ox; ety 
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then Green’s second identity for the Laplace—Bessel operator has the form 


a a 
[ose — gAyW) x’ dx = Gs = ox) x’ dS. (1.99) 
Gt St 


Proof. If g, w are twice continuously differentiable functions defined on a neighbor- 
hood of By (n), such that 


dg 
Ox; 


oy 


OX; 


’ 


xj=0 xj=0 


one may choose 
F=WVip-oViw 


ae avr ao 3 
_ eth 2 cael he et a a ee 
=(¥ xy ai Q- x} me Xn Ox, Q-Xn *) 


ap ow dp oy 
af ot ks lage aie Yn = 
7 (x (v2 oa eee (v5 or) 


to obtain Green’s second identity for the Laplace—Bessel operator. In this case 


7 a a a F) 
i=(v ia g ses : Q *) 


Ox] Ox] OXp OXn 


is a continuously differentiable vector field defined on a neighborhood of BR (n), 


(Vi), F) = (Vi, (WVip — eV) 


n 
: 1 a , 39) 1 8 4 OW 
= d, € Ox; (v “i 7) x, Ox; (» “i Ox; 


n 
lay ag 1 8 +9 
E bg a Ox; “i Ox; 


1 ag yaw 1a rst 


z *X. : ; Xe 
a Ox; | Ox; x Ox; ' OX; 


=)- (WB, 9 — 9By +) =VvA,o— Ay, 


i=1 


— a a 
(g-v)= (vce cos +o.+ v7 cos) 
Ox] OXn 


ae + sia FE ay cos — 
ao ano Y ian LN alae Aa 


and applying (1.98) we obtain (1.99). 
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Let 
0 0 0 
y Yp+t Yn 
Oy _ (7 ax? ad ax> rerey Xn -) 
Then 
(Vv, . Oy) =ULy. 


Theorem 12. Let G* satisfy the conditions in Remark 3. If 9, W are twice continu- 
ously differentiable functions defined on G*, such that 


a 


i x;=0 OX; 


xj=0 


then Green’s second identity for the B-ultrahyperbolic operator has the form 


a 0 
[ow yE- pwxvdx= f Fa x’ dS, (1.100) 
OT OT 
Gt St 
where T = (COS 1, — COS 12, ..., — COS Nn). 


Proof. Let 


F=40,9-90,¥ 


dp aw dp ow 
_ fn Y2 
~ (x (v* om), *2 (v 0x2 Poe) sm 


. (39 dy dp aw dp ow 
i-(v32 Y Oe (v52 oe (¥52 oy). 


(Vi, F) = ~O,y-gO,¥, 


i=2 
dp ow 
= Woe Par 
where T = (cos71, — COS 72, ..., — COS). Then applying (1.98) we obtain (1.100). 


As a corollary of Theorem 12 we obtain the formula of integral with weight x” = 
oat x)", y, > 0,i=1, ...,n, when the region of integration is a part of a ball belonging 


to the orthant Ri. 
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We will denote the part of a ball |x| <r, |x| = “i +...4+x? belonging to Ri 
by B*(n). The boundary of B,*(n) denoted by S;*(n) consists of a part of a sphere 


x € R" : |x|=r} and of parts of coordinate hyperplanes x;=0, i=1,...,, such that 
{ = Pp yperp 
|x'| <r. 
Corollary 2. For w € ce. (BE (n)) the following formula is valid: 
a 
/ (A, w(x) x’dx = / ( aya dS, (1.101) 
v 


BR(n) Sh(n) 


where v is external normal to the Sy (n). 
Now let us consider integration by S*(n) with a weight of the form 
n 
/ u(x)x"dS,., x” =e 
Stn) = 


where dS, is a surface element of s (n). It is easy to see that the formulas 


J weovras = rt / u(rx)x” dx (1.102) 
B+ (n) BH (n) 

and 
[ wcoxras, =e i u(rx)x’ dS, (1.103) 
St (n) Sf(n) 


where dS is a surface element of Sy (n), are valid. 
Let a function f(x) be integrable by B;(n) and a function g(t) be continuous of 
variable t, t € [0, 00). For integration by B;" (n) with weight x” formulas 


r 


/ adaprers’ar= f ganrrtan | f(Ax)x”da, (1.104) 

Bt (n) 0 Sf) 

J fonwrasarmn S / f (z)z" dz (1.105) 
r 

Sin) B+ (n) 


are valid (see [349]). 
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Let us find 3 x’ dS taking into account the formula (see [73]). We have 
Sf(n) 


Ta, +1)...P(a, +1) 
Tay t...+a,+tn+1)’ 


pf i, i eo = 
yit..+yn<1,y129,...,9n20 
(1.106) 


where a, ...,@, € R. Using new coordinates y; = ae, 2g a a we rewrite (1.106) 
in the form 


/ dr dead - Pq + 1)... + 1) 
2"?T (ay +... ta, +n+ 1) 


By (n) 


or putting 20; + l=y;,i=1,...,n 


) 


faites re). ales 


27 (ye 


) 


Then from (1.102) and (1.105), for u = 1, applying the formula I'(z + 1) = zI(z), 
putting r = 1, and denoting the resulting integral by |S Ay (n)|), we obtain 


n 
i+] 
rr (4) 
sr = / “dS = ——_____. 
| 1 ly 7 an-ip (#41) 
Sf(n) : 


BY (n) 


(1.107) 


1.4.3 Tricomi equation 


The Tricomi equation is a second order partial differential equation of mixed elliptic- 
hyperbolic type for u(x; y) with the following form: 


Uxx + XUyy =0. 


It was first analyzed in the work by Francesco Giacomo Tricomi (1923) on the well- 
posedness of a boundary value problem. The equation is hyperbolic in the half-plane 
x <0, is elliptic in the half-plane x > 0, and degenerates on the line x = 0. Its charac- 
teristic equation is 


dy* +xdx” =0, 


whose solutions are 


yt “(-x)i =C 
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for any constant C, which are real for x < 0. The characteristics comprise two families 
of semicubical parabolas lying in the half-plane x < 0, with cusps on the line x = 0. 
This is of hyperbolic degeneracy, for which the two characteristic families coincide, 
perpendicularly to the line x = 0. 


For +x > 0, set tT = 2(tx)3. Then the Tricomi equation becomes the classical 
elliptic or hyperbolic Euler—Poisson—Darboux equation: 


Urr HUyy + ae = 0. 


The index 6B = i determines the singularity of solutions near t = 0, equivalently, 
x =0. 

Many important problems in fluid mechanics and differential geometry can be re- 
duced to corresponding problems for the Tricomi equation, particularly transonic flow 
problems and isometric embedding problems. The Tricomi equation is a prototype of 
the generalized Tricomi equation: 


Uxx + K(x)uyy = 0. 


For a steady-state transonic flow in R?2, u(x; y) is the stream function of the flow, K (x) 
and x are functions of the velocity, which are positive at subsonic and negative at su- 
personic speeds, and y is the angle of inclination of the velocity. The solutions u(x; y) 
also serve as entropy generators for entropy pairs of the potential flow system for 
the velocity. For the isometric embedding problem of two-dimensional Riemannian 
manifolds into R?, the function K (x) has the same sign as the Gaussian curvature. 

A closely related partial differential equation is the Keldysh equation 


XUxx +Uyy =0. 


It is hyperbolic when x < 0, is elliptic when x > 0, and degenerates on the line x = 0. 
Its characteristics are 
1 


1 
yu 5 -*)? =C 


for any constant C, which are real for x < 0. The two characteristic families are 
(quadratic) parabolas lying in the half-plane x < 0 and coincide tangentially to the 
degenerate line x = 0, which is of parabolic degeneracy. For +x > 0, the Keldysh 
equation becomes the elliptic or hyperbolic Euler-Poisson—Darboux equation with 
index B = -} by setting tT = 5(£x)5. Many important problems in continuum me- 
chanics can also be reduced to corresponding problems for the Keldysh equation, 
particularly shock reflection—diffraction problems in gas dynamics. 


1.4.4 Abstract Euler-Poisson—Darboux equation 
The abstract Euler—Poisson—Darboux equation has the form 


Au = (B,);,u, u=u(x,ty), (1.108) 
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where A is a linear operator acting only by variable x = (x1, ..., Xp). 


Lemma 7. Let u‘ = u(x, t; k) be a solution to Eq. (1.108). The two recurrent formulas 


uk = pik 2k (1.109) 
uk = tyk+? (1.110) 
are valid. 


Proof, Let us show (1.109). Putting w = t*—!v, v =u", we obtain 


k-l) 


k=1 
w, = (k—- Dt? ty, = wt lv, 


week k=O wha ll as ha DP ye 


k—-(k—2 
_ ei) m ) wy 426 — ety, + oe, 


2-k (k — 1)(k —2) 
Wt = 


: 2 w+ (2—k)t* uy, 


2—k 
wee + —— we = k= De we + me tO 7a, 


k 
= po (v + t w) 


2—k ei k 
cc a aes Ur Ue A (1.111) 


or 


If w = t*~!y satisfies the equation 


2—k 
Aw = wit + —— wes 


then using (1.111) we get 


k 
til Av = tk! (v + t u) , 


which means that v satisfies the equation 
k 
Av= Ure + ‘3 Ur. 
Denoting w = u2—* we obtain (1.109). 


Let us prove now (1.110). Putting tw = yw, v= uk, we can write 


1 
Wr=— BUTT Ue, 
t t 
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2; 2 1 
Wit = ra = 2 Vir + 7 fatte 
and 
k+2 k+2 k+2 
Fi Wy; = 3 Ut 2 Urt- 
We have 
k+2 2 2 1 k+2 k+2 
Wit + Wi = 3 UY 7 Vir FT Veet 37 Ur 7 Ut 
t t? t i t 
1 k k 
; Urtt 3 Ua Ut = Urtt ze Ue 
lo = k 
=-——|u -v 
ra EO 
or 
k+2 la k 
Wit + ; Wt = rv (v« + ; u) : (1.112) 


Ifw= t v; Satisfies the equation 


k 
Aw = w+ wy, 


then using (1.112) we obtain 


1a,,_1a()  k 
ia ta eS 


which means that v satisfies the equation 


k 
Av= Ure + Pad 


Denoting w = u*+?, v = u*, we get (1.110). 


For A = A, formula (1.109) is proved in [147] and formula (1.110) is proved in 
[16]. Both formulas are present in Weinsteins’ article [595], but in the case when in 
Eq. (1.108) for each of variables x;, i = 1,...,n, the second derivative acts. These 
recurring formulas will allow using the solution ué to (1.108) to get a solution to the 
same equation, but with the parameters k + 2 and 2 — k, respectively. 

So, if the function u(x,t; k) is a solution of the abstract Euler—Poisson—Darboux 
equation Au = (B;);u, where A is a linear operator acting only by x = (%}1,..., Xn), 
then the function ti*ku(x, t; 2 — k) also is a solution to this equation. 


Basics of fractional calculus and 
fractional order differential 
equations 


2.1 Short history of fractional calculus and fractional 
order differential equations 


Operators of fractional integro-differentiation play an important role in many modern 
fields of mathematics. For special function theory its importance is reflected in the 
title of the well-known paper [253] “AJl special functions are fractional integrals of 
elementary functions!” (But there is a remark of Professor A. A. Kilbas — all but Fox 
functions.) 

In this section we list essential one- and multi-dimensional fractional operators and 
include some historical and priority information. 


2.1.1 One-dimensional fractional derivatives and integrals 


Euler’s introduction in 1729 of the gamma function (1.1) allowed to expand the con- 
cept of factorial to the case of a fractional value of the argument. This, in turn, allowed 
Euler to note that the concept of the n-th order derivative of the power function x? ac- 
quired meaning for a nonintegral n. Namely, let n, p € N and p > n. It is well known 
that 


(x?)’=pxP!, — (wP)" = p(p— Ix? -?,..., 
(x?)™ = p(p—1)..(p —n + 1)x?™ 


or 


_—= 


py(n) _ 
la =r a 


(2.1) 


Expression (2.1) can also be meaningful for noninteger n and p. Namely, by virtue of 
the well-known equality for the gamma function 


P(p+)=p(p-1)...(p-n+)0(p-ant+)), 
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formula (2.1) can be written as 


dq” we (p+ 1) 


— xP 
dx" T(p-n+1) 


and can be used for all real n. 
Further, we note that in 1823, Liouville ional? expanded the formula for the 
bx b ER, to the derivative of 


derivative of the integer order of exponential 4 ayn 
the exponential of arbitrary order 4 e°* . Specifically, 
d” bx 
f= poh (2.2) 
dx® 


Based on formula (2.2) we can formally write the derivative of order a € R of an 
arbitrary function f represented by the series 


[e,e) 


Fe)= Do cee 


k=0 


Therefore, 


‘Ol [o,@) 
d 10) = cyb tel, 
k=0 

The limitations of this definition are related not only to the convergence or divergence 
of the series but mainly to the fact that not every function can be represented as a series 
in exponentials (in modern terms as Dirichlet series). 

In 1847 B. Riemann proposed the definition of a fractional integral which is now 
used as standard. His definition was based on a generalization of the formula for an 
n-fold integral of the form 


[x fiax f tooax=— a an foo ' edt, C3} 
g a a 


n 


€ [a, b], a,beR. 


Generalizing formula (2.3) to the case of realn =a > 0 one can obtain 
x 
Ch Aw) =a feo fend x>a 
a+ l(a) , : 
a 


Liouville in ee introduced a fractional integral operator in the form close to [{, f. 
Currently, 7% a+ is called the left-sided fractional Riemann—-Liouville integral of or- 
der a > 0. 
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It is known that the derivative of the integral with a variable upper limit of the 
continuous function equals the integrand in which the integration variable is replaced 
by the upper limit: 


F x 
< [ finde = too. 
x 


Thus, the differentiation operator 4 can be interpreted as the left inverse to the inte- 
x 

gration operator |’. If we can interchange the integration and differentiation operators, 
a 


then we obtain 


i /d 
[ (Gro) dt = f(x)-— f@ 


a 


x 
and f will no longer be inverse for a for all functions. 


a 
So we can see that in order to obtain the Riemann—Liouville left-sided fractional 
derivative we should solve an integral equation 


1 i a-l , 
ma ; Ge — 1°! f(Ndt = g(a). 


This equation was already solved by Abel in 1823 in connection with the tautochrone 
problem, and the solution has the form 


; 1 d\" f(t 
Oa T(n—a) (=) Gane 


where n = [a] + 1, a>0. The expression (Di, fx) is now called the left- 
sided fractional Riemann-Liouville derivative. Similarly the right-sided fractional 
Riemann-Liouville integral and derivative have been introduced, in which an integra- 
tion is taken from x to b. 

Historically it were really Liouville and Riemann who considered the above forms 
of fractional derivatives and integrals. Riemann considered them on a finite segment 
and Liouville on the half-axes. But these considerations were not strict; Liouville sug- 
gested that every function is represented by the series in exponentials, and Riemann 
used for the derivation consciously divergent integrals. The first strict approach was 
developed in fact by A. V. Letnikov [498], and he was also the first researcher who 
applied fractional integrals for transmutation [273,498]. Important generalizations of 
Abel’s equation were studied among others by N. Ya. Sonine [554]. 
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The resulting definition of the fractional derivative is not very similar to the defini- 
tion of the ordinary derivative as a limit of the form 
d —h 
pony a of = jim FOALE=H 
dx 


h= Ax. 2.4 
h>0 h 7 eA) 


However, A. Griinwald in 1867 and A. V. Letnikov in 1868 proposed the construction 
of fractional differentiation of the form 


(Day $)@)= in = Spaced kh), NEN, a <N-1 
a+ J@)= fim, Fay LTE)! a an 
X—a 
h=—, 
N 


which is a natural generalization of formula (2.4) that is also convenient for computer 
approximations. 
The fractional Griinwald—Letnikov integral for a > 0 has the form 


N-1 


T(k+qa) _x-a 
2 es ThAG kh), h=——. (2.5) 


h” 
oo T'(a@) 


Ti, f(x) = jim 


It is known [494] that for an integrable on [a, b] function f (x) the limit (2.5) exists 
almost for all x and (2.5) coincides with the left-sided fractional Riemann—Liouville 
integral 


a N-l a 
ee h 3 EUSP O)s kh) = 1 i f(t)dt 
N00 T'(a) a T(k+1) Ta) J «rn! 
X—a 


N 


h= 


Riemann-Liouville and Griinwald—Letnikov integro-differential operators were 
adapted for x from the finite segment. 

It is important to note that an idea on which a definition of the Griinwald—Letnikov 
derivative is based, namely, the usage of finite differences, was used again after many 
years for a generalization of Sobolev spaces of fractional orders — Besov spaces [28]. 

Next many new forms of fractional integrals and derivatives appeared in particular 
adapted for x from the axes or semiaxes. In 1917 Weil defined fractional integration 
suitable for periodic functions: 


2a 


CO 
a “1.\—a ikx 1 =k 
If \ Gin he. feX xe KM eaydt, fy =0, 
k=—00o 0 
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and showed that 1 for 0 < a < | may be written in the form 


Cn 2 eee 
I w= / (e —)! piodr, 


(a) ge = a-l 
Ue D@O=Te (t —x)* f(t)dt. 


We should also mention the form of fractional differentiation which was presented 
by Marchaud in 1927 and has the form 


o Al 
wo pamsef CPM a, a>0, 


0 


where A! is the forward finite difference: 


: I 
(Ai f(x) = yen (,).1 + (J—k)t). 
k=0 


Also backward finite difference may be used, 


I 
i 
(Vf) = > i(-D4 (1) f(x — kt), 
k=0 


and central finite difference, 


I 
aineanrent(t)i(o+(E-2)). 
k=0 


To use finite differences is one of the ways of regularizing the integral in D®. 

As a conclusion let us mention that important results concerning fractional oper- 
ators were obtained by different mathematical schools. Let us mention just some of 
them. 

In Minsk, Belarus, the founder of a well-known school on fractional calculus and 
its applications to fractional differential equations was Anatoly Kilbas; his ideas are 
now developed by his disciples S. Ragosin, A. Koroleva, A. Grin’ko, O. Skoromnik, 
A. Shlapakov, and others. 

In Sofia, Bulgaria, important results were obtained by I. Dimovski, V. Kiryakova, 
J. Paneva-Konovska, and others. 

The town Nal’chik, Russia, is sometimes called the “Mekka’” of fractional cal- 
culus due to a well-known school of fractional calculus founded and developed by 
A. M. Nahushev. From his books [413-415] most mathematicians in the Soviet Union 
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and Russia first learned about and studied fractional calculus. He brought up many 
talented disciples now working on fractional calculus and its applications. Now this 
school is headed by Arsen Pskhu — also his disciple. 

An important impact was made by the famous Voronezh mathematical school, 
originally headed by M. Krasnosel’skii and S. Krein. In their books on differential 
equations in Banach spaces fractional powers of operators were used for the general 
theory (cf. [294,301]). 

Also let us mention works of mechanics of the Voronezh school which developed 
applications of fractional calculus. An essential impact was made by S. Meshkov, 
Yu. Rossikhin, and M. Shitikova. Now this work is continued at Voronezh Poly- 
technical (former Construction and Architecture) University. There, the International 
Scientific Center named after professor Yu. A. Rossikhin is headed by M. Shitikova. 

Recently results on fractional calculus and applications were summed up in eight 
volumes of the “Handbook of Fractional Calculus with Applications” [161]. 

But we need also mention that nowadays many unprofessional and inappropriate 
generalizations of fractional operators have appeared which cannot be considered as 
“true” generalizations of fractional operators. Some of them do not obey the semi- 
group property, some are simply reduced to multiplication by a function, and some 
are similar to fractional operator’s resolvents and are also not “true” generalizations. 
The project of Yu. Luchko [340] is devoted to critics of inappropriate generaliza- 
tions of fractional operators (cf. also papers [211,432,433,556,563]). This concludes 
our brief review of the history of one-dimensional fractional integrals and derivatives. 
A detailed history of this issue is set forth, for example, in [494]. 


2.1.2 Fractional derivatives in mechanics 


Methods of fractional calculus and fractional integro-differential equations are widely 
used in different applied sciences. Among them these methods turned out to be very 
effective in theory and numerically in mechanics, especially in viscoelasticity and 
construction mechanics. We want to stress that a remarkable impact in these branches 
was made by Soviet and Russian scientists. Starting from fundamental works of 
A. N. Gerasimov [179] and Yu. N. Rabotnov in 1947-1948, it was continued in 
works and books of Yu. N. Rabotnov [464,484] and many of his disciples. Based on 
works and researches of Rabotnov in the USSR period, there was a standard used for 
foundations of buildings, so we may say that every building during the period of the 
1950s—1980s was constructed with the use of fractional calculus! An essential impact 
on the field was also made by D. Shermegor, M. Rosovskii, A. Rzhanitsyn, and others. 
And also a serious impact was made by the Voronezh school of mechanics, namely, 
by S. Meshkov [378], Yu. Rossikhin, and M. Shitikova. 

For the real history of applications of fractional calculus in mechanics, cf. the sur- 
vey papers of Yu. Rossikhin and M. Shitikova [482,483] and also [574]. 
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2.1.3 Fractional powers of multi-dimensional operators 


The most developed type of fractional multi-dimensional integrals are Riesz po- 
tentials, which generalize both the Newton potential to the fractional case and the 
Riemann—Liouville fractional integral to the multi-dimensional case. 

Let us start from the classical Newton potential. If f is an integrable function with 
compact support, then the Newton potential of f is the convolution product (see [585]) 


vy fe)= f vee -»FOrdy. 


R" 
where 
aq log |x| n=2, . , 
Go ee dae a @y is a volume of unit ball R”. 
n(2—n)@pn |x| i # 2, 


The Newton potential Vy of f is the solution to the Poisson equation 
n q2 
AVy = f, A= a) X = (X1,...,%n) ER”, 
d, ax? " 


and therefore, it can be considered as a negative degree of the Laplace operator: 
VWfHk 7, 


The term potential is due to Green [204] (1828) and Gauss [176] (1840) (see [267]). 
Along with the Newtonian potential, the wave potential of the function f has found 
wide applications (see [585]): 


Vw f@) = [ew — wf Ody, 


R" 


where e is a fundamental solution of the wave operator. For the wave potential Vy the 
following equality is true: 


a? a? 2 


Vw=f. 


and therefore, it can be considered as a negative degree of the D’ Alembert operator: 
Vwf =O" f. 

Marcel Riesz was a Hungarian mathematician who first introduced fractional pow- 
ers of Laplace and D’Alembert operators. On November 1, 1933 M. Riesz presented 
the report “Integral of Riemann—Liouville, Potential, Waves” at the Physiographic So- 
ciety of Lund, where he generalized the fractional Riemann—Liouville integral to the 
multi-dimensional case and also generalized Newtonian and wave potentials to the 
case of fractional power of a kernel. However, the first publication on this subject was 
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made by O. Frostman in 1935 [154], who was a PhD student of M. Riesz at Lund 
University. Frostman wrote that in addition to the Riemann—Liouville integrals of el- 
liptical character studied in [154], in the speech in 1933 M. Riesz also considered 
integrals of hyperbolic and parabolic character. 

On the International Mathematical Congress in Oslo in 1936 M. Riesz published 
four abstracts in different sections, two of which [472,473] were about the solution to 
the Cauchy problem for the wave equation. He found a solution to the equation 


u=f, U=U(X1,X2,...,Xn)s F =f @1, X2, «--) Xn). (2.6) 


In order to solve (2.6) Riesz presented a potential 


1 
MfP=p— | fowsgao. (2.7) 
DP 


where r=rpg=v (x1 £1)? — (x2 — &£o)2 — ... — (%, — &,)% is a Lorentz distance, 
P=(x1, 22, -..,%n), O=(E1, £2, &n), DE =O ER 75.9 =o: x1 —&, > O} is aretro- 


grade light cone, a is a positive real number, and H;, (a) = ns 2¢-Ip ($ $) Tr (s4=*). 


The integral (2.7) converges for w > n — 2 and satisfies the relations /* 78 = 1°+? and 
1+? — J”, But in order to solve (2.6) using (2.7) is it necessary to extend analyt- 
ically 7” with respect to a to the values w <n — 2 and show that /° = J under the 
suitable regularity conditions. Riesz emphasized that the starting point of the ana- 
lytical continuation of potentials is the concept of finite-part integrals presented by 
J. Hadamard in [157,158]. Hadamard’s regularization reduces to dropping some di- 
vergent terms of a divergent integral and keeping the finite part. Riesz showed that this 
can be interpreted as taking the meromorphic continuation of a convergent integral. In 
[472] the Green formula for the potential (2.7) was presented in the following form: 


1% f (P) = IP OF (P) — 


Am (a + 2) 
By <i —n 
«| (Goa as2—n _ (gy PO eas, (2.8) 


sP 


where S denotes the portion of the surface cut by S from the cone, v is the outer 
conormal to S’, and S$ is a surface such that the generators of the retrograde cone 
belonging to the points P are considered cut only at a single point. M. Riesz presented 
the results of the abstracts [472,473] in a more detailed form in 1939 in the article 
[474]. In [151] Riesz potential was considered as a generalization of the Riemann— 
Liouville integral. 

In 1949 Riesz published an extended paper [475] about two forms of potentials: 
with Euclidean and with Lorentz distances. Such potentials are now called the elliptic 
and hyperbolic Riesz potentials and have the following forms, respectively: 


1 
1% P = EL | 
@ ¢(P) ras | 1" Q 


Basics of fractional calculus and fractional order differential equations 61 


and (2.7). Here yaa = 2 meg) at =) Ga = £1)2 + (x2 — &o)2 +... + (Xn — En) isa 
7 


Euclidean distance. In [475] it se shown that 


AIKY? f(P) =—IXf(P) and IG f(P) = IS f(P), 


a 


proving the Green formula (2.8), and analytical continuations of 1X and J were con- 


structed. M. Riesz considered the potential (2.7) not only over De but also over the 
cone Kt = {x: EI > xa +... + x2, x1 > O}. 

As for the theory of elliptic Riesz potentials during the 1940s and 1950s, it has 
been the subject of many independent studies for a wide variety of generalizations 
(see [87,215]). Besides the studies of the Dirichlet problem, elliptic Riesz potentials 
were adapted to the study of the sign of the integral of energy and the principle of the 
maximum. 

Popularization of the theory of distributions presented in books of L. Schwartz 
[495] and I. M. Gelfand and G. E. Shilov [177] had a significant effect on the further 
development of the Riesz potential theory. In [177,495] generalized functions gener- 


ated by quadratic forms r*, (P +i0)* (x € R",r=|x|, P= x +... 2, - a _ 


— x?) and their Fourier transforms were studied. It turned out that it is convenient to 
present Riesz potentials /X and /% as convolutions with functions r* and (P +i0)’, 
respectively (p = 1 for 7%). In addition, the Riesz ultrahyperbolic potential immedi- 


ately appeared as a convolution with (P +i0)*, p > 1. 

Some fundamental problems were not solved by M. Riesz; among them are bound- 
edness estimates, finding spaces invariant with respect to potentials, and inversion of 
potentials /\ and I. 

Nevbseary and sufficient conditions for boundedness of 7X from Lp (IR") to Lg (R") 
(0<a<n,1<p<n/a, 1/g=1/p—a/n) were given by. Sobolev [544] in 1938. 

As for the elliptic potential /X the space invariant with respect to this potential is 
a Lizorkin space ® = {Fy € S(R"), W € WV}, where S(R”) is a Schwartz space, F is 
a Fourier transform, and W = {y € S(R"), (D/w)(0) = 0, || =0, 1, 2, ...}. This fact 
was first noted by Semyanistyi [496] in 1960 and Lizorkin [331] in 1963. 

The inversion of the elliptic Riesz potential was constructed by S. G. Samko in 
the form of a hypersingular integral [493] in 1976 and by the method of approximate 
operators [492] in 1998. 

In [173] and [194] kernels of fractional powers which are the set of all positive 
powers of the operator generated by the Green function for the Laplace equation were 
studied. Riesz potentials with Euclidean distance was also studied in [15,162,241,431, 
475,485,494,495 543,575]. 

Generalization of the Riesz hyperbolic potential or potential with Lorentz distance 
to the ultrahyperbolic case was considered by Nozaki [428] in 1964. I. A. Kipriyanov 
and L. A. Ivanov [244,245] in 1986-1987 introduced the following modification of 
the hyperbolic Riesz potential: 


IZ f@)= Ha Fa,f FO "(rxy)dz. (2.9) 
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Such modification is connected with the Lorentz space. In [244,245] the Fourier 
transform was obtained, an analogue of the Hardy—Littlewood—Sobolev theorem on 
potential estimates was proved, and an application to the Cauchy problem for the 
Euler—Poisson—Darboux equation on the Lorentz space was given. Potential studied 
by L. A. Kipriyanov and L. A. Ivanov was used by S. Helgason [163] to represent a 
function through its orbital integrals in isotropic Lorentzian manifolds. 

V. A. Nogin and E. V. Sukhinin [425,426] in 1992-1993 completely solved the 
problems of the boundedness and inversion of the Riesz hyperbolic and ultrahyper- 
bolic Riesz potentials of the form 


1 0 24%5 
@) f(% — y)lyt — yy — ... — We] 2 dy, n—-2<a<n, 
Kt 


IS fe) = 


An 


ae 


where f € L,(R”), 1 < p < 4, and 


I 


UR 


soft =C f fle-y(P £i0)Fay, n—-2<a<n, 
R"” 


NS oi 


where P(y) = y? +...+ ye - ae ou. y2, C= ae respectively. Bounded- 
ness was proved using the Marcinkiewicz interpolation theorem and inversion was 
obtained by the method of approximate operators. Another approach to inversion of 
Riesz ultra-hyperbolic was given in [58]. 

Another widely studied potential is the Bessel potential 


G* f(x) = i G.-Y, a5 0, 


R" 
where 
22 Kase (xl) 
Ga (x) = n a n-a@ 
m2 (5) |x|? 


which realizes the fractional powers of the operator (J — Aa: Here K,, is the modi- 
fied Bessel functions of the second kind (1.17). Such potential appeared in the papers 
of N. Aronzajn and K. T. Smith [10] in 1961 and Calderon [44] in 1961. The space of 
Bessel potentials is sometimes called the Liouville space of fractional smoothness a. 
This space is an extension of the Sobolev spaces Ly (IR”) to the case of fractional or- 
der @; that is why it is also called Sobolev space of fractional order. Results about the 
space of Bessel potentials were obtained by I. Stein [542] in 1961 in the case 0 < a < 2 
and by Lizorkin [332] in 1970 in the general case. The inversion of Bessel potentials 
using hypersingular integrals was given by V. A. Nogin [422-424] in 1981-1985. 

Necessary and sufficient conditions for the strong and weak boundedness of the 
Riesz potential on Orlicz spaces were given in [209]. 
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The potential theory comes from mathematical physics. The most well-known ar- 
eas of its application are electrostatic and gravitational theory, probability theory, 
scattering theory, and biological systems. 

The first application of Riesz potentials was given by M. Riesz himself, and it was a 
solution of the Maxwell equations for the electromagnetic field (see [475], p. 146, and 
[152]). The Maxwell equations are fundamental equations of classical electrodynam- 
ics and optics. The equations completely describe all electromagnetic phenomena in 
an arbitrary environment and give a mathematical model for electric, optical, and ra- 
dio technologies, such as power generation, electric motors, wireless communication, 
lenses, radar, etc. So the Riesz potential can be used for studying realistic single- 
particle energy levels. 

An interesting fact was noted in [43]. Namely, in this paper it was shown that the 
elliptic Riesz potential can be interpreted as a transmutation operator. More precisely, 
the operator square root of the Laplacian was obtained from the harmonic extension 
problem to the upper half-space as the operator that maps the Dirichlet boundary con- 
dition to the Neumann condition. The same result but for hyperbolic Riesz potentials 
was obtained in [120]. 

Spaces of Riesz and Bessel potentials are used in connection with problems which 
arise in the theory of integral equations of the first kind with a potential type or oscil- 
lating kernel. 

P. I. Lizorkin in [333] showed that the space of elliptic Riesz potentials is the func- 
tional completion of infinitely differentiable functions finite in R” in /),(R"), where 
I ‘ (R”) is the class of such functions that are Liouville derivatives of order r belong- 
ing to L)(IR"). 

In [195-201] optimal embedding of spaces of Bessel and Riesz type potentials are 
obtained. 

S. Helgason (see [163], p. 137) solved the problem of determining a function by 
its orbital integrals over Lorentzian spheres. In other words he built the inversion of 
the generalized Radon transform in the isotropic Lorentz spaces. It turned out that the 
inverse operator to such a Radon transform would be the operator (2.9). 


2.1.4 Differential equations of fractional order 


Here we give brief overview of the results for differential equations of fractional order 
on a finite interval of the real axis following [241,494]. 

The differential equations of fractional order w ¢ N have the following general 
form: 


F[x, y(x), D™ y(x), ..., D™ y(x)] = f(x). (2.10) 


Here x = (x1, ...,%,) is a point of n-dimensional Euclidean space R”, F, f are given 
functions, and D® are fractional differentiation operators of real a, > 0 or complex 
Rea, > 0 numbers, k = 1, 2,...,m. 

The most studied equation of fractional order is 


(Diy) = fix, yO), Rea > 0, x>a, aeR, 
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where D#. is the left-sided Riemann—Liouville fractional derivative on a segment 
(2.14) or on semiaxes (2.28) (in this case a = 0). To this equation initial conditions 


(D*~*y) (a+) = bx, Rek=1,...,n, n=[Rea]+1, x>a, b€C, 


are added. The notation a y)(a+) means that the limit is taken at almost all points 
of the right-sided neighborhood (a, a+ €) (¢ > 0). Let us note that 


(D2e"y)(at+) = Unr*y)(at), (D8, y)(at) = y@, 


where 17’, ° is the Riemann—Liouville fractional integration operator defined by (2.12) 
or (2.26) (in this case a = 0), accordingly. Such problems are called Cauchy type 
problems. 

When 0 < Rea < | the weighted Cauchy type problem is 


(DiC) = fle yO, tim (— a)! "y@)=c, cec. 


In [17] it was shown that if f(x) € L(a, b), the Cauchy type problem for the linear 
differential equation 


(Do, y) (x) — Ay(x) = f(x), (D2; *y)(a+) = bk, 
k=1,...,n, n=[Rea]+1, kk EC, 


has the unique solution y(x) in some subspace of L(a, b) given by 


y(x) = px? * Bao —b41 (A(x — a)”) 
k=1 


x 
+ i: (= 1) By g (Ce — 1) (Oar, 
a 

where Ey is the Mittag-Leffler function defined by (1.39). In particular for 
0<Rea<!1 and f(x) = 0 the function 

y(x) = bix*" Baa (A(x — a)*) 
will be the solution to 

(Diy) =Ay@), Cay? yt) =b1, br EC. 


Luchko and Gorenflo in [341] showed that the problem with the Gerasimov—Caputo 
derivative (2.30) 


(C° DE, y)(x) —Ay(x) = f(x), x >0, a >0, A>0, 
y (0) =by, k= 1,...,n, n=[Rea] +1, bk EC, 
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has a unique solution of the form 


yO) = Dr Pis Baca’) + f= "Eg alAle =") fd 
k=l | 


2.2 Standard fractional order integro-differential 
operators 


Fractional integro-differential operators are studied in [17,78,107,202,381,413,414, 
429,431,446,494]. 


2.2.1 Riemann-Liouville fractional integrals and derivatives on a 
segment 


In this subsection we present definitions of the Riemann—Liouville fractional integrals 
and fractional derivatives on a finite segment of the real line. Also we give some of 
their properties in spaces of summable and continuous functions. 


Definition 15. Let0 <a, f € L\(a,b), a,b ER. Then integrals 


b 
1 
Up AQ) = male at x<b, (2.11) 


and 


f@) 
T(a) (x — t)i-@ 


UI, f(x) = dt, x>a, (2.12) 


are called right-sided (2.11) and left-sided (2.12) Riemann—Liouville fractional in- 
tegrals of the order a on a segment [a, b]. 

Let a > 0 and not integer, n = [a] + 1. Right-sided and left-sided Riemann- 
Liouville fractional derivatives of the order « on a segment [a, b] for a function 
Ff €L1(a, b) are introduced by the relations 


d 


(Dp_ f(x) = (-<) Cp" A) 


b 
mee d\" f@dt 
= ao (-4) [—, (2.13) 
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where I/'_* f € C"(a, b) and 
a d ‘ n—Q 
Do+ fx) = (=) Cis. f)@) 


a. d\" [fat 
_ T(n—a@) (+) (x — tent ’ (2.14) 


where Ij.“ f € C"(a, b). 
Whena=né€N forx € [a,b], f € C" (a,b), 


. d d n 
op_po=(-2) f(x), Diy. Ney =(F ~) f(x). 


Next, following [241,494] we present some properties of the Riemann—Liouville 
fractional integrals and fractional derivatives on the segment. 


Theorem 13. (see [241], p. 73) LetO <a andn =[a)+1. If f €¢ AC"[a, b], then the 
fractional derivatives Dj and Dj, exist almost everywhere on a segment [a, b] and 
can be represented in the forms 


Cy ff mde CeO) 


P 7 k-a 
(Dp- PQ) = TG a)) Gage a ka) — 
and 
ey) f_ fod A £@ na 
(Das IO) = Ig —@)) Gate ot | ea The) cis 
respectively. 


Theorem 14. (see [241], p. 72) (1) The fractional Riemann—Liouville integrals Ij" 
and If’, with a > 0 are bounded in L)(a.b), 1 < p<: 


(b— a) 


pf llp < KIlfllp, Wf lp <= KUNA lp, ees 


(2) 1f0<a<landl<p<z, ee the operators I; and Ij, are bounded from 
Lp(0, 00) into L, (0, 00), where ne = 


ay 


The semigroup property of the fractional integration operators J;"_ and 7, is given 
by the following result. Often the semigroup property is called index law. 
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Theorem 15. (see [494], Sections 2.3 and 2.5) If a > 0 and B > 0, then equalities 
CLE A@M=G Ne), GHLA@®=a* ne 


are satisfied at almost every point x € [a,b] for f € Lp(a,b), ls p< om. If 
a+ 6 > 1, then these relations hold at any point of [a, b]. 


x 
It is well known that the usual differentiation Zo and integration /'...d¢ are mutually 
a 


inverse operations if the differentiation is applied on the left, i.e., 7 £f f(@)dt = f(x). 


x 
However, generally speaking, 7 f' (dt # f(x) (as the constant — f(a) is added). 
a 


Similarly (4)" Ti, f = f but 17, f ‘) does not coincide with a function f and differs 
from it by a eggs of order (n — 1). In the same way for fractional differentiation 
the equality D7, 1%, f = f is valid but 17%, D7, f does not coincide with a function 
J (x) and differs from it by a sum of functions (x — a)*—*, k=1,2,...,[a] — 1. 


Lemma 8. (see [241], p. 74) Ifa > Oand f € Lp(a, b), 1 < p< ©, then the equali- 
ties 


(D§_If N@=f@), (DE TP, fy) = fx) 
hold almost everywhere on [a, b]. 
We need the following class of functions. 


Definition 16. (see [494], p. 43) Let Ij) (Lp), a > 0, be the class of functions f (x) 
such that 


fel (Lp), a>0 > f=h_¢, g€LpG@,b), 1<p<o. 
Let I para Oo p), & > 0, be the class of functions f (x) such that 

f ely (Lp), a>0O > f= a4+@> yg €Ly(a, b), 1<p<om. 
The next theorem gives the description of the classes [;  (L1) and IJ ae (L}). 


Theorem 16. (see [494], p. 43) (1) The necessary and sufficient conditions required 
for f < If (L1), @ > 0, are 


Sn—a(x) = Ty f € AC" (a, b)), 
where n = [a] + 1 and 
fb) =0, kK =0,1,2,40— 1. 
(2) The necessary and sufficient conditions required for f ¢ It, (L1), a > 0, are 


fn—a(x) = 19" f € AC" (La, b)), 
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where n = [a]+ 1 and 


) (a)=0, k=0,1,2,...,2—1. 

We note that the representability of a function f by fractional integral of the order 
a and the existence of a fractional derivative of f are two different things. The hy- 
pothesis “the fractional derivative exists almost everywhere and is summable” is not 
enough to produce satisfactory theory. Therefore we give the next definition. 


Definition 17. (see [494], p. 44) Leta >0,n=[a]+1. 

Function f (x)€L (a, b) has a summable fractional derivative D} f if I~" f € 
AC" ({a, b)). 

Function f (x)€L1 (a,b) has a summable fractional derivative D@, f if I-° f € 
AC" ([a, b]). 


Remark 4. (see [494], p. 44) If Df_ f = (-#)" I,“ f exists in the usual sense, i.e., 
I,“ f is differentiable by the order n at each point of (a,b), then f has a summable 
fractional derivative Dj_ f in the sense of Definition 17. 

fpf = (4) Ii f exists in the usual sense, i.e. Ij," f is differentiable by 
the order n at each point of |a, b], then f has a summable fractional derivative D7, f 
in the sense of Definition 17. 


The next theorems give conditions when fractional Riemann—Liouville integration 
and differentiation are used as reciprocal operations. 
The following statement characterizes the composition of the fractional integration 


operator J," with the fractional differentiation operator Dy_. 


Theorem 17. (see [241], p. 75) Let a > 0. Then the equality 


(Dp_ Tp f(x) = f @) (2.15) 
is valid for any summable function f (x). 
The equality 
(Up Dy f(x) = f @) (2.16) 


is satisfied for 
f@) € 1%, 1). (2.17) 


If we assume that instead of (2.17) a function f € L\(a, b) has a summable fractional 
derivative Di f (in the sense of Definition 17), then (2.15) is not true in general and 
has to be replaced by the result 


n—-1 


UR_DE_f\@) = f@)- >> 


k=0 


(<1) (b= x) oe key 
T(a—k) ne 


(bd), (2.18) 
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where n =[a]+ 1 and fp—a(x) = i fe In particular, for 0 <a < 1 we have 


fi-a(d) — et, 


Up_Dy_ f(x) = f (x) — Tr(a) (b (2.19) 
Theorem 18. (see [494], p. 44) Let a > 0. Then the equality 

(Dole SI) = f &) (2.20) 
is valid for any summable function f (x). 

The equality 

(U2, D2, f(x) = f(x) (2.21) 
is satisfied for 

f(x) € T, (£1). (2.22) 


If we assume that instead of (2.22) a function f € L\(a, b) has a summable fractional 
derivative D{, f (in the sense of Definition 17), then (2.20) is not true in general and 
is to be replaced by the result 


n—1 


(2, D2, AG) = f&)- >> 


k=0 


coor 


l(a —k) 


t pitt Coe, (2.23) 


where n =[a]+ 1 and fy—a(x) = 17," f. In particular, for 0 < a < 1 we have 


fi-a(a) a-1 
a * 


U2, DY, f(x) = fx) — (2.24) 


2.2.2. Riemann-Liouville fractional integrals and derivatives on a 
semiaxis 


Definition 18. Let0 <a, f € L1(0, 0). Then integrals 


a - f(t) 
(NO=—e f cased >, (2.25) 
and 
(5. Sx) — fO dt, x >0, (2.26) 


T'(a) (x —t)!-¢ 
0 


are called right-sided (2.26) and left-sided (2.25) Riemann—Liouville fractional in- 
tegrals of the order a on a semiaxis (0, 00). 
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Let a > 0 and not integer, n = [a] + 1. Right-sided and left-sided Riemann- 
Liouville fractional derivatives of the order « on a semiaxis (0,00) for function 
f € 110, 00) are introduced by the relations 


weno =(-2) UE" f)(x) 


ne 2.27 
=o ( “yf (t — x)%- —n+1? (2.27) 


where I"-“ f € C"(0, c©) and 


d n 
(of,.H00 = (4) 04 A) 


! f()dt 
~ Tin — a) (i) (x — nent!” (2.28) 


where I, f € C" (0, 00). 
When a =n EN for x € (0,00), f € C”(0, co), 


(DY f(x) = (-<) f(x), (Dj. /@) = (+) f(x). 


Theorem 19. (see [24/], p. 83) Ifa>0, 8B >0, p>1l,a+ 8 <1/p, and fe 
Ly, 00), then the equalities 
CEAOSe’ pe; du pea=a nw 
hold. 
Lemma 9. (see [241], p. 83) Ifa >Oand f € L1(0, 00), then the equalities 


DP A@=f@, DOLE AW=f@ 
hold. 


Theorem 20. (Hardy-Littlewood—Polya theorem, see [241], p. 82) Let 1< p<, 
1 <q <0, anda > 0. Then the operators I“ and Ip. are bounded from L »(0, 0) 
into Lg (0, 00) if and only if 


1 P 
0<a<l, l<p<-, q=——. 

a l—ap 
Theorem 21. (see [24/], p. 83) If a > 0, then the relation 


ee) 


[ecoutmnear= [ verutoeds 
0 


0 
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holds for functions g € Lp(0, 00) and w € Lg (0, 00). The relation 


[few aedr= f cout nooas 

0 0 
holds for functions f € I%(Lp(0,00)) and g € Ip, (Lq(0, co)), where p> 1, q > 1, 
St+Ga=lta. 


2.2.3 Gerasimov—Caputo fractional derivatives 


In 1948 (see [179], submitted in 1947) the Soviet mechanic A. N. Gerasimov intro- 
duced the fractional derivative of the form 


t 
1 yd 
(8 D* u)(x,1) = [= Mey 250. oe Oee21 
, (a) (t — y)* 
—0O 


In the same work, A. N. Gerasimov studied two new problems in viscoelasticity the- 
ory. He reduced this problem to differential equations with partial fractional derivative. 
In the same way it is possible to introduce fractional derivatives of Gerasimov type for 
other fractional derivatives analogous to Riemann—Liouville ones (cf. the paper by the 
author [517]). 

After 20 years the same construction with higher order derivatives was introduced 
by the Italian mechanic M. Caputo in 1967 in the paper [49] and studied in the mono- 
graph [50]. Therefore, in many books and papers, the fractional derivative of the type 
CE De , is called the Caputo derivative. 

An obvious modification of the fractional derivative of Gerasimov to the case of a 
higher order leads to fractional derivatives and integrals of Gerasimov—Caputo. 

Obvious generalization of Gerasimov’s fractional derivative for higher order 
derivatives leads to Gerasimov—Caputo operators. The general form of the Gerasimov— 
Caputo derivative is ({179], [241], p. 97, formula (2.4.47)) 


g(t)dt 


(FC D®™ 9)(x) = : if n=[a]+1 x € (a,b) 
a Tin-a) J (x —nenatl? — 


where a > 0, a ¢ No, and y € C"(a, b). Fora=n=0, 1,2... 
(Re NOS 7"): 


For noninteger a > 0, 


Lf f@ (yd 
(DE NO = Ts i — —, x € [0, 00), (2.30) 
0 
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is the left-sided Gerasimov—Caputo fractional derivative on semiaxes ([179], [241], 
p. 97, formula (2.4.47)) and fora =n =0, 1,2,... 


(P8DE, fa) = fF). 


The paper of A. N. Gerasimov is the first in mathematical literature in which frac- 
tional derivatives were used for studying viscoelastic materials. Let us mention the 
book of O. Novozhenova [427], who gathered many biographical facts and papers of 
A. N. Gerasimov, including his pioneering paper [179]. The priority of A. N. Gerasi- 
mov was first pointed out by A. Kilbas in his lectures [238]. Note that M. Caputo never 
insisted on his priority, as he worked in the field of mechanics; it was propagandized 
by his disciple F. Mainardi. 

The importance of Gerasimov—Caputo fractional derivatives is illustrated by the 
simple example of its application to fractional differential equations. If we consider 
the fractional differential equation with Riemann—Liouville fractional derivative of the 
form 


(Do, y)(x) = Ay(x), x >0, O0<a<l, AER, 
we should add the initial conditions here, 
(Dg, y+) = 1, 
and the solution can be found explicitly and equals 
via) Sa "Ee cx"), (2.31) 


via the Mittag-Leffler function 


[ee 


Eo (Ax”) = 


n=0 


(Ax®)” 
T(an+a) 
(cf. (1.39) for its definition). Note a singularity at zero in (2.31) when a < 1. It is not 


possible to consider the classical Cauchy problem at zero initial point with Riemann— 
Liouville fractional derivative 


tame. 2 2 7 rea 
ONO= saw a | one ee 
0 


Of course we can use the conditions (D6~"y)O+) = | instead of classical initial 
conditions, but repeat once more — in this case the classical Cauchy problem is in- 
correct. Opposite to it the general solution to the fractional differential equation with 
Gerasimov—Caputo fractional derivative 


(C° DE, y)(x) = Ay(x), x>0, 0<a<l, AER, 
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y+) =1, 


is also found explicitly and equals 
y(x) = Eg 1(Ax"), (2.32) 


via the Mittag-Leffler function 


CO 


: (Ax%)” 
Eq 1 Ax") = 3 Pe@n+1) 
n=0 


Now it is bounded at zero so the classical Cauchy problem is correct. 

As a conclusion we may formulate that different problems need different frac- 
tional derivatives to be involved; some of them need Riemann—Liouville fractional 
derivatives, some Gerasimov—Caputo fractional derivatives, and some other types of 
fractional operators. 


2.2.4 Dzrbashian-Nersesyan fractional operators and sequential 
order fractional operators 


Dzrbashian—Nersesyan fractional derivatives, associated with a sequence 


{Yo, Yi. --+5 Ym} 
of order 0, whereo = yo+ yi +... + Ym, are defined by 
Dax = DMD"... Dvn ; (2.33) 


where D”« are fractional integrals and derivatives of Riemann—Liouville with some 
endpoint. These operators were introduced in [108-110] and then studied and ap- 
plied in [102,105,111,112]. The original definitions demand —1 < y <0,0<%<1, 
1 <k <m, as in the above papers integro-differential equations under such conditions 
were studied for operators (2.33). But Dzrbashian—Nersesyan fractional operators may 
be defined and considered for any parameter ; if appropriate definitions of Riemann— 
Liouville operators are used. Riemann—Liouville, Gerasimov, and Gerasimov—Caputo 
fractional operators are special cases of Dzrbashian—Nersesyan fractional operators 
defined in the above-mentioned generalized sense. 

Operators of Gerasimov, Gerasimov—Caputo, and Dzrbashian—Nersesyan were pat- 
terns for introducing in the book of Miller and Ross [381] more general sequential 
operators of fractional integro-differentiation for which compositions in definitions of 
the form (2.33) consist of any fractional operators (cf. a useful discussion in [446]). 


74 Transmutations, Singular and Fractional Differential Equations 


2.3 Some more fractional order integro-differential 
operators 
2.3.1 The Erdélyi-Kober operators 


Definition 19. Let a > 0. The Erdélyi-Kober operators are defined by the following 
formulas: 


x 


De apes ~ 
val =F if (x? = PEPE FO) dt, (2.34) 
0 
5) CO 
4 f= aaa? fe? we) ar Sem ms CT (a (2.35) 
x 


For a > —n,n €N they are defined by 


= d \" 
Ip. 2yf = x ~2@+y) (4) Pau aees Ftd it (2.36) 
a — »2y [ _ d . 2(a—y) ya-+n 237 
I”, ay = dx2 me I. 2,y—n f. (2.37) 


Let us denote that in the classical Russian version of the monograph [494] cases 
of integral limits 0 and oo were not considered. In the English version of this book 
[494] these limits are considered, but definitions are given with inaccuracies, and in 
particular cases they lead to complex values in integrals. 

The Erdélyi-Kober operators are essential and important in transmutation the- 
ory because the most well-known transmutations of Sonine and Poisson are of this 
class; they are discussed in monographs [234,537], where a more historically exact 
term is used for them: Sonine—Poisson—Delsarte transmutations. Important properties 
of Erdélyi—Kober operators were studied in the monograph [234] and in papers of 
Yu. Luchko (cf. [340] and more references therein). 


2.3.2 Fractional integrals and fractional derivatives of a function 
with respect to another function 


Definition 20. Let Rea > 0. The left- and right-sided fractional integrals of a function 
f with respect to another function g are 


a 1 f a— / 
loot = a | em — g(t)! (Of @dt, (2.38) 
0 
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CO 

a i a—1 / 
a a / (g@)—s))" gs @f@dt. (2.39) 
x 

Moreover, Riemann—Liouville fractional integrals on a semiaxis (2.26) and (2.25) 
are obtained by choosing g(x) = x in (2.38) and (2.39), respectively. If we take in 
(2.38) and (2.39) the function g(x) = x? we obtain Erdélyi—Kober operators (2.34) 
and (2.35); if we take g(x) = Inx in (2.38) and (2.39) we get Hadamard fractional in- 
tegrals, and the choice g(x) = exp(—x) with its applications was considered in [107]. 

As A. M. Darbashian pointed out, operators of fractional derivatives of a function 
with respect to another function (2.38) even in some more general setting were in- 
troduced and studied by his father M. M. Dzrbashian (cf. [99-101,103,104] and the 
monograph [494]). In these papers integral representations of this operator class, their 
inversion, and corresponding integro-differential equations of fractional order were 
studied. 


2.3.3 Averaged or distributed order fractional operators 


Further generalizations of fractional integro-differential operators are connected with 
combinations and compositions of more standard fractional operators defined above. 

The averaged or distributed order fractional operator, associated with any given 
fractional operator R‘, is introduced by the following formula: 


b 
ef = f R fdr, (2.40) 


where R‘ is a given fractional operator of order t of any kind. In the case R’ is 
in particular the fractional Riemann—Liouville operator, the names continued or dis- 
tributed fractional integrals or derivatives are often used. Such operators were studied 
by A. Pskhu and his disciples [459,460]. 

Note that one of the authors proposed the following modification of an averaged 
expression in (2.40) to be more convenient and also similar to an integral mean value: 


F(a,b) 


b 
1 


This variant of modified definition interested and was approved by A. Nakhushev, but 
it is still not used unfortunately. 
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2.3.4 Saigo, Love, and other fractional operators with special 
function kernels 


Saigo fractional integrals (see [487] and [468]) are 


1 [o,@) 
Le aie —x)¥ YF oF (y + 6,—1- ye 1= ~) f (dt 
(2.41) 
and 
-y—B : 
LP" F(x) => : Jo — 1) oF (v +B, =n ys l= ~) f(t)dt, 
ry) ! " 
(2.42) 


where y > 0, 6, 8 are real numbers. 

Another similar class of generalizations introduced by Love and more general- 
izations with special function kernels are mentioned in [494]. Also important gener- 
alizations of classical fractional operators were studied, namely, Buschman-Erdélyi 
operators and fractional Bessel operators, which we consider in detail in this book. 


2.4 Integral transforms and basic differential equations 
of fractional order 


One of the most popular methods to obtain explicit solutions to fractional differen- 
tial equations is the integral transforms method. Usually Laplace, Mellin, and Fourier 
transforms are used. 


2.4.1 Integral transforms of fractional integrals and derivatives 


2.4.1.1 Laplace transform of Riemann-Liouville fractional integrals and 
derivatives on semiaxes 


Theorem 22. (see [24/], p. 84) Leta >0 and f € L\(0,b) for any b > 0. Also let 
the estimate 


\f@)| = Ae?”™, x>b>0, 


hold for some constants A > 0 and po > 0. 
(1) If f € L1 (0, b) for any b > 0, then the relation 


(LIj, f(s) = 8 “(LA)(p) 
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is valid for Res > po. 
(2) Ifn =[a]+1, g € AC"[0, b] for any b > O, the estimate 


|g(x)| < Be?*, x>b>0, 


holds for constants B > 0 and qo > 0, and gO) =0,k=0,1,...,n — 1, then the 
relation 

(LDo,8)(s) = s*(Lg)(s) 
is valid for Res > qo. 


Remark 5. (see [24/1], p. 84) Ifa >0,n=[a]+1, g € AC"[0, db] for any b > 0, the 
condition |g(x)| < Be%*, x > b > 0, holds for constants B > 0 and qo > 0, and there 
exist the finite limits 


: hans 
lim [D 10,71 


x—>+0 
and 
d 
: k yn—ay __ oo Ss = = 
im [D Ip4 ]=0, p= as k=0,1,...,.n—1, 
then 


n—-1 


(LD§,.8)(s) =s*(Lg)(s) — 9s" *"'! DE}, *8)(40), Res > qo. 
k=0 
(2.43) 


In particular, when 0 <a < 1 and g € AC(0, b] for any b > 0, then 
(LD§,.8)(s) = 8% (Lg)(s) — Ug, *8)(+0). 
2.4.1.2 Mellin transform of Riemann-Liouville fractional integrals and 


derivatives on semiaxes 


The Mellin transform of the Riemann—Liouville fractional integrals Jj, and J“ and 
fractional derivatives Dj, and D® are given by the following statements. 

We need here the space XP (a,b), cEeR, 1< Pp < &, consisting of those complex 
valued Lebesgue measurable functions f on (a, b) for which || f|| xP < 00, with 


i 
Pp 


b 
a pat 
If llx2 = It f()| ra l<p<o, 
a 


and 


Il fIlxco = ess sup[x°] f(x) I. 


a<x<b 
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Theorem 23. Leta > 0,5 €C, and f € X},,(0, Oo). 
(1) IfRes > 0, then 


(Mie f)(s) = — © mfyis +.) 
=) = Fae) fys Qa). 


(2) IfRes <1—a, then 


i ae 


ms +a). 


(MIy, f(s) = 


Theorem 24. Let a > 0,n=[a]+1,s€C, andgeX!_,(0,0). 
(1) IfRes > 0 and the conditions 


lim [x8~*-!"-*g)(x)] =0, =k =0,1,...,n-1, 


x40 
and 

dim [ATE gD] =0, k=0,1,...,.n—1, 
hold, then 

(MD g)(s) = fie a MANS ab 


(2) IfRes < 1+ a and the conditions 


lim [tt Ge a@i=0, k=0,1,...,.n—1, 


as 
and 

im [gE CO] =0, k=0,1,...,.n—1, 
hold, then 

(MDB, ¢)(s) = es ~a). 


Remark 6. Let a > 0,n=[a]+1,5€C, andgeX!_,(0,0). 
(1) IfRes > 0, then 


yi P(s) 
(M D® g)(s) = Tow 88 — a) 


1)"--r 
yore — (5) fps R=1 (pt gy (x90 
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(2) IfRes <1+ a, then 


rd+ 
(MD, 9)(s) = eS mens ~«) 
mI rd +tk—s) aoe 
ee a ee 
d (1 —s) 


In particular, when 0 < a <1, then 


a P(s) s—l;y7l—a oo 
EEO) Teg) ee ee Ua“ g)@)I6 
and 
(MD§, 8)(8) = E2—" (Mens a) +b 1715 g(x) 1% 


2.4.1.3 Laplace transform of Gerasimov—Caputo fractional derivatives on 
semiaxes 


Theorem 25. Leta >0,n—-—1<a<n,néN, such that y(x) € C"(0, co), g™ (x) E 
L,(0, b) for any b > 0. and the estimate 


yoOlete™. £20: good, 
is valid. Let the Laplace transforms Ly and LD" y exist and 


lim (D*g)(x) =0, k=0,1,...,.n—1. 
X—-+00 


Then 
n—-l 
(LE° Df, g)(s) =s%(Ly)(s) — D) s**"(D*g) (0). (2.44) 
k=0 
In particular, for0 <a <1, 
(L°° Df, g)(s) =s%(Ly)(s) — s*~'g(0). (2.45) 


2.4.2 Laplace transform method for the homogeneous equations 
with constant coefficients with the left-sided 
Riemann-Liouville fractional derivatives of the order « on 
a semiaxis (0, 00) 


We first present a result from [241] which demonstrates how to use Laplace transform 
for solving the one-dimensional fractional nonhomogeneous differential equation with 
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constant coefficients of the form 


m 


> Ax(Doi.¥) (x) + Aoy(x) = f(x), x>0, meéN, (2.46) 
k=1 
0<a, <1... << Am, Ao, Aq, ..-,; Am ER, 


with the left-sided Riemann—Liouville fractional derivatives of the order a on a semi- 
axis (0, 00) (2.28). 

Let y;(x),..., (x), 1-1 <a@m <1, 1€N, are linearly independent solutions of 
(2.46) such that 


(Dey OH =0, ky felenl kAéj, 


(Dey OF =1,  k=1,.41, 


where 
Do. 8) O+ on Do. 8% 


Such system y; (x), ..., yi(x) is the fundamental system of solutions of (2.46). 
Following [241] first we consider Eq. (2.46) when m = 1: 


(Do, y)(x) — Ay(x) = 0, x >0, AER, 
with conditions 

(DE NOND=d, felt felt len, deR. 
Applying the Laplace transform (1.54) to (Dj, y)(x) — Ay(x) = 0, taking into account 
(2.43), we obtain 

l . 
s*LIyl(s) — > djsi~! =ALTy(s) 
il 


or 


and (1.55) gives 


I 
y(x)= yan Becett-7Ax"). 
j=l 
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It is easily verified that the functions y;(x) = xed Ew,a+1—j (Ax) are solutions to the 
equation (Do + ¥)(x) = Ay(x) =0 


(Del Banat Oe” Beg GOe),, Fo Teael, 
and by (1.39) 
00 qnyontk—j 


(Dp yD@=)> Tian+k+1—j) 


n=0 


Then 

(Do, ky (0+) = 1, k=1,...,1, 
and 

(Do, ‘y) OH = ky f= The, kAj. 
Thus the following result is valid. 


Theorem 26. [24/] Let! —1<a<l,1EN,A€R. Then the functions 
yj) =x" 4 Beat 1—j Ax”), j=1,...1, 

yield the fundamental system of solutions to the equation 
(Do,.y) (x) — Ayr) = 0, x>0, 

and the solution to this equation satisfying conditions 


(Dif y)Ot)=d;, fHly..t, TEN, djeR 


1 
yx) = 0 djx®4 Ey ati j(Ax®). 


Example 1. Let us consider the case when 2 <a < 3. Then 1 =3 and the solution to 
the problem 


(Dg,_y)(x) — Ay(x) = x>0, 
(Dé! y) +) =), ce *y)\0+) =a, (DST? y)(0+) =a, 
d, do, d3 (= R, 


y(x) = dyx*! By a (Ax®) + dox* 7? Bg o—1(Ax%) + 3x" By 2 (AX). 
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In [17] it was shown that if f(x) € L(a,b), by € C the Cauchy type problem for 
the linear differential equation 


(D2, y)(x) — Ay(x) = f(x), (DEL *y) (a+) = by, k= 1,...,n, n= [Rea] + 1, 


has the unique solution y(x) in some subspace of L(a, b) given by 


n 
v(x) = Do bpx®™* Baa 1 (A(x — a)) 
k=1 


+ Jo ae A et ee a haar ee (2.47) 


where Ey is the Mittag-Leffler function defined by (1.39). In particular for 0 < 
Rea < | and f(x) = 0 the function 


y(x) = byx°! Ey.a (A(x — a)”) 
is the solution to 


(D%,y)(x)=Ay(x), = Ugg *yat)=b1, by EC. 


2.4.3, Laplace transform method for homogeneous equations 
with constant coefficients with the left-sided 
Gerasimov-Caputo fractional derivatives of the order « on 
a semiaxis [0, 00) 


In [241], p. 312, the Laplace transform method was applied to derive explicit solutions 
to homogeneous equations of the form 


(9 De PG)=17@), x>0, f=Lepel LEN, AER, 
(2.48) 


where ue ', f is the left-sided Gerasimov—Caputo fractional derivative on semi- 
axes (2.30). Gerasimov in [179] derived and solved fractional order partial differential 
equations with the derivative (2.30) for mechanical applied problems in 1948. 


The conditions 
f*(O+) =a, k=, Laat =1, d, eR (2.49) 


were added to Eq. (2.48). The solution to the problem (2.48)-(2.49) is (see [241], 
p. 312) 


I-1 


fQ@)= So dk ca Tee ass (2.50) 
k=0 


where Eq, is the Mittag-Leffler function (1.39). 
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2.4.4 Mellin integral transform and nonhomogeneous linear 
differential equations of fractional order 


Nonhomogeneous linear differential equations of fractional order with given functions 
Ax(x), k =0, 1,...,m, and f(x) have the form 


Aoy(x) + ¥> Ag(x)(D™ y)(x) = f(x). (2.51) 


k=1 


Differential fractional order operators in (2.51) can have various forms. 

For example we can take in (2.51) the right- and left-sided Riemann—Liouville 
fractional derivatives on semiaxes given by (2.27) and (2.28) and constant coefficients 
Ax, Be ER, Kk =0,...,m 


PS B,(D*** y)(x) = f (x), x>0, a>0, (2.52) 
k=0 

and 
Yo alas ne =f(x), x>0, a>0. (2.53) 


The Mellin transform method for solving Eqs. (2.52) and (2.53) is based on the 
relations following from Theorem 24: 


T(s +a+k) 


atk pjatk _ 
(Mx®™ DI y)(s) = aa eae (My)(s) 
and 
wk wei r(1—s) 
(Mx DST yy(s) = Td-ssa—bh 0“). 


Applying the Mellin transform to (2.52) and (2.53) we obtain 


m r k 
bn aoe | (My)(s) = (M f(s) 


and 
bs nq (My)(s) =(M f(s), 


respectively. Using formula (1.64), the solution to (2.52) is 


CO 


yoo= fai (=) ro, 


0 
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where 


ios er = TG+a+k) 
u0= (a za]) i= 2 ty. 


Using the same formula (1.64), the solution to (2.53) is 


y(x) = / G2 (t) f(xt)dt, 
0 


where 


a = 5 Ms) 
cro=(M lmana]) He= 2 Angreny 


Essentials of transmutations 


3.1 Definition of the transmutation operator, some 
examples of classical transmutations 


3.1.1 Introduction to transmutation theory 
Following [229], we give a definition of the transmutation operator. 


Definition 21. Let us have two operators (A, B). The nonzero operator T is called 
the transmutation operator if the following relation is satisfied: 


TA=BT. (3.1) 


The relation (3.1) is also called intertwining property, as they say that the trans- 
mutation operator T intertwines the operators A and B or is an intertwining operator. 
To transform (3.1) into a strict definition, it is necessary to specify spaces or sets of 
functions on which the operators A, B, and, therefore, T act. 

The method of solving problems based on the use of the operator T with the prop- 
erty (3.1) is called the method of transmutation operators. 

It is obvious that the notion of transmutation is a direct and far reaching generaliza- 
tion of the matrix similarity from linear algebra. But the transmutations do not reduce 
to similar operators because intertwining operators often are not bounded in classical 
spaces and the inverse operator may not exist or not be bounded in the same space. As 
a consequence, spectra of intertwining operators are not the same as a rule. Moreover, 
transmutations may be unbounded. This is the case for the Darboux transformations, 
which are defined for a pair of differential operators and are differential operators 
themselves; in this case all three operators are unbounded in classical spaces. But the 
theory of Darboux transformations is included in transmutation theory too. A pair of 
intertwining operators may not be differential ones. In transmutation theory there are 
problems for the following various types of operators: integral, integro-differential, 
difference-differential (e.g., the Dunk] operator), differential or integro-differential of 
infinite order (e.g., in connection with Schur’s lemma), general linear operators in 
functional spaces, and pseudodifferential and abstract differential operators. 

All classical integral transforms due to Definition 1 are also special cases of 
transmutations, including the Fourier, Petzval (Laplace), Mellin, Hankel, Weier- 
strass, Kontorovich—Lebedev, Meyer, Stankovic, Obrechkoff, finite Grinberg, and 
other transforms. 

In quantum physics, the study of the Shrédinger equation, and inverse scattering 
theory, the underlying transmutations are called wave operators. 

The commuting operators are also a special class of transmutations. The most 
important class consists of operators commuting with derivatives. In this case trans- 
mutations as commutants are usually in the form of formal series, pseudodifferential, 
Transmutations, Singular and Fractional Differential Equations With Applications to Mathematical Physics 


https://doi.org/10.1016/B978-0-12-819781-3.00009-4 
Copyright © 2020 Elsevier Inc. All rights reserved. 


86 Transmutations, Singular and Fractional Differential Equations 


or infinite order differential operators. Finding commutants is directly connected with 
finding all transmutations in the given functional space. For these problems works 
a theory of operator convolutions, including the Berg—Dimovski convolutions [89]. 
Also, more and more applications are developed in connection with transmutation 
theory for commuting differential operators; such problems are based on classical re- 
sults of J. L. Burchnall and T. W. Chaundy. The transmutations are also connected 
with factorization problems for integral and differential operators. Special class of 
transmutations are the so-called Dirichlet-to-Neumann and Neumann-to-Dirichlet op- 
erators, which link together solutions of the same equation but with different kinds of 
boundary conditions. 

And how do the transmutations usually work? Suppose we study properties for 
a rather complicated operator A. But suppose also that we know the corresponding 
properties for a more simple model operator B and transmutation (3.1) readily exists. 
Then we usually may copy results for the model operator B to corresponding ones for 
the more complicated operator A. This is shortly the main idea of transmutations. 

Let us consider for example an equation Au = f. Then applying to it a transmuta- 
tion with property (3.1) we consider a new equation Bu = g, withu= Tu, g=Tf. 
So if we can solve the simpler equation Bv = g, then the initial one is also solved 
and has solution u = T~!v. Of course, it is supposed that the inverse operator exists 
and its explicit form is known. This is a simple application of the transmutation tech- 
nique for finding and proving formulas for solutions of ordinary and partial differential 
equations. 

The monographs [22,5 1—53,139,571] are completely devoted to transmutation the- 
ory and its applications (note also surveys [234,532] and [377]). Moreover, essential 
parts of monographs [56,89,242,252,259,277,316,321,330,373,376,497,580], etc., in- 
clude material on transmutations; the complete list of books which investigate some 
transmutational problems is now near 100 items. 

We use the term “transmutation” due to [53]: “Such operators are often called trans- 
formation operators by the Russian school (Levitan, Naimark, Marchenko, etc.), but 
transformation seems a too broad term, and, since some of the machinery seems ‘mag- 
ical’ at times, we have followed Lions and Delsarte in using the word transmutation.” 

Now transmutation theory is a completely formed part of the mathematical world 
in which methods and ideas from different areas are used: differential and integral 
equations, functional analysis, function theory, complex analysis, special functions, 
and fractional integro-differentiation. 

The transmutation theory is deeply connected with many applications in different 
fields of mathematics. The transmutation operators are applied in inverse problems via 
the generalized Fourier transform, spectral functions, and the famous Levitan equa- 
tion; in scattering theory the Marchenko equation is formulated in terms of transmuta- 
tions; in spectral theory transmutations help to prove trace formulas and asymptotics 
for spectral functions; estimates for transmutational kernels control stability in inverse 
and scattering problems; and for nonlinear equations via the Lax method transmu- 
tations for Sturm—Liouville problems lead to proving existence and explicit formulas 
for soliton solutions. Special kinds of transmutations are the generalized analytic func- 
tions, generalized translations and convolutions, and Darboux transformations. In the 
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theory of partial differential equations the transmutations work for proving explicit 
correspondence formulas among solutions of perturbed and nonperturbed equations, 
for singular and degenerate equations, pseudodifferential operators, problems with 
essential singularities at inner or corner points, and estimates of solution decay for 
elliptic and ultraelliptic equations. In function theory transmutations are applied to 
embedding theorems and generalizations of Hardy operators, Paley—Wiener theory, 
and generalizations of harmonic analysis based on generalized translations. Methods 
of transmutations are used in many applied problems: investigation of Jost solutions 
in scattering theory, inverse problems, Dirac and other matrix systems of differen- 
tial equations, integral equations with special function kernels, probability theory and 
random processes, stochastic random equations, linear stochastic estimation, inverse 
problems of geophysics, and transsound gas dynamics. The number of applications of 
transmutations to nonlinear equations is constantly increasing. 

In fact, the modern transmutation theory originated from two basic examples (see 
[532]). The first is the transmutation T for Sturm—Liouville problems with some po- 
tential g(x) and natural boundary conditions 


T (D* y(x) + q(x) y(x)) = D? (Ty(x)), D* y(x) = y"(x). (3.2) 


The second example is a problem of studying transmutations intertwining the Bessel 
operator B,, and the second derivative: 


a 
dx?’ 


2v+1 


TRf=D Tl B= DPD + D, D* = 


vec. (3.3) 


This class of transmutations includes the Sonine—Poisson—Delsarte, Buschman— 
Erdélyi operators and their generalizations. Such transmutations found many appli- 
cations for a special class of partial differential equations with singular coefficients. 
A typical equation of this class is the B-elliptic equation with the Bessel operator in 
some variables of the form 


pee cere se, (3.4) 
k=1 


Analogously, B-hyperbolic and B-parabolic equations are considered; this terminol- 
ogy was proposed by I. Kipriyanov. This class of equations was first studied by Euler, 
Poisson, and Darboux and continued in Weinstein’s theory of generalized axially sym- 
metric potential (GASPT). These problems were further investigated by Zhitomirslii, 
Kudryavtsev, Lizorkin, Matiychuk, Mikhailov, Olevskii, Smirnov, Tersenov, He Kan 
Cher, Yanushauskas, Egorov, and others. 

In the most detailed and complete way, equations with Bessel operators were stud- 
ied by the Voronezh mathematician Kipriyanov and his disciples Ivanov, Ryzhkov, 
Katrakhov, Arhipov, Baidakov, Bogachov, Brodskii, Vinogradova, Zaitsev, Zasorin, 
Kagan, Katrakhova, Kipriyanova, Kononenko, Kluchantsev, Kulikov, Larin, Leizin, 
Lyakhov, Muravnik, Polovinkin, Sazonov, Sitnik, Shatskii, and Yaroslavtseva. The 
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essence of Kipriyanov’s school results was published in [242]. For classes of equa- 
tions with Bessel operators, Kipriyanov introduced special functional spaces which 
were named after him [243]. In this field interesting results were investigated by Ka- 
trakhov and his disciples; now these problems are considered by Gadjiev, Guliev, 
Glushak, and Lyakhov with their coauthors and students. Abstract equations of the 
form (3.4) originating from the monograph [56] were considered by Egorov, Rep- 
nikov, Kononenko, Glushak, Shmulevich, and others. Transmutations are one of the 
basic tools for equations with Bessel operators, and they are applied to the construc- 
tion of solutions, fundamental solutions, the study of singularities, and new boundary 
value and other problems. 

We must note that the term “operator” is used in this chapter for brevity in the 
broad and sometimes not exact meaning, so appropriate domains and function classes 
are not always specified. It is easy to complete and make strict every special result. 


3.1.2 Some examples of classical transmutations 


Let give some examples of classical transmutations. 


Example 1. Transmutation operator intertwining the second order and first order 
derivatives. 
Tf u(t, x) is a function, satisfying the abstract Cauchy problem 


Urp = AU, u(O,x) = f(x), u; (0, x) =0, 
then 
CO 
~ 1 32 
v(t, x) = Lu(t,x) = sa | wee Bas (3.5) 
0 


satisfies the abstract Cauchy problem 
vp = Av, v(0, x) = f(x). 


This example was given in lecture notes of R. Hersh [165] among the five examples 
of transmutations. R. Hersh mentioned that the transmutation operator L has been 
rediscovered repeatedly in [14,37,205,476,576]. 

Let consider how we can use (3.5) for obtaining the solution to the Cauchy problem 
for the diffusion equation if we know the solution to the Cauchy problem for the wave 
equation. We have 


Utp =Uyx, 
u(0,x) — f(x), u,(0, x) = 0. 
Then 


)_ f@ t+ fe-1) 
2 
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and the solution to 


Ur = Uxx, v(0, x) = f(x) 


v(t, x)= 


ae 


o 2 
— | f(s +x)e7 ds, 
—o0o 


Example 2. Let us consider the Poisson operator (see [317]) 


rd 
NI+ 
z 


= IG —P)* pear, Ciy)= 


0 


Pr f(x) = — ane r(%) 


For f € C. the Poisson operator acts as a transmutation operator by the formula 


d? _@ yd 


Y p2 Y 2 
P; D’ f =B,P D* = —., = —_~ 
- f yPx f dx? Y dx2 " x dx’ 


The Poisson operator will be considered in detail in Section 3.4.1. 
Using the previous example we obtain that for the problem 


Wp = Wry + Pd 
wO,ry=f(r),  O<r<oo, 


the bounded solution has the form 

rw 
(t,r) =2C(2) : ~{ [ fo+ yen dsd 
wt,r)= —= - S+p)e “dsdp. 
ae L P 

0 —oo 


Example 3. The Radon transform (see Definition 14) intertwines a partial derivative 
with a univariate derivative: 


R (<1) Sie er eas 
Ox; Ox; 


Let A denote the Laplacian on R": 


90 Transmutations, Singular and Fractional Differential Equations 


The Radon transform and its dual are intertwining operators for A and L in the sense 
that 


RAP) =L(RF), R*(Lg) = ACR*8). 
Example 4. Jn [355] the transmutation operator 


1 


n=2 n-3 
Cieiny= f serne, (=f) Edi 
—1 


was presented. For operators D, and D2 acting by formulas 
(Dig)t) = (= #)g"(t) + atg'(t) + Batt) 


and 
; n-l1\ , id+n—2) 
(D2g)(t) = (1 = 17)g"(t) + (« ne —) gt (6 = we") g(t), 
the intertwining relation 


DoT, = TD 


holds. 


3.2 Transmutations for Sturm-Liouville operator 


3.2.1 Description of the problem and terminology 


The main problem of this subsection is the construction of different transmutation 
operators intertwining the simplest Sturm—Liouville operator 


yl" (x) + 7 y(x) = (Loy) (a) (3.6) 
with the Sturm—Liouville operator of the general kind 
y" (x) + q(x) y(@) +7 y(x) = (Ly)(a). (3.7) 


Function q(x) in (3.7) is called a potential function. Appropriate functions can be 
complex, 4 € C, x € R. We are looking for a transformation operator satisfying the 
identity 


SLf =LoSf (3.8) 


on suitable functions f(x). A natural requirement for the transmutation operator S is 
linearity. It is very convenient if there is the invert to the S operator in some space. 
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The linearity requirement of S after substitution of (3.6) and (3.7) in (3.8) leads to a 
relation that is independent of A: 


S (0 i q(x) f =D°Sf, (3.9) 


where D = d/dx. Invertibility of S naturally leads to the search of it as an integral 
operator 


b(x) 
(Sf)(x) = / K(x, t) f(@ dt. (3.10) 
a(x) 


Here the kernel K (x, t) in the general case can be distribution (for example, K (x, t) = 
d(x —t) + G(x, t), G is a smooth function). In (3.10) a(x), b(x) are some functions 
R-R. 

There are two different approaches to constructing transmutations. In the first, 
transmutations are built on arbitrary functions, possibly with some growth restric- 
tions at various points. We will detail this particular approach but it is not generally 
accepted. Usually, the second approach is taken, which is based only on solutions of 
the equations Loy = 0, Ly = 0 with the operators (3.6) and (3.7). Such a method was 
adopted in pioneering classical works on transmutation operators. We will present it 
briefly. 

Essentially both of these approaches are equivalent. Operators constructed on ar- 
bitrary functions are also defined on solutions with suitable boundary conditions. On 
the other hand, an operator built on eigenfunctions for any 4 can be extended to fairly 
wide classes of functions. 

Let us make some comments. We will usually call operators differential or integral 
expressions. When constructing transmutations it is assumed that functions f(x) be- 
long to some class ®. In calculations, it is assumed that the kernels K (x,t) have a 
certain smoothness in both variables. Exact definitions are given in each case. 

Now we consider transmutation operators S of the forms 


b 
spin) = f Kon fear (3.11) 
Shi) = fe | KEN Feat, (3.12) 
Sfx) = Foe) + f Ko. roar, (3.13) 


c 
d 


(Sfx) = Fon) + f Kon Fat. (3.14) 


x 
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Here K (x, t) is smooth in both variables, numbers a, b, and c belong to the extended 
numerical axis R. Fredholm operators (3.11) are the simplest. Volterra operators 
(3.12)-(3.14) are easily invertible in standard spaces. The freedom to choose the limits 
of integration allows in each case to choose those transmutations that are best suited 
for a concrete problem. In particular (3.12) preserves the asymptotic behavior of the 
function being converted and its derivatives for x — 0 and the transmutation of the 
form (3.14) for x — d. For example, transmutation (3.14) with d = +oo preserves 
the asymptotic behavior at infinity; this is a transmutation of the B. Ya. Levin type. 
Such operator is used to solve inverse problems of the quantum theory of scattering 
and problems of estimating the rate of decrease at infinity of solutions of differential 
equations, including partial differential equations. Operator (3.13) for c = 0 is called 
transmutation of the A. Povzner type (see [454]). 

It is also possible to consider transmutations of other types, not like (3.1 1)-(3.14), 
for example, Fredholm and Volterra operators of the third kind. We show that in the 
case of a smooth potential g(x) transmutations (3.11)-(3.14) are constructed most 
simply and “naturally.” The construction of the transmutations of other types is diffi- 
cult. 


3.2.2. Transmutations in the form of the second kind Fredholm 
operators 


Let consider here the construction of transmutation operators as the second kind Fred- 
holm operators 


b 
(sfx) = f Ko. feat. (3.15) 


If such operator exists, then equality (3.9) is true. This equality in certain cases has 
the form 


b 


FU) +g) FO) + f K(x, Of") +aOfOldt 


a 


b 
; a°K 
= sens f Troan. 
Ox 
Integrating by parts we obtain 
,.\b OK P 
qxHfot+ Kan fO|,- ae 


b 


aK 0°K 
=} = 400K | f@dt. (3.16) 


ax2 ar? 


a 
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Therefore at least for finite functions f € Co° (a, b), the equality 


b 


[ow tf (jdt =q(x) f(x) (3.17) 


a 


must be fulfilled. In (3.17) 


aK 0°K 
G(x, th= aa ae —q(t)K. 
If we require that Ge C (a, by); then it is easy to see that equality (3.17) is im- 
possible in the general case, which follows from a comparison of the spectra of the 
operators on the left and right sides of (3.17) (for example, in L2(a, b)). Therefore, in 
the general case, it is impossible to construct transmutation of the form (3.15) satisfy- 
ing the identity (3.9) with a smooth kernel. 

Of course, the identities (3.16)-(3.17) can hold in the case of g(x) = 0. In this 
case, the item weaves D? —> D2”, that is, commutes with the second derivative. Such 
operators exist. For this, it is enough, for example, that the core satisfies the wave 
equation 


eK  0°K 
ax2 ar? 


and boundary conditions 
b 
1 .\b OK 
H(x) = K(x, t) f'()|; - rye AS =0. (3.18) 
a 


Here after choosing the class ® values f (x), f’(x) at x =a, x = Dare fixed. Usually, 
condition (3.18) gives 


=| f(x) €C*(a,b)| f@ =f) = f'@= fb) =}. 


Remark 7. (1) The kernel K (x, t) independent of f (x) does not exist. 
(2) When q(x) = “= const, the spectrum Af =q- f = muf (x) consists of one 
point. 


The above reasoning justifies the impossibility of constructing a transmutation 
operator of the form (3.15) for sufficiently smooth potentials g(x). If g(x) has sin- 
gularities for x € [a, b], then the comparison of the spectra on which we were based 
does not work. In this case, the operator Af = q - f is not defined in standard spaces. 
Therefore, the question of constructing a transmutation operator for potentials g(x) 
with singularities remains open. 

Therefore, it is interesting to note that for the potentials g(x) ~ 1/x? for x > 0 
there is an interesting class of transmutation operators of the form (3.15). These are 
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Kram-Krein transmutations. They are defined only on solutions of the equations Ly = 
0 with regular and singular potentials and relate such solutions to each other. Note that 
the condition (3.18) of the form 


K(x,t) f(t) 
of 


WK, fo = aK 
at 


at 

at points x = a and x = b arises naturally in the theory of Kram—Krein operators. It is 
these conditions that allow us to write the Kram—Krein transmutations in the integral 
form (3.15) (see [4]). In the general case, these operators are differential [376]. 


Now let us consider the problem of constructing a transmutation operator in the 
form (3.11): 


b 
(Sf)(x) = - K(x,t)f@dt. 


Substitution of this expression in (3.9) gives 


b 


b 
da 
[ko or'@ tamseoid= 3 [ Ko.nrodt. 
a a 
We assume that integration by parts and under the sign of the integral is possible. This 
leads to the equality 


b 
7 PK FK _ sex] soa= Keoroe— Kr) 
ax2 ar ae a ae 
a 
Let f(t) € ® and let ® be dense in L2(a, b). Then it is enough to demand 
es = ues +q(t)K (3.19) 
ax2 ar? a ; , 


b 
= W,(K, f)(x) = W(x) = 0. (3.20) 


OK 
EGF OL- > FO 


Here we denote by W;(K, f) the Wronsky determinant 


K ’ 
WK, f) = ae an . (3.21) 
ot ot 


Next, we consider solutions to Eq. (3.21). It is known that for the existence of 
a classical C?-solution it is necessary to require g(t) € C '(a, b). In this case, the 
Riemann function of Eq. (3.19) REC 2 If we restrict ourselves to the condition q(t)e 
C(a, b), then there is only a generalized solution to (3.19) from the class C ' Gn this 
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case, the Riemann function R € C 1), Therefore, until the end of this subsection we 
will consider the potential g € C! in the domain of our definition. 
That gives us the next theorem. 


Theorem 27. Let a,b,c,d € R and K (x,t) € C” ([c, d], [a, b]). Class ® is the set of 
functions f (t) such that 


(1) f(t)eC(a,b), 


b 
b OK 
2) WK, fy= KO f'O|,- agi =0. (3.22) 
a 
Then for existence of the transmutation operator of the form (3.11) for f € ® it is 
enough that the kernel K (x,t) satisfies the hyperbolic Eq. (3.19). 


Note that practically, except in very special cases, the condition (3.22) forces us to 
accept 


o=[feCa.b)| f@=fH=f'@=f')=9}. 


It follows from (3.22) that at least always ® contains functions that are compactly 
supported on (a, b). Therefore, the assumption made about the density ® in L2(a, b) 
is always fulfilled. 

The authors did not find in the literature constructions of the type (3.11). Neverthe- 
less, we will show further that in practice this kind exists. For some simple potentials, 
they will be constructed explicitly. 


3.2.3 Transmutations in the form of the second kind Volterra 
operators 


We proceed to the construction of one of the most important classes of transmutation 
operators. These are Volterra operators of the second kind, having the form (3.13) 


x 


(Sf)(x) = fx) + i K(x,1) f(t. 


Cc 

Such operators in the case c = 0 were first obtained by Povzner (see [325,454]). The 
(oe) 

case (Sf)(x) = f(x) + f K (x,t) f(t) dt was introduced by Levin (see [313,314]). 


x 
We will consider them in the form 


x 


(Sf)(x) = fe) + ; K(x, t) f(t) dt, 


c 


where c € R, which allows us to combine these cases and unify the text. 
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Substitution in formula (3.9) leads to the relation 


x 


FU) +a) FQ) + ; K(x, olf" +qof@lat 


Cc 


1. & ff 
=f «+5 [ Kon fed. 


Cc 


Transforming the first part of this formula, we obtain 


x a2K 
(e 592 > +a0K) fdtt+ f"O)+q@fa+ KaOf'O| 


OK ia 
= agi? : 


Transforming the remaining part, 


a2 
S| Kensena 


f aK ane x) 
= [ afods+ F@)+K' NL) + KE, f'@). 


€ 


Equating the corresponding terms, we obtain 


2K q2 

thK = — 3.23 
ae (3.23) 
: K li Lee ae QCR* 3.24 
ae (x, 0) + lim ae Yap =q(x), @HEQCR, (3.24) 
lim W, (f, K(x, t)) = lim W(x) =0. (3.25) 
t->c t->c 


By & we denote the domain of the function K (x,t), whose closure contains part of 
the diagonal t = x. 

Eq. (3.23) is standard in the problem we are considering. The condition (3.25) 
highlights the point c. This condition reduces to weighted boundary conditions on the 
function f(x) and its first derivative f’(x) for x > c. The relation (3.25) dictates the 
choice of the class ®. Now we show that the condition (3.24) can be simplified if we 
assume that K € C!. For this, we prove two technical lemmas. 
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Lemma 10. Let K (x,t) € C!(Q), QN {(x,t) | x =t} 49. Then for (t,x) € Q the 
equality 


d : OK OK 
— K(x,x) = lim | —(x,t) + —(, ft) (3.26) 
dx t>x \ dx ot 

is valid. 


Proof. Consider the function of two variables K (x, y), the variables themselves de- 
pend on the parameter t: x = #(t), y = w(t). Then using the formula 


aK dx aK dy 


eae 3.27 
ox dt dy dt ( ) 


d 
—K = 
dt (y) 


from [143] and putting x = y = ¢ in (3.27) we obtain 


d dK OK 
—K(t,t)= | —+— 
dt ox dy 


This formula is equivalent to (3.26). L 


x=y=t 


The second lemma is proved similarly. 


Lemma 11. Under the conditions of Lemma 10 we have 


d : dK OK 
Fe -—x)= jim, (= - *) : (3.28) 


So, by Lemma 10 the relation (3.24) takes the form 


7K, = 5400) (3.29) 

Equality (3.29) shows that the value of the core K (x, t) on the diagonal t = x allows 

one to reconstruct the potential g(x). This fact is fundamental in the theory of inverse 

problems. Therefore, the most common methods for solving inverse problems come 

down to finding the kernel of the transformation operator by the spectral function (as 

in the Gelfand—Levitan equation) or by scattering data (as in the Marchenko equation). 
Assume that the core K € C?(Q), where 


Q = {(x,t) | x € [a,b], t is betweenc and x}. 


Define ® € C?(a, b) as a set of functions f, satisfying the condition (3.25). 

Let c € R and let kernel K and class ©® satisfy the conditions stated above. Then for 
existing transmutation operators of the form (3.14) for functions f € © it is sufficient 
that the kernel K satisfies Eq. (3.23) and condition (3.29). 
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3.2.4 Transmutations in the form of the first kind Volterra 
operators 


Let us consider the possibility of construction of transmutations in the form of the first 
kind Volterra operators, i.e., in the form 


(Sf)(x) = [ ken fear (3.30) 


Practically repeating the calculations of the previous subsections, Theorem 27 is 
valid and relations (3.23) and (3.25) are the same but instead of (3.24) we get 


d . 0K OK 
— K(x, x)+ lim | — + — }]=0. (3.31) 
dx t>x 
Of course, for kernels smooth up to the diagonal tf = x this condition is replaced by 
d 
Pe) =0, K(x,x)=const. (3.32) 
x 


However, we prefer a more accurate notation (3.31), since the kernel may have a 
gap at t > x. This is permissible. 
An example of a transmutation operator of the form (3.30) is the fractional integral 


(Sf) = (1%,) @) Fs |“ =p Fai, a>. 


~ F@) 


This operator intertwines D? and D?, i.e., commutes with D?. Condition (3.31) obvi- 
ously is valid for the kernel 


K(x,t)= Gap) 


1 
T'(@) 

Note that for 0 < a < 1, it is precisely (3.31) that is valid, not (3.32). For a > 1, 
both of these relations hold. The condition (3.25) reduces to f(c) = f’(c) = 0. These 
conditions are rougher than the minimum sufficient. The latter are given, for example, 
in [494]. 

Instead of the introduced Riemann-—Liouville fractional integration operators, we 


can consider the Weil operators or fractional integrals over an arbitrary function (2.38) 
and (2.39). 
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Let us consider an important case of transmutations of the form (3.14). Using inte- 
gration by parts, we calculate the left side in (3.9): 


fC) +a) FQ) + i K(f" +qOf@)dt 


a2K 
aces + +4) fatts"@)+ac f(a) + Ka, of' Ol. - oro) 


ar 


Calculating the right side in (3.9) we obtain 


iW d* i 
f +55 f Ken seoa 


x 


* a2K ; 
= f"(x +f qa fdt+ Ff + (Ke FOE.) 


a f a2K ak _ aK 
—f')+ | part im “fat tim Se) 
ax2 t>x Ox t>—x Ox 
=< 


+ KG x)f@)+ KGa) @)+ KO; f-—-)+XkG@,—of Cal. 


Therefore 


x a2K 
(®@ . + 410K) far q(x) FO) + K¢, 8) f') ~ lim, KOs FO) 


—Xx 


K . OK 
— (2) f@) + lim, = f(-2) 


d°K 
= re Co fat + tim f(a) + Kx, x) f (x) 


=x: 


; _ aK d 
+ K(x, x) fi) + lim fOt+s (K(x, —x)) f(—x) 


—x OX 
ds, 
+ K(x,—x)— lim f(t). 
dx t>-x 


In order for the calculations to make sense, we assume that f(x) «Ee PCC 2(a. =a) 
for some a > 0. Then it is enough that again the kernel satisfies the equation 


eK aK 


ae aa q(t)K (3.33) 
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and the additional condition 
d ; ) 
K@,—x) lim f(@#)+ K(x,—x) lim f'() 
=> xX t—-x 


OK OK 
+ ro 4 K(x, =x) + fim ( + a) =a | 


0K OK d 
— f(-—x) E ( ay ~) Ie & »| = 0. 


In the last expression, the term in parentheses is zero. Therefore, the equality 


0K OK 
f(x) E K(x, —x) + lim r( + ) - 7) 
Ox ot 
= li Lome Ls a K 3.34 
= f(-x) im ( ar ) Kt. »| (3.34) 


is true in the case of the smooth down to the line t = x kernel K (x, t). Expres- 
sion (3.34) according to (3.31) can be simplified to 


f (x) [2K'@, x) — q@)] + f(—x) [2K'@, —x)] =0. (335) 


A simple analysis of the relation (3.35) shows that if f(x) and f(—x) are inde- 
pendent, then both equalities should be satisfied in the case of smooth down to the 
line 


K' (x, x) = 54q(x), 


3.36 
K'(x, —x) =0. oe) 
For even functions we get the equality 
i, / 1 
K'(x,x)+ K'(x,-x)= 51), (3.37) 
and for odd functions we get 
/ / 1 
K'(x,x)— K'(x,-x)= 59). (3.38) 


Let the kernel K (x, t) € C? in the considered domain for some a > 0. We define the 
class of functions ® = C?(—a, a) (without any boundary conditions!). Then, in order 
for the operator (3.14) to be transmutation operator on functions f € ®, it is enough 
that the kernel satisfies Eq. (3.33) and the system (3.36). If the class ® consists of even 
functions on (—a, a), then (3.36) is replaced by (3.37). If the class ® consists of odd 
functions on (—a, a), then (3.36) is replaced by (3.38). 

It is important to note that transmutations of the form (3.14) considered in this 
subsection essentially do not require any conditions on the function (of course, except 
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for smoothness). Apparently, it is precisely these operators that are the most general 
and, in a certain sense, “natural.” 

Now let us show that every transmutation of the form (3.14) generates transmuta- 
tion (3.15) with c = 0. Moreover, the relations for kernels (3.33)—(3.36) give relations 
(3.23)-(3.25) for new kernels. In this case, the potential g(x) will be assumed to be 
even. 

So let the transmutation of the form (3.15) be defined on the set of even functions ®. 
Then for x > 0 


x 


(Sf)(x) = fe) + / K(x,t)f()dt = f(x) + [ixo. 1) + K(x, fat 


0 
x 


=fe+ f Gen sorar, (3.39) 


0 


We obtained transmutation of the form (3.15) for c = 0. Let us show that the new 
kernel G(x, t) satisfies the conditions of Theorem 27. It is clear that the smoothness 
conditions of G are fulfilled (we assume that they were satisfied for the original kernel 
K). Let us verify that for x € [0, a] and the functions f(x) € ®, the class ® is defined 
by equality (3.25). Actually, 


0 0 
WRG =FO] SKN Tea | (KG@, + K(x, —-1))([f' Ol. 


For t — 0 both expressions in square brackets tend to zero (since f(t) is even we 
have f’(0) = 0). Therefore condition (3.25) is satisfied. Condition (3.23) follows from 
(3.33) and (3.24) or in our case (3.29) follows from (3.37). 

Thus, by Theorem 27, the operator (3.39) is a transmutation operator on functions 
from the class ® defined on [0, a] and admitting smooth even extension. 

The question whether it is possible to construct a transmutation operator of the 
form (3.14) with c = 0 using an operator of the form (3.15) is more complicated. It is 
connected to the question whether it is possible to smoothly extend the solutions of the 
hyperbolic Eq. (3.23) from the segment [0, a] to the segment [—a, a]. Obviously, an 
operator of the form (3.39) can be determined by the operator (3.14) and on functions 
that admit an odd continuation. 

Finally, we consider the question of necessary and sufficient conditions of existing 
transmutation operators of the form (3.14) with the kernel K € C 2(Q). 


Theorem 28. We assume that the kernel K (x, t) in (3.14) belongs to the class C 2(Q) 
and f € ®. Then in order that the transmutation operator of the form (3.14) exists it 
is necessary and sufficient that the relations (3.23) and (3.29) are satisfied. 


Proof. Sufficiency was proved in Theorem 27. 
We turn our attention to necessity. Let the transmutation operator (3.14) with a 
kernel K € C? exist on ®. Let us show that (3.23) and (3.29) hold. 
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Calculations in (3.9) show that since f € ®, we have 


fr a°K ae-K 
/ (= + qk — =) f(t)dt +[q(x) — 2K’ (x, x)] f(x) =0 


c 


or 


art ax? 


fr (aK a2K 
(Af) (x) -| (= + q(t)K — a) f(t) dt = (Bf)(x) = g(x) f(x), 


g(x) =2K'(x,x) —q(x) €C!(a,b). 


Both operators A and B act from L2(a,b) to L2(a, b), where (a, b) is an arbitrary 
segment on which q(x), f(x), and K (x,t) are defined. We compare their spectra. 
Operator A is the Volterra operator. Operator A has only one point in the spectrum 
A. =0, 2 €C. The operator B has a continuous spectrum consisting of the set of values 
of the function g(x) defined on the closed segment [a, b]. If g(x) is defined on the 
open interval (a, b), then the spectrum coincides with the closure of its set of values. 
Therefore, the set of values of the function g(x) consists of a single point, that is, 
g(x) =0. Therefore, we have (3.29) and the equality 


(aK 02K 
I( +q()K — ) #01 =0. 


ar? ax? 


The kernel of this operator is from C(a,b) =. Therefore, K € L2(a,b), since 
mes(a, b) < oo. Function f € ®, and ® is dense in L2(a, b); therefore the kernel 
is equal to zero and (3.23) is true. 


For cases of nonsmooth potentials g(x) or kernels K (x,t) with singularities, for 
example, for x = f, this proof is not correct. 

In essence, they come down to a superposition of the operator of multiplication by 
the function p(x) and ordinary transmutations. Such a reduction is difficult if p(x) = 0 
for some admissible x. 

In conclusion of this section, we show that linear operators in the general case 
admit a natural construction for linear differential operators. 


Theorem 29. There is no nonzero linear operator S satisfying the identity 
S(D?y + y?) = D*Sy (3.40) 
for arbitrary f € C?[a, b). 


Proof. Let (3.40) be valid. Then we choose an arbitrary function y(x) and in addition 
to the relation (3.40) for y(x) we can write this relation for f(x)=y(x)+1: 


S(D*y + y* +2y +1) = D*S(y +1). 
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Since S is linear we get 
S(D*y + y*)(x) + 2S(y)(a) + SU) (@) = D?S(y)(a) + D*S()@). 
Now using (3.40) we can write 
ee: 
S(y)@x) = 5 (D*SA)@) — SC)@)). 
So operator S does not depend on y. Again due to linearity 


S(y)(x) = S(O)(x) = 0. O 


This theorem holds for any class of the function ® € C 2 which, together with each 
f(x), also contains f(x) + 1. This condition is not satisfied for the class ® if, for 
example, we fix the boundary condition at zero f (0) = 0. 

The following theorem shows, even on a very narrow class of functions with max- 
imally restrictive boundary conditions, that there is no linear transmutation operator 
D? + (-)> D*. 


Theorem 30. On a class of functions ® 
b=| fx eCa,b)|(D"fc)=0, nEN, cela) 


there is no linear transmutation operator satisfying the relation (3.40). 


Proof, Note that if f € ®, thenAf € ©, VA and f? € ®. Let us write (3.40) for y(x) = 
Af (x), where A € C but A £0. We have 


SDF += PI=D*SOf). 

By linearity, we obtain 
St F497 9S 07 SUH). 

Subtract from this equality (3.40) for y = f. We have 
(A—1)S(f?)(x)=0, Vfe®. 


Therefore S(y) = 0 for y > 0. Due to linearity we get S=O Vy. O 


However, it should be noted that linear operators find the most important applica- 
tions in the theory of nonlinear equations. For example, they are an important part of 
the methods of the inverse problem of integrating nonlinear evolution equations. 

Of course, the above considerations are applicable to S(D7y + y”) = D?Sy. 

The following theorem holds for the general case. The meaning of this interesting 
result is that the existence of a good operator 


S:D* + H(y) > D* (3.41) 


necessarily leads to linearity of the function itself H(y). 
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Theorem 31. Let ® be some linear, ® C C(a,b), and H(y): ® => ®. Then if the 
linear transmutation operator (3.41) S: ® + ® exists, then operator SH(y) is also a 
linear operator from ® to ®. 


Proof. It is obvious that SH(y): ® > ®. Let us calculate SH (Ay). Since Ay € ®, 
from (3.41) we get 


S (Day + HQy)) = D°SQy), 
SH (Ay) =A(D*S(y) — SD*y) =ASH(y). 


Additivity is verified in the same way: 


SH(y1 + y2) = D?S(y1) — SD’ y; + D?S(y2) — SD? yp = SHy, + SHyp. 


The theorem is proved similarly. 


Theorem 32. Suppose that the conditions of Theorem 31 are satisfied. Then if S is 
invertible in some space L containing ®, then the operator H(y) is linear in y. 


3.3. Transmutations for different potentials 


In this section we construct transmutation operators intertwining operators of the 
Sturm—Liouville type from the previous section for different concrete potentials q. 


3.3.1. Kernel of transmutation intertwining operators of the 
Sturm-Liouville type 


Note that in all the cases considered by us, the equations for the kernels of the trans- 
mutations coincide (see (3.19), (3.23), and (3.33)). Therefore, we should use some of 
the methods for solving this hyperbolic equation. 

The following action plan is usually implemented. At the first step, we pass from 
the partial differential equation to the integral one. These equations are not equiva- 
lent, but each solution of the integral equation satisfies the original hyperbolic. At this 
step, the existence of a certain kernel of the transmutation operator and its certain 
smoothness are proved. At the second step, some additional conditions for the kernel 
are checked and the appropriate class of functions ® is selected. This completes the 
construction of the transmutation operator. 

So, let us move on to solving the equation 

PK 0K 


with an additional condition on the diagonal x = t (see (3.24), (3.29), and (3.36)), 


1 
K(x,x)= 71): (3.43) 
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We perform the standard change of variables by the formulas 


1 1 
u=S(rt1), v= 5-2). (3.44) 


The diagonal equality x = f in the new variables takes the form v = 0. 
We introduce the notation for the kernel in new variables 


Htu,v)=K(u+v,u—v)= K(x, f). (3.45) 


For function H we pass from the relations (3.42) and (3.43) to the new 


*H 
ni q(u—v)H, (3.46) 
H(u,0)= 5 [ aya. (3.47) 


c 


Here function g(u — v) should be defined, c is an arbitrary number, possible c = too. 

An important point to make follows here. It follows from (3.44) that both variants, 
u>0O,v>Oandu <0, v <0, are possible. 

The system (3.46)—(3.47) is a Cauchy problem with only one initial condition. So 
under our assumptions on q (g(x) € C!) this system has infinitely many solutions. 
Therefore, for every potential g(x) there are infinitely many transmutations, for ex- 
ample, of the form (3.14). This is extremely convenient in applications where it is 
possible to choose, with the same potential, different operations most suitable for each 
specific problem. 

One of the ways to construct kernels satisfying (3.33) and (3.34) is using the for- 
mula 


u 


1 u Vv 
H(u,v)= 5 [aya f aa fqa-pyHca. B) dp. (3.48) 
d 0 


c 


We should check that each C?-function of the form (3.48) satisfies (3.46) and (3.47). 
Arbitrary numbers c, d are from R. 

We note again that uw, v, a, and 6 in (3.48) can have any sign. 

Another way of solving (3.48) is using a Riemann function. 

The importance of studying Eq. (3.48) with different c,d is that we can simulta- 
neously study the case c = d = 0, which arises when constructing operators of the 
Povzner—Levitan type and the case c = d = +00, which arises when constructing 
Levin type operators, and the case of arbitrary different c, d. Usually, these types of 
operators were studied separately, and the case of arbitrary c (c 4 0, c 4 +00) was not 
considered. 

The further content of this chapter essentially consists in studying Eq. (3.48) un- 
der various assumptions. The most important case for us will be c = d. In specific 
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examples, it is usually convenient to select one of the following values: —oo, 0, or 
++oo. When constructing transmutations of the form (3.15) it is usually also conve- 
nient (although not necessary) if the values of c in formulas (3.15), (3.47), and (3.48) 
coincide. 

Next, we consider those simplest potentials g(x) that admit the construction of 
transmutations explicitly. Here, various solutions of Eq. (3.48) will be denoted iden- 
tically by H(u,v). We will only be interested in deriving formulas for the nuclei 
themselves. From these formulas, their continuity and the existence of the desired 
number of continuous derivatives will automatically follow. 


3.3.2 Cases when potential q(x) is an exponential function 
Consider the following problem. Find a solution to Eq. (3.48) under the conditions 


q(x)=e, c=d=—-o0. 


Then Eq. (3.48) takes the form 
u 


H(u,v) = 56" + if eda | PH.a, B) dp. (3.49) 
—oo 0 


Using the method of successive approximations, we set 


A( hee : 
oglu, v = 56 . 
u v 
An+1u, v) = , eda f ePtin(a. B) dB. 
—oo 0 


We obtain the first interactions 


u VU u Vv 
1 1 
Hi») = f eda f ePeap= > f edu | Pap 
—co 0 0 


—oo 


1 ef 


2.0 
0 


e FP adB, 


3u 


: v Bo 

e oe a 

Ayu, ”) = 557 e de Bi dB, dB. 
0 0 


Using mathematical induction, it is easy to show that 


1 e(ntlu 


Fn, => pI 


yn(v), (3.50) 
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where y,(v) is defined by 
v Bn Bo 
yn (v) = / e Pn fe e~Bn- | fe Bi dB, (3.51) 
0 0 0 
The formula 
(=e) 
Ya(v) = =a (3.52) 
n! 
is valid. 
Using mathematical induction we get 
yo(v) = 1, 
v 7 v - (1 ely 
nero) = f ePyn()dp = f Pap 
0 0 
lf nT 
= i (1—e7*)" (-1)de* = i fo =)" di 
n!} n! 
0 1 
ghee Gp Geet 
| -eFapaat} oon! @t) i  @tD! 
Substitution of (3.52) in (3.50) gives 
1 e@tbu (1-e7?)" 1 
H, (u,v) === ( ) = e“[q(u, v)]", 
2(n+ 1)! n! 2n\(n + 1)! 
where 
qlu,v)=q=e"(1—e"). 
From here we obtain solutions of Eq. (3.49) in the form of the Neumann series: 
oO el! oo q” 
H(u,v)= So Anu, v)= ae nia +1 
n=0 n=0 
The identity 
oo g® 1 
—_—___ = —_] (2 3.53 
cra 1 (2/4) ee 


VO 


is valid. Here g € C, J(-) is a modified Bessel function of the first kind (1.16). 
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By formula (1.16) we have 


7 oo ey _# °° (x? /4)" 
10) = Dong +0! 7 2 a nent DI 


Denoting g = x7/4, x = 2./q we can write 


n 


Sg 
hQvD=VI Da 
n=0 


That gives (3.53). 
Now from (3.53) we obtain a solution to (3.49) in the form 


uy 
Cm er (2/7) (3.54) 
= er (2c (1 =<) 
ev (1 —e-?) 


1 eu 
=e pos q (2c (1 _ -)) ; (3.55) 


Now consider the same problem, but under the conditions 
q(ix)=e", c=d=0. 


Since all arguments are similar, we will outline them briefly. We have 


u 


1 S 
y= — eds, 


0 


An41(u, v) = i e* da / e * Hy(a, B) dB, 
0 0 


i u a2 v 
(uv) =5 f & des fe day feo dp}. 
0 0 0 


So 
1 
Anu, v) = ain (U) Yn (v), 


where y,,(-) is defined by (3.52). Let us find a formula for z,(u): 


zo(u) =e" — 1, 
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7 ( u 1 2 
er 4) 
Zz (u) S] (e* - 1) da= aay ak 
0 
u On+1 a2 
cna) = f aatn= fe “n+l dotn ay he fe day. (3.56) 
0 0 0 
We obtain the statement proved by induction: 
(e" — 1"! 
= 3.57 
Therefore, 
1 u 
H(u,v) = 5 (e - 1) Teh (2/q) 
1 / e& 
=5y7 h (2/e" a i(tae i). (3.58) 


Finally, we consider the general case, including both previous ones as particulars. 


We have 


Cc 


u u VU 
1 
H(u,v)= sfe ds + fe da fetue. B) dB. 
c 0 
The first iterations have the forms 


x 
HA =! S 
o(u, v) = 2 e ds, 


Cc 
a 


u 1 v 
1 
Hy(u, v) = 5 fe dar fe day hee dB. 
0 


¢ (Ss 


We obtain the statement proved by induction: 


1 
Ay(u, v) = an (u)yn(v), 


(1 ey! : ie | 


n! n! 


Yn(v) = 


’ 
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u n+1 
u On+1 a2 i e as| 
Zn(u) = i e+! dotnay / e~" dap . eee da, = ——_——_.. (3.59) 


(n+1)! 
c 0 0 
Therefore 
u 
1 ; 1 
H(u,v)= 5 eds | —| (2./¢) 
i q 
1 /e“—e = 
=sy¥ ah 2,/(e" ~e)(l-e )) (3.60) 


where 
q=(e" —e)(1-e”). 


Special cases of formula (3.60) are (3.58) for c = 0 and (3.55) for c = —o. 
Now we consider the problem of solving Eq. (3.48) (and, therefore, the construction 
of the transformation operator) for the case of the potential of the opposite sign 


q(x)=—-e*, c=d, c<o. 


The equation takes the form 


1 u u nis 
Hu.) =—5 feds— fede f Puce, B) dB. 
Cc Gc 0 


The first iteration and general formulas are as follows: 


u 


1 S 
Ao(u, v) = =5 eds, 


Cc 


Hnsiluv)=— f etda [Puc pap. 
c 0 


The assumption proved by induction is 


1 
H, (u,v) =(-1)"*! 5 en (Wyn (0). 


The kernel is 


[ee 


Hu, v)= (-;) (e* -e) >> Ss (3.61) 


! {° 
= ni(n+ 1)! 
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where 


u VU 
= [ eds. [ ds=(e"-e) (l—e7’). 
c 0 


For g € C we have (see (1.13)) 


[e,e) 


oo a 
eam ye (3.62) 


where J; (-) is the Bessel function of the first kind. 
From (1.13) we have 


ZV 
J@ = (5) vali 


and putting v= 1,q = 4, z=2.,/q we get (3.62). 
Formula (3.62) is also ee okt obtained from (3.53) after replacing q by —q. 
Therefore, for the kernel in this case, we have the formula 


aw.v)=(-3) —* —— i (after e9 (Ie )). (3.63) 


Let us solve Eq. (3.48) in the case 


q(x)=e*, c=d, c#-OH. 


We have 


u u Vv 


Hos 5 fe as+ f e~*da [fica prap, 


c c 0 
1 
Ay (u, v) = zn Wen(v), 


(e~° _ eWwyrt 


Yn(u) = oes) 
en(v) = oe 
n} 
1 = gq” 1 (e~* —e“) 
AU, v= 5 le oe eae 2 Va hh (2Vq), 


n=0 
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where q = (e~° _ e") (e” — 1) or 


Huw a = S I 1 (afle*= u) (e0 = ). (3.64) 


Similarly, in the case g(x) = —e~*, c#d = —ow, solution to (3.48) has the form 


na. = |) aie i a (2yle- cou) (er =»). (3.65) 


Applying the well-known formulas 


tnt (J f(s)ds) 


j dt j ites | FON) F(R). Fn) din = (3.66) 
7 ae * (x —1)"1 

fae fan... | oe ae (3.67) 
m—D! 


we obtain (3.59), (3.57), and (3.52) without using mathematical induction. Usually 
formulas (3.66) and (3.67) are associated with the name of Dirichlet. 


3.3.3 Cases when potential g(x) is constant 


Now we turn to the consideration of the important case when the potential is constant, 


q(x) = dM? =const, AEC. 


Solution to Eq. (3.48) in this case are kernels of transmutations intertwining D? + A? 
and D?. These operators are particular cases of more general operators intertwining 
the Bessel operator with a spectral parameter and the second derivative 


d 2w+i1d 


S:By+12—> D*, By=—~ —_ 
. ; real x dx 


Such operators appear in papers of A. Erdélyi [122-126], I N. Vekua [581], and 
J. S. Lowndes [337-339]. Therefore, it is natural to call them Erdélyi-Vekua—Lowndes 
(EVL). Here we got the simplest EVL operators. 

So, consider Eq. (3.48) for g(x) = 7,c=d€ R,ie., c is a finite number: 


u 


H(u,v) = Pu-o+e [ aa f Ha. B)aB. 
0 


ra 
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Iterations are determined by the formulas 


’ 2 
Ho(u, v) = a (u—c), 
u 


Haare 2 | de [ tc. b) dB. 
0 


c 


From the first iterations we get 


1 2(u—c)* 
Ay(u, v) = 5 (27) ry v, 
_ 17.93 Uo) v? 
FEN) = 50 ) 31 on’ 
and 
( “al 
H(u,v) = Eri =e", (3.68) 


Summing up the Neumann series using formula (3.53) we obtain 


a2 
H(u,v)= 5 Cc) 


ii (2 wu — ow) (3.69) 


1 
VA2(u —c)v 


In particular, for real A > 0 formula (3.69) for the kernel can be transformed to 


Haws sV— (2a (w= ow). (3.70) 


It has the simplest form when c = 0: 


A 
Hw,v) = 5 [= 1 QQavuv). (3.71) 
v 
Similar results hold for a negative constant potential. We have 
q(x)=—-d’, AEC. 


IfAeC,ce R, then 


peewyat 1) 2" Ao feae 3.72 
(u,v) 3) Fz ‘ Ji (u—c)v (3.72) 


IfAe Ry (A>0), ce R, then 


Hw.vy=(-5)a << 7 (22 (u-ow). (3.73) 


Uv 
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Finally, if A > 0, c = 0, then 


X Ju 
nw =—s 4 (2 uv). (3.74) 


The formulas for the kernels for g(x) = —? can be obtained from the formulas 
for g(x) = A? by the formal replacement 4 — id. Note that for A = 0, all the kernels 
considered vanish, and transmutations of the form (3.6)—(3.15) are identical. 

Now we consider the general case when Eq. (3.48) is taken with g(x) = i for 
different c, d, 


u 


H(u, v) = Puc f da H(a. B)dB. 
0 


d 
From the first iterations, we easily obtain 


1 n+l y” 
Hy (u,v) = 5 (37) —Yn (uw), (3.75) 


where y,(u) are defined by 
yo(u) =n4—€, 
u 
nw) = fo -ods, 
d 


u 


nest) = f yn(s)ds. 


d 
Therefore, the formula 


Xn-1 
me | re | oe | oe 


is valid. To rewrite this expression we use (3.67). So 


=p)" - 
nin= fo-o% paar, mB, 


nioy= fom fc po] dt 
nN: 
cK je a 
d n! 
d 


=(-D¢—c) 


(u —t)” 
nl 
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(u—d)”  (u—1yrt! 


at "wa! 
tt n+l)! 


(u —d)" 
@@p mm 


Obviously, the last formula retains meaning even for n = 0. Substituting it into (3.75), 
we get 


— lL yjayrtt uo" f@—ayt! (u —d)" 
cn 3 ( ) n! ag 
ee [A2q—d)v]" 17, [a7(u — d)v]" 
a 5 (4 )w aaa 5 (2 )a 0nd 
Using formula (3.53) and the relation for Jo(-) of the form (see [2]) 
I _s (8) Same, 
o(z) = dX Ge” 24 tania 0 (2/4). 
we obtain the Neumann series for the sum 
1 1 1 
H(u,v) = shu - Deh (2./q) + (d- c)5h* Io (2./a):; (3.76) 


Here g = Mu —d)v. 
For 4 > 0 expression (3.76) allows 


= 2 
Hu, = 5) "—*n (a (dv) + d-0) Io (2 (u—d)v), 


(3.77) 
which for d = c gives (3.70). 
Another interesting feature is the choice d = 0: 
rx /u ch? 
H(u, v) = a I) (2a./Suv) — mL (20./uv), (3.78) 


where the parameter c can take any values. 
Finally, for the potential g(x) = —A?, taking into account the relations for the 
Bessel function of the imaginary argument, we obtain the following formulas: 


1 1 Ve 
H(u,v)= —shu DTA - d-) 2/9), (3.79) 
under conditions A € C, g = A? (u — d)v; 


rn —d 
sare aaa} es 


J (2 (u dv ) (d ot (2a (u—dv) 
(3.80) 
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under the condition 4 > 0, and 


vA /[u ch 
Hu,v)=—5)— Ii (20./uv) + zo (2./uv) (3.81) 


forrA >0,d=0. 
Formulas (3.79)-(3.81) give kernels of transmutations intertwining D?—)2 > D?. 
Now we consider some other relations valid for any linear EVL operators satisfying 
the identity 


S(D+of=D' sf, wec, (3.82) 


for arbitrary functions f. These are formal equalities. Now we consider some other 
relations valid for any linear EVL operators satisfying 


Sy D* = (D? — a)Sq f, (3.83) 
(Su) (D? + ct) = SySq(D* + a) = (D? — a) Sa Sa, (3.84) 
(Sa)? D* = (D? — 20)(Sa)’, (3.85) 
(Sy)" D? = (D? — na)(Sy)", née N, (3.86) 
(S_g)"D* = (D* + 20)(S_a)’, (3.87) 
(S_y)" D? = (D? +na)(S_q)",  néN, (3.88) 
(SqSg)D* = (D? — a — B)*(Sa Ss), (3.89) 
S,D* = (D* — a) Sy, (3.90) 
Sy(D7)" = (D? —a)"Sy, neéN, (3.91) 
(Su, Say *** Say) D® = (D? = on, - a9 - --- a) (Soy Sa So), KEN, (3.92) 


k k mf 
(11 s.] (v?)" = (0° = ya) (11 s.] _ kn,meN. (3.93) 


n=1 n=1 n=1 


They turn into identities for functions from the class ® and each such a class ® 
should be defined for each case. The relations (3.83)—(3.93) show that each EVL oper- 
ator satisfying the property (3.82) generates many different families of other operators 
intertwining differential expressions of the second and higher orders. 

In conclusion, we note that each of the operators intertwining differential expres- 
sions (3.83)—(3.93) leads to correspondence formulas between the solutions of some 
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differential equations (including those with partial derivatives). Fixing the class ® 
leads to the fact that some correspondence between the boundary conditions is added 
to this correspondence. 


3.3.4. Estimates of kernels and point formulas for estimating the 
error for calculating transmutation operators 


In this subsection, we consider potentials satisfying various uniform and integral in- 
equalities. 
Let the continuous potential qg satisfy in the domain of definition the inequality 


Iq(a — B)| < R@)T(B). (3.94) 


Here continuous functions R(@) and T(f) are nonnegative and locally integrable. 
Let us consider (3.48) for c= d. We have 


Hiu,v)= 5 oinare J ae faerie B) dp. (3.95) 


c 


We estimate successively terms in the Neumann series 


IH. 91 $5 Jiacoias <570) [Rovas : 


c 


The module in front of the integral is needed, because we do not know whether the 
limits of integration are in the natural order. For example, this will certainly not be the 
case when c = +00. We have 


u Uv 1 ted 
|Hi(u, v)| < [oe fae-pi57o [ Rovas dB 


c 0 c 


u a 


<57(0) [Rw [ Rovasiaa [rw 
c 0 


c 


We fixed u, v, c. Number @ is between u and c. So 


2 
[J Raa 
|My} <+ yo | ra (3.96) 
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Signs + are chosen so that the common sign of the expression (3.96) will be a plus. 
Similarly 


Vv ‘ c n+l 
i rede | Fi Ria)da| 


| An | < oat) 7 : (n a D! 


Using (3.53) we can estimate a kernel as 


(u,c)+ 


(u,v) < 570) [ Rede l 


(v,0)4 (u,c)4 
Gee) (“i ries) ( f koa) 
( ( 


v,0)_ u,c)— 
(v,0)4 (u,c)4 
x1} 2 / T(B) dB J Reade (3.97) 
(v,0)_— (u,c)— 


where /;(-) is a modified Bessel function of the first kind (1.16). Let 
(a,b). =min(a,b),  (a,b)4 =max(a, b). 


Consequently, under the condition (3.95), there exists a transmutation operator with 
a kernel for which inequality (3.97) holds. Next, a standard piece of statements is 
needed: 


(a) From the integral Eq. (3.95), existence of the continuous function 2 +e follows. 
Estimates for this function can be obtained from C na (3.94), and (3.97). 

(b) Differentiating (3.95), we obtain the existence of 44 # and ue ‘ 
them of the form (3.97). 

(c) Existence of as and as and other higher derivatives are obtained if additional 
smoothness is required from g(x). 


(d) Solving (3.95) for locally integrable g, we approximate it by continuous poten- 
tials: 


and estimates for 


qn(x) EC, 


i ce | {au(a — B) — q(@— B)} dB-30. 


0 


We consider particular cases of formula (3.97). 
(1) We have S = Sz, g(x) =e", |e%?| < e%e?, 
R(@) =e", T(B) =e *, TO) = 1, 
C=O, (u, c)- =O, (u, C)+ =U, 
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v > 0, (v, 0)_ =0, (v, 0)4 = v. 
So we have an estimate (3.97) for So. 
(2) Wehave S = S4, q(x) =e*, R, R(a) =e”, T(p) =e-8, 
c=—-Mw,u>0,uv>0. 
So we have an estimate (3.97) for S4. 
We also can easily verify that the estimate (3.97) holds for $15, $17. 
(3) Let us consider the case when c = +00, v < 0 (a=00) > B < 0,7 and 


Cc 
lq(@x)| < ae oF 1. 


Then 


c 
Iq(a— B)| < . 
(la| + |B)” 
Therefore, we can accept 
1 
R@)=—, TB)=C. 
a 


Therefore, for such a singular potential there exists a transmutation operator of 
the form 


[oe 


SN=sey- f Kanseod 


x 


with kernel K (x, t) = H(u, v) satisfying the estimate 


1 1 
|H(u, v)| < =<C ———7, (2, /——|v|u!-» 
2 ul-v l-—v 
clul ay 


1 Cc uz c dows 
==, /——N (2 uz |vi[2). (3.98) 
2Vc-—v |v|2 c—uv 


If v = 0 we can obtain an estimate with c = 7 for constant potential. 


Remark 8. /f ¢ is a monotonous function, |q(a — B)| < \q(@)|, then (3.94) is valid. 
Also condition (3.94) holds if |q(a — B)| < C\q(@)|. 
Now consider a slightly weaker integral condition 


[iq -poiap < R(@) [rw (3.99) 
0 


0 


where conditions on the functions R(a) and T (B) are the same. 
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Let 


u 


W (u) = sup [asa » (,s)— SU, c)+. 
V& 


€ 


We estimate the terms of the Neumann series 


1 
|Ho(u, v)| < 7 Vt), 
u 


; 1 
TAC <x da | g(a — BI W(a)dp 
0 


Cc 


u Vv 


<+W(u) or [rwap 


c 0 


We used the inequality W(u) > W(a) since a is between u and c. Therefore 


oo q” 
Hae DWE) ap 
where 
q= [ Reoaa- [ rp)a6 : 
c 0 


Using formula (1.16), which takes the form 


oo 2 4 k 2 
In(z) =~ wer , Ga, 22M, 
19 (2/4) =D! Gps (3.100) 


as a result, we obtain that there exists a kernel satisfying the inequality 


(O,v)4 (c,u)+ 
|H(u, v)| < Wu), | 2 [ two / R(a)da |. (3.101) 
(0,v)_ (c,u)— 


We consider estimates for a power potential. One of these estimates in the case 
of an operator of the Levin type will be given later. Unfortunately, in this case it 
is not possible to precisely construct the potential. Therefore, various estimates are 
interesting. 
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So, let the inequality 
Ig(x)| < Alx|", v>—-I, (3.102) 


hold. Consider the simplest equation when c = 0. We estimate the members of the 
Neumann series, assuming that uv, v > 0. We have 


y+1 
ut Lg Ewer 1) 


v+1 2 Tat) 
yrt2 


—_—__—_ 
(v+ I) +2) 


’ 


1 
|Ho(u, v)|< 5A 


1 
= (AY) 


1 Tw+ttbut! 1 
324 TA v, 
5 Tw +3) [A+ v)”-uv] , 
1 r+) , h 
H,(u,v)|< —A WwetllA yy 
|Hn, WIS 54Rorarh ” [Au +0)"] 


Taking into account formula (7) from [455], p. 708, of the form 
2 a lay "las 2/@); (3.103) 
nil(v+n+2) 
we obtain 


_ (+l) 


H(u, <5 P+ Du [Aur + 0)"] 2 Ivy (2(u + v)? Aud ) 


l-v 
A2TtT 1 wr) v= 
ee) same Te ae ad OPE (2(u-+ vy? VAwv). 
(3.104) 


Of course, this is a rough estimate. However, we note that at a constant potential 
(v=0, A =A?), it turns into exact equality. 
Consider special estimates valid for the negative potential 


q(x) <0. (3.105) 


In the equation 


u 


u Uv 
1 
Hu.) =5 f atsyds-+ f de f qa — pHa. p)dp 
c c 0 
we put u > c, v > 0. We define the signs of the members of the Neumann series 


1 u 
Ho(w.w) =; f gisdds <0, 


c 
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Hie) = da | aa — B) Hola, B) dB > 0, 
c 0 


and so on. Obviously the signs of the kernels will alternate. 
Suppose that in the region of variation of the variables u, v, the inequalities 


u Uv 
[a fa prap <A<l (3.106) 
c 0 
hold. Then: 
(a) the integral equation under consideration has a unique solution, and this solution 
is bounded; 


(b) the estimates 


1 u 
|H(u, v)| < say | alas. 


u 
1 
|H(u,v)| < al |q(s)|ds < const 
¢ 


are valid; 
(c) kernel H(u, v) is negative and 


if (1—A) f 
=5 J aconas st.) s-S f igonias, 


So, the Neumann series is alternating, all members of the series are sign-definite. 
From the iterative formula 


Taree [aa faa prt. p) dB 
0 0 


it follows that all functions H,,(u, v) increase in u and v. Then from the same formula 
we get 


|Hnat(u, 0)| <|Hu(u, v)| [aa [ apap Eo CAINE 
0 0 


0<A<l1. 
Therefore, the inequality 


|Hn(u,v)| < A” |Ho(u,v)|, Va, 
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holds. Consequently, the series converges at least with the speed of geometric progres- 
sion, and the kernel satisfies the estimate 


|H,(u,v)| <A” |Ho(u,v)|, Van. (3.107) 


It follows from Fubini’s theorem that the integral for Ho converges, 


u 


[asa <0O, 


c 


since the integral 


u 


[a@-p)aa <ce 


c 


is finite. We can put 6 = 0 in the last integral. 
Estimate (3.107) can be clarified. Indeed, in the condition of the theorem all the 
requirements of the Leibnitz theorem are satisfied. Therefore 


Ao(u, v) < H(u, v) < Holu, v) + Mu, v). 


It is equivalent to 


u u 


-5 [asa <H(u,v) <~5 [acyas 


Cc c 
1 u Uv u 1 u 

+5] aw f \g(a—p)| f \aolarag < 5 [ amiana- 1). 

¢ 0 c ¢ 
Therefore, the kernel H in this case is negative and the estimate 

u u 

1 (iA) 

o lq(s)ds|< H(€u,v) < a lq(s)| ds (3.108) 

c i 


is correct. The lower A, the higher the accuracy. 
It follows that 


1 u 
|H(u,v)| < 5 | lacolas. 


This estimate is always more accurate than (3.107). 
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In addition, we obtain estimates of derivatives 


Vv 


0H 1 

So = 5a) + f qu pH. pap. 

u 2 
0 

aH 1 ; 1\G-4) 7 

w= 340+ f au-P)| (-5) [iacoias | ap 
0 a 

(1—A) 


alee fracas: [aw —pylap - Sq. 
c 0 


Another derivative is estimated similarly. 


Remark 9. Most of the previous estimates are also true in the case of the potential 
q = q(x, A), in particular, with the condition of boundedness. 


Let us consider now the following problem having great practical value. 

Suppose that the kernel of the transmutation operator obtained as a solution of the 
integral Eq. (3.48) in the form of a Neumann series is approximated by partial sums 
of this Neumann series in the calculations. As a result, the operator S is replaced by 
the operator S,,. It is required to estimate the error introduced by such a replacement 
of S by S,, in the transmutation identity 


ASy f = Syn(D? +. q(x)) f — D? Saf, (3.109) 
ASf = S(D? +.q(x))f — D’Sf =0. (3.110) 


Note that a priori we cannot expect that the residual (3.109), which we designated 
as AS), will be small in standard norms. The difference (S,, — S) f is really small, but 
(3.109) contains differentiation operators that are unbounded in standard spaces like 
Co 

It is all the more surprising that we not only prove the smallness of the residual 
(3.109), but also derive a simple exact formula for it in terms of the same operators 
S;,. This formula allows one to evaluate the residual (3.109) in any norms. 

To highlight the main idea, we first consider the case of a model transmutation 
operator g(x) = A*. Then the main result will be proved, its consequences will be 
obtained, and possible generalizations will be outlined. 

Let us consider a transmutation operator intertwining D? + 47 and D* with kernel 
(3.71). Integrated kernels in variables x, t have the forms (see (3.68) with c = 0) 


1 /(x-+t 


Ky (2,1) = 35 (8 + °C. 
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and generally 


1 


1 
Kn. = a3 nig ED! 


eh r ea 


Without loss of generality we put A = 1. 
We introduce the definition of a “defect” of the operator A. By definition, we accept 


(AAP) = (A(D? +1) f) @)— (DAP) ~. 


We calculate the defect for operators 
x 
TA O)= f Kuen fOrde. 
0 


We start with the obvious formula for the defect of the unit operator 


(ALf)(x) = Uf)(x). (3.111) 


Simple calculations using integration by parts lead to formulas 


1 1 
(ATo f) (x) = of) (©) — f@) + ao = th ©. 


(AN f) (=f) &) — of) (tie f()— ax *£'(0); (3.112) 
where 
_ 1 1 1 
“a= (ning pr 9 4 “= 39° 


A similar formula holds for a defect of an operator T;,: 


2n ent 1 


(ATr f) &) = Tn f) &) — Tn-1 ff) @) + — f= = 


f'). (3.113) 


Now we sum up formulas (3.111)-(3.113). As a result, for the operator S;,, defined by 
the formula 


n 
Sn =I+ Yok, 
k=0 


we obtain the following formula for a defect: 


i x 2k+l 


(ASn f) 0) = (Inf) @) + FO) ae =f (0) ae 


(3.114) 
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This is the desired expression. It allows one to evaluate the error from replacing oper- 
ator S by S, in any norm. Actually, 


n k+l 

SS —— |; (3.115) 
Ck 

k=0 


Ck 


k=0 


AS fll < ITn fll +1F Ol- +1 f'(0)|- 


In particular, on functions satisfying the boundary condition f (0) = f’(0) = 0 we get 
ASn fll = Tn fll (3.116) 


with an exact equal sign. 

Since, for example, in the uniform norm, 7;, f is a common term of the Neumann 
series, which is majorized by rapidly converging series, the value of the defect (3.116) 
decreases just as rapidly with increasing n. From the same formula (3.116) it can be 
seen that on the functions f(0) = f’(0) =0, 


lim AS, = AS=0. 
noo 


On arbitrary functions, from (3.114) we obtain 


lim AS, = + no fO ai hws. (3.117) 
noo 2x 2 


where /;(-) is a modified Bessel function of the first kind (1.16). 

If the space under consideration is not only normalized, but also forms a Banach 
algebra in multiplication (such as, for example, the space C of continuous functions), 
then formula (3.115) can be simplified as follows: 


ASn fll < Tn fll + ap laid FO) + Sh(lxiD1f'O! (3.118) 
We also note the importance of the general formula for the error (3.115). In the 
practical calculation of operator S on a computer by replacing it with S,,, the quantities 
f(O) and f’(0) are required. For example, they are necessary for the approximate 
calculation of the integral T, f. Even if we assume in the calculations that f(0) = 
f'(O) = 0, then in a computer these quantities will be replaced by machine zero. As 
a result of such a replacement, an error occurs, which will then accumulate in the 
calculations. This error is controlled by the corresponding terms in formula (3.115). 


3.4 Transmutations for singular Bessel operator 


One of the most important transmutation operators for the singular Bessel operator 
(9.1) are the Poisson operator, generalized translation, and weighted spherical mean. 
All them are generated by the singular differential Bessel operator. These classes of 
transmutations may be used for deriving explicit formulas for solutions of partial 
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differential equations with Bessel operators via unperturbed equation solutions. An 
example is the B-elliptic equation of the form 


Yip ae (3.119) 


k=1 


and similar B-hyperbolic and B-parabolic equations. This idea works by the Sonine— 
Poisson—Delsarte transmutations (cf. [51—53,56,242]). New results follow automati- 
cally for new classes of transmutations. 


3.4.1. One-dimensional Poisson operator 


In this section, we consider the one-dimensional Poisson operator. This operator is the 
one of the most important transmutation operators connected with the Bessel operator. 


Definition 22. Let y > 0. The one-dimensional Poisson operator is defined for inte- 
grable function f by the equality 


oe) 
Jar Jar (&)’ (3.120) 


2C 1 
PY f= [(e -P)*" paar, Cy)= 
0 


or 
PY F(x) =Cty) [ Flreosp) sin’! p dp. (3.121) 


The constant C(y) is chosen so that Px [1] = 1. 


Using the example of the Poisson operator, we show how to find out its intertwining 
property. 
Let us consider the equation 


(By) yu(x, y) = D2u(x, y). (3.122) 


Looking for the solution to this equation in the form 


u=Q(r),  r=vy2- (£6), 


where & is some variable, we obtain for Q(r) 


biair)= 0.910 ( as) 
y2=(— 


2 
" x—& 
= O'(r) 
( SS) 
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2 
y2 (x g)2 4 (x-&) 


2—(x—-€)? 
+! y 
- y—(@—éy 
2 aeN2 2 
= Q"(r) (x = Q'(r) a 
r r 
(By)y 20) = Dy” D2) = 1D, 21) —L 
r)=— yy ) r)= — r 
yey yY , ) yY y 2 (x — &)? 
2 
y 
= 2" (r) ——— 
y=0=e) 
Y 2 yr? 
aes (y + Dy’ Vy? - @ — EP - pe 
bi poesty 
+1)r2 — y2 
= 2") 4.0") YEDE 
r 
2 " pol 
(B,)yQ(r) — DZQ(r) = Q (y¢ ——Q/(r) = 
One solution is 
uy=Q(r)=r ”. 
Taking into account the recurrent formula (1.109) the function 
way 
is also a solution to (3.122). It is easy to see that 
we, ff ve 
Ww Ww 
m= f Pas [ ——S ae, 
; i: J (yy? — (x — &)*)? 
x-y x-y 
x+y x+y 
= - = yo 
u2= yi? / O(E)r? dé = yy? / O(E)(y" — (x — §)°)? dé, 
x—-y x—-y 


where ® and W are arbitrary functions with suitable properties. Putting § = x + y(2t— 
1), summing uw; and u2, we get a general solution to (3.122), 


1 
siegh= f SEEMORD yy gy [ MAHI D) 


7—adt + 
(tl —1))!-2 (1 —1))2 
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This solution is valid for 0 < y < 1. Here we change 2’~!® to ® and 2!~’ W to W. 
Adding to (3.122) the initial conditions 


u(x,0)= f(x), — Uy(x, 0) =0, 
we get 
1 


ry) oo 
y= dt. 
ae P(s)F @a-nh2 


Now we can introduce the new variable z = y(2t — 1) and write 


; 
(iy) f@tz) 
y= —d 
u(x y) (2y)v-1 12 (2) J a —p)'-$ t 
y 0 
= (iy) f(x +z) dt + f(x +2) : 
(2y)v-11? (4) J a-oe J @a-n)4 
ry) ff fe+9+fe-9, 
Le 


~ (yyy! T?2 (¥) J @a=ny3 


Using the Legendre duplication formula (1.7) we obtain 


ry _ (4) Sanh 
r2(S)ar-! Yar) 


and 


CY) [ f@+o+fO-9 


u(x, y)= yr J Gd —p)-3 


We note here that we came to the Poisson operator acting on fry funy), 


ur = py (Fw een), 


Therefore we obtain that the Poisson operator intertwines the solution of the Cauchy 
problem for the wave equation 


Dyv(x,y) = Dzv(x,y), vx, = f(x), vy (x, 0) =0 
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and the solution of the Cauchy problem for the hyperbolic equation with the Bessel 
operator 


(By )yu(x, y) = Dyu(x, y), u(x, 0) = f(x), Uy(x,0) =0 


So we have u(x, y) = Py u(x, y) for y > 0. It is easy to see that if f(x) € C?, then 
u(x, y)EC ? too. We can formulate this result in the form of a statement. 


Statement 3. For f € Ce operator (3.120) acts as a transmutation operator by the 
formula 
d? a yd 
PYD*f=ByPif, D’=—5, By=—>5 3.123 
BE eee axe Mae a ( ) 
Theorem 33. The left inverse operator for (3.120) for y > 0 for any summable func- 
tion H(x) is defined by 


(Pr) T(x) = va : (<a) i H(@)(x? = PYF dz, 
rE) r(n-¥) 


(3.124) 


where n = [4] +1. 


Proof. Let us find an operator (P?)~!, such that (PY)~!H(x)=H(x), where 
H(x)=PY G(x). 

Change of variables by the formulas 17 = w, x? = & drive the operator PY to the 
fractional Riemann—Liouville integral: 


g(t) 
i.) (x) = WC af a sch x>a. 
So we have 
PY G(x) = ae (?-P)*" Goad 
0 
Civ) jG) v4 
—_— d 
gr d Ja ie . 
rigjycy) (“)- 
A 
rz (gs TE (/é). 
Then 


(gs ()- — HW). 
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Using formula (2.14) we obtain 


CWB = ew Je (ET AWB) 


& 
___ v5 I ( d ) =e — 
~— oT (S) Cy) Pr (n— 4) \dé e (JSt)(E — 1)" 27" dt, 


3 
= +1. 
n=([? 
Returning to x by the formula & = x? and putting t = z”, we get 
x 
2/1 Xx d \" 
G@)=— : (5 ; ) [Hew - 2a, 
xdx 
r()r@e-%) : 
7 
— 1. 
7 b a 


The proof is complete. O 


For the Bessel function o the first kind J, the integral representation using the 
Poisson integral with v > —5 5 (see formula (1) in [591], p. 58) 


1 


ex cos g sin2” gdp 
1 
Jrvr (v+4) 5 


x’ 


J,(x) = 


is valid. So we can write for v = yt 


(4) 1 
Jy-1(x) = Jar) ) fevers dp = Pel (3.125) 


3 £ 
(3) 0 


For the Bessel function of me second kind J, the integral representation using the 
Poisson integral with v > —5 5 (see formula (9) in [591], p. 94) 


ew COS p sin2” gd 


: 1 
L(x) = Jm2’T (v+ y/ 


is valid. So we can write for v = yt 
(+) 1 
iy-1(x) = suey #x 008% sin’! Ody = Pye*. (3.126) 
2 
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Now we consider how the Poisson operator intertwines solutions to equations with 
the Bessel operator and with the second derivative. 
The abstract Euler—Poisson—Darboux equation has the form 


Au = (B,);u, u=u(x,t;y), 


where A is a linear operator acting only by variable x = (x1, ..., Xn). 

Since the Poisson operator (3.120) intertwines the second derivative and the Bessel 
operator, i.e., PY D? a (By):P/, it is possible to use it for finding a solution to the 
abstract Euler—Poisson—Darboux equation (1.108) using known a solution to the equa- 
tion Aw=wy, w=w(x, t), x=(X1,...,X,), ER. 


Theorem 34. Let y > 0. We have a twice continuously differentiable for t > 0 solution 
u=u(x,t; y) to the equation 


Au=(By,);u, u=u(x,t;y), X= (X1,...,%), t>O0, (3.127) 


associated with the twice continuously differentiable solution to the equation 


Aw=wur, w=w(x,t), x=(xX1,..,X%n), teER, (3.128) 
by the formula 
u(x,t: vy) = PY w(x, 2), (3.129) 


where P? is the Poisson operator (3.120) acting by the variable t. 


Proof. Let us show that function u defined by formula (3.129) satisfies Eq. (3.127). 
We have 


ee Si 2 / w(x, at)[1 — a2]3~! da. 


Let € = at. Integrating by parts we obtain 


244-1 1 244 
u=we(x,at),dv=a[l —a*]? een HEE Cee =e ]2 


and 
Ou ar (44) 1 25-1 yg 
ot /aT (5) fete wo =e ° 
ar (44) t oes 
= ar Z) Xf weg(x,antt ~a |]? da 


Oo 
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or (+) : 1 . 
ar (+) ; 1 
_ t 
ae 7 | Amc 3 da. 


2 
For oF we get 


1 


y+l 
au 22 (4 
a [ee weec.ant ~a7]3-! da 


ar ~ Jar) J 
) 1 
f Avce.ana? (107) der 
0 


So 


ar (4) [ ; 


Tee iz) [Aver ana? ta) Mda+ [ Aw(s,antt — 01 da = 
0 0 

ar (4) : , 

Jar (S) f Ave ant 07}! da = APY w(.1) = Au. 


Hence the function u satisfies Eq. (3.129). 
The proof is complete. 


Corollary 3. For 0 < y < 1 the function 


fr+t) : far °) sg pbyphy E +1) : gla °) 


uiay=P 
satisfies the Cauchy problem 

Uxx = (By)iu, (3.130) 

u(0, x;y) = f(x), t’u;(t,X; Y)|t=0 = 82). (3.131) 
Proof. Let us consider the wave equation 


a7u 07u 
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and its general solution 


F(x+t)+GQ-t?), 


(3.133) 


where F and G are arbitrary functions. Applying Theorem 34 we obtain that one of 


the solutions to 


a7u 


an ee u=u(x,t; y) 


is a function 


t 
m= 20H) [FO +9+G- oe = 2) "ae. 
0 


We transform the resulting general solution as follows: 


_ Cy) Fata +F@-D+GR+D+6R 7D 


i -1 ae! 
tY J (12 _ 22)! 5 


We introduce a new variable p by the formula z = t(2p — 1), and we obtain 


O(x +t(2p — 1)) 
(pd —p))'-? 


1 
‘i =2"!e~ | 
0 


where 


Ox + 2=[Fa42)+FO —2)+G@+2z)+G( —z)]. 


(3.134) 


From Lemma 7 it follows that if the function u(x,t; y) is the solution to (3.134), 
then the function t!~’u(x, t;2 — y) will also be a solution to (3.134). Therefore, the 


second solution to (3.134) is a function 


1 


uy = 2'-7CQ2— yyy f eee 


(p= p))? 


’ 


where W is an arbitrary function that, generally speaking, does not coincide with ®. 
Composing the values of u; and u2 we obtain that the general solution to (3.134) has 
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the form 


cnr leyy f MEH 
(pC — p)) 
W(x+t(2p — 1)) 


+3 *CQ= yyy f _— dp. (3.135) 
(pC — p))? 


From the conditions u(0,x; vy) = f(x) and t” u;(t, x; y)|;<0 = g(%) it is easy to find 
® and W. We have for0 < y < 1 


1 
Matra ar cero) | (ra PvE do= Fon, 


rg) 


Ty) ~ 


[vo- p))3-! dp = 


Using the Legendre duplication formula (1.7), we obtain 


1 
2te~) | (pa = py "ap 


_ yt TCH) rege _ 2rG)r@) 
at (%) TY) Vat? 


and therefore 
D(x) = f(x). 


Let us now find (¢” ou) |;-0. We have 


ot 


1 
[iva- py ap= 
0 


1 
=(1-y)2'-’cQ- ywia) f (wa = p))2dp = g(x), 
t=0 
0 


h(i 5): 
r@-y) 
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Using the Legendre duplication formula (1.7), we obtain 


1 
d—y)2-’ca- ”) | wa — p)) 2 dp 
0 


and then 


g(x) 


V(x) = (9 


We obtain that the solution to (3.130)-(3.131) for0 <k < 1 is 


f fet1@p—) , 


u=2’~'C(y) y 
(p(1— p))!-2 
1 
1-— _ — 
i CORD yy [SOR a (3.136) 
l-y (p( — p))? 


Putting in (3.136) t(2p — 1) =z, we get 


t 
<0 [te + 2)(0? — 2)?! dz 
-t 


t 
+P? fasta yb ap 
—t 


t 
= 260) f FEtD+IE-Dep_ my-rg, 
tY 2 
0 


2C2-y) feeta+eK—2 


l-y 2 
0 


(? — 22)-3 dp 


=P) jeer) 4 rlypey [seer |. 
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3.4.2 Multi-dimensional Poisson operator 


In this section, we consider the multi-dimensional Poisson operator and calculate two 
integrals f jy(r0,&)0” dS and f i,(r6,&)0” dS. 
st (n) Si) 


Definition 23. The multi-dimensional Poisson operator PX acts on the integrable 
function f by the formula 


a Tv n 
prfw=cr) ff rer COS 1], ..., Xp cosan) | | sin”! daj;, (3.137) 
0 0 1 


where 


cere) 
C(y)=a 2 —__—— 
r=" Sw 


such that PX [1] = 1. 
From (3.123) we get the statement. 


Statement 4. For f € Cc. operator (3.137) acts as a transmutation operator by the 
formula 


Pr Af = AyPi f, 


n 
where A is the Laplace operator and A, = >> By,. 
= 


l 


From formulas (3.125) and (3.126) it is easy to obtain representations for (1.30) 
and (1.31) of the form 


jy (x, 6) = Pyle] (3.138) 


and 


i, (x, 6) = Pret"), (3.139) 


where (x, €) = 3 xi Gi. 


The part of a sphere of radius r with center at the origin belonging to R". we will 
denote by S**(n): 


St (n)={x € RY: |x|=r}. 


We obtain the formulas expressing the weight integrals on the part of the sphere S ‘a (n) 
of functions (3.138) and (3.139). 
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Statement 5. The integral [ jy) (r0,&)0” dS is calculated by the formula 
Stn) 


ios 
= 

at 
Bes 
. 

WS 


/ jy (7, 60" dS = 


Sta) 


cad (3.140) 


Proof. Using formula (3.138) we can write 
i i, (70, £)8” dS = ; PL (e108) ov as. 
Si (n) Sf (n) 


Applying formula (3.143) to the last integral we obtain 


n 
act) 1 
a ( sj n+ly|=3 
fecrtia — pF ap, 
Jm2"- ip (weet t) J 


1 


/ jy (70, 8)0" dS= 
S}() 
Replacing p by —p we get 
1 1 
f2r"G a 2) "ty 3 api ae = py 3 dp. 
-1 -1 


The last integral is found by formula (2.3.5.3) from [455] of the form 


feorw ph aps VF Qa) 3006) 


a8 Jp_1 (at). (3.141) 


—a 


Therefore 


/ jy (76, &)0” ds 


St) 
fir (#32) es ') 
___isl =p Ins TED 
Jroip (se ci (rE) 
= me 
ho ee 


which gives (3.140). The proof is complete. 
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Statement 6. The integral f{ i,(r0,&)0” dS is calculated by the formula 
Sf (a) 


Hr (24) 
i i, (r0,£)0” dS = = 


-Ip (atl 
air (4 


inti _,(r18)). (3.142) 
Si) ) 


Proof. Using (3.139) we obtain 
, i, (r0,€)0” dS = / PY (—er@) 6” dS. 
Si (n) Si} (n) 
Applying formula (3.143) we get 
n 
it] 
mre) 


/ i,(r6, £0" dS = i=l ——_ jaena _ pry tigi dp. 
— an 
Jon ip (Wet) J 


SH (n) 
The last integral is found by formula (2.3.5.1) from [455] of the form 


a 


“1 
fore =p) pe Ji (2a)? 27 (B) r 


bt p—1 (at). 
—@ 
So 
n 
i+] 
rr (4) 
i, (r0, €)0” = i", ; 
| 0.290745 ai pay er 
S}(n) 4 


which gives (3.142). The proof is complete. 


Now we present a known result received by I. A. Kipriyanov and L. A. Ivanov in 
[247] (see also [242,251] for the particular case). Since this article is difficult to get 
and it is not translated into English, we present here a formula with proof. 

The function of the scalar product f((&,x)) is usually called the function of the 
“plane wave” type, since it gives a constant value on the plane (€,x) = p. We will 
call function Pr F(&,x)) the function of the “weight plane wave” type because in 
the corresponding integral expressions it will become a function of an ordinary plane 
wave. 
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Theorem 35. Let f(s) be the integrable function on (—1, 1) of one variable. Then the 
following formula is valid: 


: Ir (4) 
/ PEF Bde = age | Hr 


S}(n) 
(3.143) 
Proof. Let us consider the integral 
g= ff PLrce.aye” ax, 
BR(n) 


where BR (n) = {x : |x| < Rj x1...x_ > O}, & € R“. On this integral 7 we introduce 
the new coordinates: 


X1 =X] cosa}, x2 =X] sind), 
x3 = X2COSQ2, X4 = Xx2SiNd2,..., 
X2n—-1 = Xn COSAy, Xn = Xp SINAy. 


In these coordinates 


g=cw) f FU ea 


By Qn) 


where X = (x1, a 5 X2n) € R2", Xj > 0, i= l1,n, 2 => (&1, 0, &, 0, : ..,€n, OVER”, 
Bh (2n) = {& : [Z| < R3 Xj > 0,i = 1, n}. 

Now we consider under the integral 7 the function of the “plane wave” type. Se- 
lecting integration by X} = p and noting that (€’, X) = p|&|, we obtain 


iz n 
g=cw | ronan i: Ae aoe: 
—R 


Bt 2n-1 
5 (20 ) 


where B 2n — 1) is a part of a ball centered at the origin with the radius 
Pa ) p g 


J R2 — p? in R2"-! with %; > 0, i = 1,n. Now we introduce a spherical coordinate 
transformation in the inner integral: 


= pv, X2 = pv, ee Xn—1 = 0Vn-1 
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with Jacobian J = p2”~7. In terms of the new coordinates we obtain 


R 
g=cw) f roevap fp °[] oe apas 


ae 
ae 
R R2—p? 
= a 
=c~ f roenar fo oman | ne ds, 
—R 0 Sf Qn- / 


where st (2n— 1) is a part of a unit sphere centered at the origin in R*”~! with 2; > 0, 


i=l,n. 
Applying formula (1.107) we get 


n 
no IG a.» er %) 
vin _ i= i=l 
[12 aa an-ip (24-1) ~ on- ip (= 1) 
S+ Qn- ic 2 
=|Sf Qn - Dliy\-1 
and 
JR? p2 0) 2 ntly|-1 
ntlyl-2 q, — (R= Pt)? 
p do = ————__.. 
‘ n+|y|-1 


So we obtain 


T= i] PE f (E,x))x" dx 
BR(n) 
Cy) 


R 
pe Dvir f £0E1p R= p*) 


n+ly|-1 
2 


dp. 


Now on the left side of this equality turning to the spherical coordinates 


= pPv)...Xn = PVn, 
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we get 


R 
r= f ode f PErcagner as 
0 


Sf(n) 
C R 
n+ly|—1 
ae “|S Qn Dict f £0g1p\R? = p*) = dp. 
n+ly|— 


Differentiating the last equality by R we write 


Re 1 PY f (8, €))0” dS 


Si) 
ee etn" 
| F(E|p)R(R? = p?) = 
R 
= C(y) [St Qn = Why) / FUE|pyR(R? — p23 
=R 


Putting R = 1, we get 


1 
/ PY f (0, £))0" dS = C(y)|Sf 2n — Dljyi-1 J f(lElp)A— p? 


Sf (n) 


where 


Ir (4) 
Jm2"- ip (ge i) 


C(y) |S Qn — D|yj-1= 


That gives (3.143). 


Example 5. Let us consider the case when f (t) = it|*, k > —1. We have 
n 
mirc) 3 

i = yf ipik( = p?) 
n p (act 


mtlyl 3 


; PY |(0, €) "0" dS = 


Si (a) 
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n 
mr (2) r (s2iyl=!) r (442) 
i= 
7 = Hy|=1 +yl+k 
ary rE 


3.4.3 Generalized translation 


In this section we consider the transmutation operator called the generalized transla- 


tion. 


Definition 24. Let f = f(x), x € R, y > 0. The generalized translation is defined by 


the equality 


(TT? fy) = re fac) | to] + y2 —2xycosg) sin’!pdg, (3.144) 
0 


y+l 


where C(y) = ary): For y =0 the generalized translation YT; is 


faty)—fa-y) 
; 


°T? = Tz f(x) = 


The generalized translation ’ T; was introduced in the paper [83] and then studied 
in detail in [317], see also [320]. In particular, in [317] it was shown that u(x, y) = 


("T? Ff)(&) is a unique solution to the Cauchy problem 


(By )xu(x, y) = (By )yu(x, y), (3.145) 


C) 
u(x,0) = f(x), yo =0. 
y=0 


The operator ’ 7?’ of function f € ce is a transmutation operator with the follow- 


ing intertwining property: 


YT? (By)x f (%) = (By)y” Te FQ). (3.146) 


In addition, it satisfies the conditions 


0 
('T? f)()|ly=0 = f (x), gp AE) =0. (3.147) 


y=0 
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Replacing a variable y > a — ¢ it is easy to see that ”T? can be written in the 


form 
r (=) 7 


YT? =/T? f(x)= : / Bing .y-l 
UT: f(x) =" Te fF) Var (%) flyx + y? + 2xycosq) sin” odg. 
0 


(3.148) 


Let us present the elementary properties of the generalized translation from [317]. 
Elementary properties of the generalized translation 


1. Linearity and uniformity: 
’T: laf (x) + bg(x)] =a" Te fx) + bYT g(x), a, DER. 


Nonnegativity: ” 7? f (x) => Oif f(x) > 0. 

PT = 1, 

’ Ty f(x) = f(a), 

YT f=" TF FO): 

If f(x) =0 for x > a, then VT? F(x) = 0 for |x — y| >a. 

If a sequence of continuous functions /;, (x) converges uniformly in each finite 
interval to f(x), then the sequence of functions of the two variables ” ses Sr) 
converges uniformly in each finite area to ’ 7; f (x). 

8. Operator ” 7? is bounded: 


"Te FO) S”Te1 FCI < sup lf. (3.149) 


SAA Ea 


9. Commutativity of operators ’ T?: 
ET TS faypat TT, f(a). (3.150) 
10. Associativity of operators ” T?: 
rT 1, Payal LP). (3.151) 
11. The function j ie is an eigenfunction of the generalized translation ’ T?: 
”Te jx 08) = jvss (8) jx 08). (3.152) 


We now give some more properties of generalized translation. 


Statement 7. For the generalized translation operator ’ T; the representation 


1 
4 
re f= 2c | § («+ = —_ 
0 


x 211 — 2) 2 haz (3.153) 


is valid. 
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Proof. We transform the generalized translation operator as follows. First putting g = 
2a in (3.148) we obtain 
m/2 


YT? f (x) =2C(y) | f/x + y? + 2xy cos 2a) sin’! (2a)da 


=2’C(y) fs (\/ 24 y2 4 2xy(cos? a — sin* «)) 


x sin’ ee ‘ada 


=2’C(y) i f (Vx + y2+ 2xy(1 — 2sin?a)) 
0 


« y-l - 2 \¥rl 
x sin’ a(1 —sin* a) 2 da. 


Now let sina = t. Then a=0 for t=0, a=7/2 for t=1, da= and 


dt 
(1—12)!/2 ? 


1 
YT? f(x) =2"C(y) / f/x? + y? + 2xyd — 22071 — Py Mat 
0 


1 
=27-!c_v) / F(yx2 + y? + Qxy(d — 22))24 Nd — 2) FN 
0 
1 
=27-!cy) | Fly @ +? — 4xyz)2? N02)? Naz 


=o" conf («+0 ji — a) ld 22 laz. 


The proof is complete. O 


Statement 8. For the generalized translation operator ’ T? the representation 


x+y 
2”C , 
OTe Ae =a i af UE = & = yP(@ Fy)? = 2) Nz 
lx—y| 


(3.154) 


is valid. 
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Proof. Changing the variable @ to 2@ in (3.144), we obtain 


m/2 
Pe Fi) = 2C(y) ‘ Fulx? + y? — 2xy cos 2a) sin’! (2a)da 


0 
=2’C(y) / f (V2 + y? — 2xy(cos? w — sin? «)) 
0 


x sin’! wcos’~! ada 


=2’C(y) i f (V2 + y? —2xy(1— 2sin*a)) 
0 


- yl ee a 
x sin a(1—sin“*a) 2 da. 


Now putting sina=t we get for a=0, t=0, for w= /2, t=1, da=_—tr and 


1 
TY fay =e) f fo)x2+y? = 2x9 = 22 P10 = Py Mat. 
0 


Introducing the variable z by the equality /x? + y2 — 2xy(1 — 212) =z, we obtain 


z*—(x—y)* oe zdz 
t= {| ————— , dt= ; 
Axy (4xy)!/2(22 — (x — y)*) 1/2 


z= |x — y| whent =0,z=x+ y whent = 1, and 


x+y 
/ zf((22 — (« — yx + y)*? — 22) FI dz. 


|x—y| 


2”C(y) 
¥T? f(x) = (xy! 


The proof is complete. 


Statement 9. The generalized translation ’ T; can be written in the form 


x+y lee) 
l-y 
{oS / EV pode f ing (Ax) jy-1 Ay)jy-1 Aza’ da. 
r (4) z 2z z 
|x—y| 0 


(3.155) 
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Proof. The next formula is valid: 
[2 — & — PM +9 - 2 
(xy)¥—! 
Cc 
=! aT (5) 


[iO O03 (Az)A’da. (3.156) 
3 (vt! 2 2 2 
2T° (+) 0 


This formula follows from formula (2.12.42.14) from [456], p. 204, of the form 


ee) 


i AY Ty (xa) Ty (ya) Jy (za) da 
0 
= 2 2 ae 
= Iz —-@-— yy )\(a+yy-— 2)? 
Jn (xyz)’T (v + 3) 
Qv-l jA2v-1 
7 f/m (xyz)’P (v + +) 


where |x —y|<z<x+y,x,y,z>0, Rev> -5, and A is the area of a triangle 
whose sides are equal to x, y, and z. Using (3.154) and (3.156) we get (3.155). 


Statement 9 is given in [220]. 


Statement 10. Jf f(x) is a continuous function such that 
(oe) 
/ | f(x)|x”dx < 00 
0 


and g(x) is continuous and bounded for all x => 0, then 


[18 teosonv’ay= [ tov Teecoy’ay, (3.157) 
0 0 


fo) 
Proof. Applying to af YT, f (x)g(y)y” dy representation (3.154), we obtain 
0 


(oe) 


[RP reoso”ay 


0 


= (4x)'"Y2"C(y) / yg(y)dy 
0 
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x+y 
* / zf Ue? — (& — yP (+ yP — 2 )]FONdz 
lx—yl 


x x+y 


2 ance] / ye(y)dy ; fle) 
0 


xy 


x (22 = (x — P(e +)? — 27 Nz 
love) x+y 


+ i yg(y)dy / eh? — = yr +9? = PEM 


x y-x 


Converting an expression =e y)?)((x + y)? — z*) and changing the order of 
integration we get 


/ YT? F(x)e(y)y"dy 
0 


x 


= antrarcyy| f zf (z)dz 
0 
X+Z 


a | ye(y (z+ x)? — y2)(y? — (z — x)2)]2 dy 
x—Z 


ie,¢) X+Z 


= / ef (2)dz / ya(yU(z +x)? = y*)Q? = =F tay| 


x ZX 


= / f(2)" Tig (y)z" dz. 
0 


The commutation is proved. 


Statement 10 was proved in [317] in another way. 


Statement 11. The Hankel transform from generalized translation of the function 
f ESey(R+) has a form 


FLU Te f ONE) = fra 8) Fy Lf). (3.158) 


y- 
2 
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Proof. Using the property of self-adjointness of the generalized translation and 
(3.152), we obtain 


ee) 


FUT? FOE) = | Jus 8) Y Ty f(x)xY dx 


=U i Just 8) Fx)x¥ dx 
0 


oe) 


a) i; jut (08) fX)x” dx 
0 


Jy-! 
= 


= Jrz (V8) Fy LPI). O 


Statement | 1 was given in [610]. 

We obtain the formulas for the action of a generalized translation on some elemen- 
tary and special functions. 

(1) For x > 0 the formula representing a generalized translation ’7? of power 
function x is 


4xy 
x yI@2Fi (-$,3.7;- ea) Fy, 


Y 
VTP =) trip (vs2)r(e31) (3.159) 
x a x=y 
Jal (y+) 
or 
an Same 2. 
x7 9F ( a vrs) x>y, 
aty-Ip(vte\p(ytl 
ppd ee ea) fan (3.160) 


Jal (y+$) 


l—a— +1, x2 
y oF ( an 7 rs 5) x</y, 


where 2 F; is a Gaussian hypergeometric function (1.33). 


Proof, Let first x ¢ y. Using formula (3.153) let us find ” 7; of x. We have 
aV- ir (4) ‘ 
4xy : a 
YT x% = vat Z) |x — y|* [sg + ~~) (l=@)a- tea tae. 


4xy 
(x—y)?’ 


The last integral is a Gaussian hypergeometric function (1.33) for z = — 


a=-$,b=4,c=2b=y (c>b>0), thus 


a- ir (4) r(%) 
Jnl (y) 


, ay Axy 
a De cae |x vi aFi ( ne gt ). 


150 Transmutations, Singular and Fractional Differential Equations 


Using the doubling formula for the gamma function (1.7), we obtain (3.159). 
For the proof of (3.160) we use the definition of the absolute value in (3.159) and 
get 


4xy 
(x — y)*2Fi ( gbiy: a) xy, 


Te = ce a 
2Fi ( 7>99V3 G@—y2 x<y. 


(3.161) 


n [295] the following formula is given: 


F, | a, b, 2b; —— }) =(1+2) F qe jae ‘ 
» 0, £0, 2 > > ; , 
ae (1+ z) oar 2 2 


using which we get (3.160) for x # y. 
For x = y we have 


rn(e) 
1Tiat = Qa" [a Aes as 


That completes the proof. 


(2) The generalized translation ” T’ of er,” x > 0, is 


rTde* =r (4) ayy ey Oxy). (3.162) 


re 
Proof. Using formula (3.154) we obtain 
2 2”C(y) 


rTe-8 = 2) 
: ae | 
x-y 


iy: 
2 


e (22 — (x —y)2)(x ty)? — 2) FN az. 


We find the integral 
x+y 
Le / ze? [2 — (a — yw ty)? — PE Ndz = {2 =} 
|x—y| 
(x+y)? 
I 2 y_ 
= / el —-@—y))(aty) —H] Flat = {t -—G —yY =v} 
(x-y)? 
4xy 
LY aan —w yy 
= ae : e [wAxy—w)]2 ‘dw 


0 
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Applying formula (2.3.6.2) from [455] of the form 


4 a—1/2 
i x* 1a —x)* le dx = /xT (a) (<) e*P/? T,_1/2(ap/2), 
! Pp 
(3.163) 


Rea > 0, 


we get 


1 =2"-?,/xP (4) oP -Y (xy) ET (2xy). 
2 


Then 
ytl 
YT e-* = av r( 2 ) 
(4xy)’—! Ja (4) 
x+y 
ae ye 
x ; ze? [22 — (@ — Mey)? — 2PM 
|Ix—y| 
+1 
2v r (4) 


= —2 V\ -x?=y? y-1 
= (4xy)’—! /a 1 (4) 2” Jar (5) e (xy) 2 Ty (2xy). 


After simplification we get (3.162). 


(3) The generalized translation ” T;’ of x2e7* x > 0, is 


y2 —x? r (4) 
YT; xe * = 


ex’ty? 


Qv+le2xy y I 
x( y Fi (L4 by +1 —4xy) + Gy) Ty Qxy)). 


Ty +1) 2 
(3.164) 
Proof. Using formula (3.154), let us find ” T?x2e-*: 
vC +y 
rTe* = Oy / Bem? [(e? — & — WP +9)? — PFT Maz. 
(4xy)” 
|x—y| 


We find the integral 
x+y 
— 2 a 
I= ye zre* [(z* — (x — y)*)(x + y)? — 27))2 "dz = {2 =} 


|x—y| 
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(x+y)? 
_ y_ 
=5 te"L(t — (x —y)’ (+ y)? — 1]? dt ={t-(@—- yy =u} 
(x—y)? 
4xy 
l tay? 2) .—w | Tf =3y 
=o" (w+a—y))e “[wAxy — w)]2 a= ae 
0 
Axy 
x / ew? (4xy — w)? dw + (x — yy? 
0 
4xy 
x fewwary- w)]2~!dw 


0 


Applying formulas (3.163) and (2.3.6.1) from [455] of the form 


a 


/ x*l@—x)Ple-P* dx = Ba, B)a*tP! | F\(a; « + B; —ap), 


1 
T= se OB (4 5 +1) xy)” Fi 6 +l:y +1; —4xy) 


= 
42-2. /eT (4) (x — ye? (xy) Trt Qxy). 


Then 


2 
’T) x*e-* 


ov” r(4) x+y es er 
~ xy’! Ja P (4) / ee I =R=y) Mate Hz? de 


av r(3) 


yy Y 
Se 1) y A(t 1; 1; —4 ) 
arat Gs ue a yt xy 


-l1 
+242 Jat (E) (ye (xy) F Tat (2xy)) 


y- 
2 
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ar+ip (44) 
= -(x-yy F (- 1: 1: —4 ) 
Ty +) e xy 1 Fy ee a xy 


1— 
ve (+) (xy) Fe * Ty (Oxy). 
2 


Transforming we get (3.164). 


(4) The generalized translation ” Te of Jv-1 (x) is 
2 


"Te huss @) = Jr @) Jr). (3.165) 


Proof. Using the presentation (1.19) of jy-1 (x), formulas (3.154) and (2.12.6.1) from 
2 
[456] of the form 
b 
em — x2)" 3 (x2 — a2)""2 J, (cx)dx 


a 
1 b+ b— 
a at (v+ ;) =o re I (‘ “)a(s “). 


2 2 
1 
O0<a<b, cae |Rec| < z, 
we get 
Y 
2”C(y) ; y 
Tir @= Tf ci @le?-@- y+? - 21 ae 
2 (Axy)’ 
|x—y| 
y = 
OO (Ved 
(4xy)v—! 2 
x+y 
-1 
xf INT AO? — @ y+? — PF az 
|x—y| 
y+l 
2” yi f(ytl ra, T(#) 4 yol 
= ——___27 T(-__ 22 r Ja z 
Gxyyr ¢ ) Fare (3) 


x Jt Ir 9) 
= jr @jra0). 


which completes the proof. 


(5) The generalized translation of i y-1 (x) is 
2 


’ Tp iy (x) = tye @)irs (y). (3.166) 
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Proof. Using the presentation (1.20) of iy-1 (x) and formulas (3.154) and (2.15.3.13) 
2 
from [455] of the form 


b 


| xt¥ (BP = x9)93 (x? — a)" (ex)dx 


a 
_9v- yar (+3 5) 0 aye h (SEM), (SS*), 


1 
,b 0, A? 
a > v> ) 


we get 
wey) P 
Tins) = Gor / zit @U@? — (x — yx + 9)? — 2)]F Nz 
2 (4xy)¥ 0 
lx—y| 


x+y 


Cw y+l oot 
amy) f Pipe 


|x—y| 


x [22 — (@ — yy)? (a + y)? — 212 Nz 


+1 
2” gf Ye TY cet PC) 
Gry r( ) yar ( ) ax) 
x fii O)lya (y) 
iy- 1 (iy y-1(y), 


2 


which completes the proof. 


The generalized translation ”T} responds to the definition of the generalized con- 
volution as it allows one to correctly generalize distributions theory to the case when 
instead of the second derivative the Bessel operator is used. 


Definition 25. The generalized convolution (one-dimensional), generated by the gen- 
eralized translation ’ T?, is (see [242,610]) 


(f *g)yQ)= / f(y)’ Te g(x)y” dy. (3.167) 
0 


Statement 12. Let f, g € Sey(R+). The Hankel transform applied to the generalized 
convolution (3.167) is 


FyYLF * 8)y OE) = FyLF IE) Fy lg @)- (3.168) 
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Proof. Using properties of generalized translation we have 


FUL #8) GG) = fF # 8/0) Jug 8)2" dx 
0 


= fina oeyx” dx f Foy’ Tey" ay 
0 0 


=f tor" dy [1 TP 863) jr (8)x" dx 
0 0 

= : f(y” dy i BOE)” Te juct EDX dx 
0 0 

= / f(y) jx @8)y” dy / 8(X) jx (8)x” dx = F/LPIE)Fy[gl@. 0 
0 0 


Statement 12 is given in [610]. 


If in the definitions and statements of classical harmonic analysis we replace the 
ordinary shift with a generalized translation, then we get weighted harmonic analysis 
(see, for example, [242,348 ,442-444,610]) due to the power weight x” under the sign 
of integrals. 


Definition 26. The multi-dimensional generalized translation is defined by the equal- 


ity 

CE ptosis Eye); (3.169) 
where each one-dimensional generalized translation ¥' ies acts for i=1, ...,n accord- 
ing to 


(T? f\@) = 
Val (4) 


ks 
2 2 | 
x f Fett + 7 — 2x; yj COS Qj, Xi41, Xn) Sin” * gy; dg;. 
0 


Obviously, the properties of a one-dimensional generalized translation are trans- 
ferred to the multi-dimensional one. So, for example, the following equalities are true 


Tr jy Gs €) = 5, G3 &iy 0 6), (3.170) 


156 Transmutations, Singular and Fractional Differential Equations 


’Triy (a; €) =i, @; €)i, 07 8), (3.171) 


where j, (x; €) = if Jus 1 (x78), iy @3 €) = i tye 1 (x4; &), ¥1 > 0, ..., Yn > O, func- 


tion j, is given by (1. 19), and i, is given by (1. 40). 
From Statement 10 if follows that if f(x) is continuous on Ri such that 


/ | f (x)|x”dx < 00 
0 


and g(x) is continuous and bounded on R“_, then 


[treosowray= f Foy’ Tlecoy’ay, (3.172) 


RM R" 
Definition 27. Generalized convolution generated by a multi-dimensional general- 
ized translation YT. is given by 
(f * 8), Q)=(F *8)y = / FOOT 8) (@)y” dy. (3.173) 
RY, 
We will use also the mixed generalized convolution product defined by the formula 


(f*8)y= / f(t, yO Txg)(t — t, x)y’dtdy, (3.174) 


Ri! 
where ’T. is the multi-dimensional generalized translation 
CT Pu gaC Te, et iis) (3.175) 


Each one-dimensional generalized translation ” Vea is defined for i=1,...,” by for- 
mula (3.144). 

From (12) it follows that for f, g € Sey(R) the Hankel multi-dimensional trans- 
form applied to the generalized convolution (3.173) is 


FYLS * 8)y @IE) =F LF @MIE)F [gs @)1 6). (3.176) 


For the generalized convolution (3.173), Young’s inequality is known, which we 
present for convenience with the proof. 


Statement 13. Let p,q,r €[1, co] and 


1 ot 1 
elas, (3.177) 
p-@ r 
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fei, ve i, 1<p,q,r <@, and — ; + E — I, then a generalized convo- 
lution (f*g)y is bounded almost everywhere and the Hausdorff—Young inequality is 
valid, 


INF * Dy llny SIF llpy slay: (3.178) 


If; +=, then 


CF * 8)yllooy SIF IIp.y Islay: (3.179) 
Proof. Let 

1 1 1 

-+—4—e=1. (3.180) 

r Pi P2 


We apply to the expression |(f * g),(x)| the Hélder inequality for three functions (see 
[438], p. 64): 


fae Gl = if FOOT g)(a)y"dy 
ra 


< i IFO AC Tad@l PF | FOIE Trg) Py” dy 
Ry 
l/r 1/pi 


< / IFO?" | T2907” y¥ dy / IFO)? y’ dy 


1/po 


x / |’ Tx g)(x) [22 y¥dy 
Wa 


Consider the integral f (YT g)(x) P2 y¥ dy. By producing in (” TY. g)(x) the change 
RY 
of variables 
Z2i-1 = Yi COSQ;, Z2) = yj Sina;, O< a; <7, i=1,...,n, 


and putting RY = {z= (z1,..., Zn) € R™ : zo; > 0,i = 1, .., n}, we obtain 


/ P-L ey (x) PP2y" dy 
R” 


n 
= 
= : leG/ — y1)? +23, ses Gant — yn)* + 25,,)|7P2 [2 dz 


“5 i=l 
RY 


158 Transmutations, Singular and Fractional Differential Equations 


n 
=I 
=(Gai-t-wai= f eG/8+d. V3.3)" [1a dz 
i=1 


Re 
= / [g(x)|PP2x" dx. 
RY 
Therefore 
l/r 
If * 9 y 2) SFIS, IIB lbp, Jiro Or TY g)(x)|"-” y" dy 


We raise the last inequality to the power of r, multiply both parts by x”, and integrate 
over R": 
+ 


IF * ay lll. 
<M Flap, |I8llép. / / IFO" | TY g) (xe) y? dy x” dx 


R® Ri 


=I leg, Ile, f FOO ce e)(x)| PX dx 


ire 5 


R* 


é (1—a)r (1—b)r 
=\Ilf ahi & pall fila ar lS lle—sye* 


Choose a and b so that (1 — a)r = ap, and (1 — b)r = bpp, ie., a= aa and 


= we can write 
aa 


+ b+b . 
IF *Oyly SUF llapr  U8llbpy = NF lap, N18 lbp. 
or putting ap, = p and bp2 =q 


CF * Syllny SIF Ipllslle- 


It remains to show that with this choice of p; and pz, (3.180) is valid: 


r Pp rf q fF ~ Peq*r 
Inequality (3.179) is obtained from (3.178) by tending to the limit with r > oo 
using (1.47) (p and qg should be such that 1/p + 1/q = 1). 
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3.4.4 Weighted spherical mean 


In this subsection, we give the definition and properties of the spherical weighted 
mean, the main function of which is its effect on the operator A,. 

Of great interest among various researchers is a generalization of the classical 
spherical mean of 


M(x,r, mot u(x + Br)dS. (3.181) 


So, in paper [597] a spherical mean in space with negative curvature was considered, 
and in [160] and [119] a generalization of the spherical mean generated by the Charles 
Dunk] transformation operator was studied. Here we consider the spherical weighted 


mean, which is the transformation operator intertwining the multi-dimensional opera- 
n 
tor (Ay),= 2 (By; x; € Rt and the one-dimensional Bessel operator (By +|y|—1)1, 


i=1 
t > 0. Such spherical mean is closely related to the B-ultrahyperbolic equation of the 
form 


n n 
(Bidet = DO Br)yjt, WS URL, oes Ss Vy oes Yn) (3.182) 
j=1 j=l 


When constructing a weighted spherical mean, instead of the usual shift, a multi- 
dimensional generalized translation (3.169) is used. 


Definition 28. The weighted spherical mean of function f (x), x € Ri, forn>=2is 


1 
Mf @) = (Mx f@) = St@lp / v7? F(x)a" dS, (3.183) 
; " st) 
n 
where 0’ = [| 6”, Si (n)={0:|0|=1, 6€R" } is a part ofa sphere in R"., and |S} (n)|y 


i=1 


is given by (1.107). Forn = 1 let Mi [f(x)] = YT F(). 


Theorem 36. The weighted spherical mean Mj [f (x)] is the transmutation operator 
intertwining (Ay)x and (Bn+\y\-1)1 for f € Ces 


(Bn+|y\-1M; LF @)1 = MP (Ay) f 1. (3.184) 


Proof. First of all we note that for the function f € c (1.104) gives 


t 


t 
ISS @ly ih AMI MYT Fda = i, antiylldn / (T”” f)(x) y’dSy 
0 


0 Sf (n) 


2 : (T? fy(x)z" dz. (3.185) 


By (n) 
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Let us apply the operator A, to both sides of the relation (3.185) with respect to x. 
Then we obtain 


t 
IS @ly / antlyl-1(A,), MY Lf @)1dA = / (Ay) (% TZ fy(x)z" dz 


9 By (n) 


=S f Goat TN wz az 


i=l 
Brn) 


Formula (3.146) gives (By, )z,% Ti f (x) = (By,)x;” Tx! f (x) and therefore 
(Ay x TE f(x) = (Ay) TE f) (x). 


Then 


i 
ISt@ly ; mtlyll AL), MYL FG) 1da = i [(Ay)2 TZ f)(x)] 2’ dz. 


0 By (n) 
(3.186) 


By applying formula (1.101) to the right side of relation (3.186), we obtain 


n n a ae 
Y f Boat norera=S fF Ne) costs. 82 ds, 


i=l i=l 


Bx (n) Si (n) 


where é; is the direction of the axis Ozj,i = 1,...,n. 

Now, by using the fact that the direction of the outward normal to the boundary of 
a ball with as center the origin coincides with the direction of the position vector of 
the point on the ball, we obtain the relation 


Y f @ournwdaceet [ Sa" pyanoras, 


‘=T a(n) St (n) 


0 
= |S (|! MF LF. 


Returning to (3.186), we obtain 


n y 


Df era MYL Faaa = ath af (3.187) 
i=l 0 
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By differentiating relation (3.187) with respect to t, we obtain 


n 0 
yore, MY f@=@4+lyl—- Dye My LF] 
i=l 


q2 
+ pi aM LF] 


or 
i ner ee ire 
2 BM; [f(x)] = ; aa [f(@)]+ ae [f(x)], 
and so 
—lo a2 
eee no MITFOO) + aM Lf @)1. (3.188) 


Now let us consider (A,) xM) [f (x)]. Using the commutativity of By, and jie 
(see [242]) we obtain 


(Ay)xM/ [f (@)] = (Aye / Y TIO f (x)O" dSo 
Si) 
1 
= —— / Y TPA) sf (X10 dSo = MY [(Ay)x f @)I, 
IST Oy 


1 (n) 


Sf @)ly 


which with (3.188) gives (3.184). = 


A similar proof can be found in [506]. 


We note the simplest properties of the weighted spherical mean. 
1. Linearity and uniformity: 
My [af (x) + bg(x)] =aM7 [f(®)]+0M/[g@)], a, beER. 


2. Positivity: If f(x) > 0, then M/ [f(x] >0. 


3. M?[1)=1. 
4. Fort =0 equalities 
0 
Mf @I=0=f@), Mr Lf@)l] = 0 (3.189) 
t=0 
are valid. 


5. I fGyec? 


ev? 


then M? € C2, (IR) by x and 


(Ay)xM/ Lf (@)] = M7 [Ay f@)1. 
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6. From (3.140) and (3.142), 


(My )xli,@,6)1= i, @,) Jntnl_y (l6D, (3.190) 
(My )xL iy (&, €)1 = iy (x, €) inert 181) (3.191) 


follow. 


Weighted generalized functions 
generated by quadratic forms 


In this chapter we consider certain types of weighted generalized functions associated 
with nondegenerate indefinite quadratic forms. Such functions and their derivatives 
are used for constructing fundamental solutions of iterated ultrahyperbolic equations 
with a Bessel operator and for constructing negative real powers of hyperbolic and 
ultrahyperbolic operators with a Bessel operator. 


4.1 The weighted generalized function associated with a 
positive quadratic form and concentrated on a part 
of a cone 


We consider the weighted generalized functions 6,(P) concentrated on a part of a 
cone and give formulas for its derivatives in this section. More precisely, a weighted 
generalized function is the function whose action on the test function is equal to the 
limit of the integral of a delta-like sequence of functions approximating a delta func- 
tion on a part of a cone in R" with a weight x”. 


4.1.1 B-ultrahyperbolic operator 


Here we discuss the B-ultrahyperbolic operator and a method of the weighted gener- 
alized function which is proposed to study this operator and obtain its fundamental 
solution for appropriate test functions. 

I. M. Gelfand and G. E. Shilov in [177] proposed the idea of finding fundamen- 
tal solutions of second order differential operators by studying coefficients of Laurent 
series of the weighted generalized function generated by the corresponding quadratic 
form of this operator. This method is convenient because if we have information about 
the residues of the generalized function, we can obtain a solution to the equation con- 
taining the iterated operator. Depending on the relation between the iteration order 
and the dimension of the space we obtain a fundamental solution or a solution of a 
homogeneous equation. 

The weighted generalized function generated by the indefinite quadratic form 


wcatqee 2 2 2 
P= Xp. tX_—X p41 Xa g 
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is used for the construction of a fundamental solution to the ultrahyperbolic operators 
with Bessel operator, i.e., 


2 8 na a> yp 8 
if Mee ax? x1 OX Ox Xp AXp 
Ce Oy eee, (4.1) 
Oxo 41 pti OXpti OxX4g = Xptq 8Xp+q 


where y;>0,i = 1,..., p+q, p,q¢N. Operator O, = O,,,” is a B-ultrahyperbolic 
operator. 

Let p,q €N, n= p+q, x = (1, ....¥n) = (4, x") € RY, x’ = (41, «-., Xp), 4" = 
(Xptis+1Xp4q). Weighted generalized functions used for solution to the general 
Euler—Poisson—Darboux equation and the construction of fractional powers of L],, are 


Pei =e’, |x’ P sxpt.. +23, |x" xr to + X54g 
(4.2) 
and 
n 
Px) =o exp, ee EC, k=1,...,n. (4.3) 


k=1 


Next, we define and study the following weighted generalized functions associated 
with quadratic forms (4.2) and (4.3) for A € C (see [505]): 


by (P); 
A a. 
Pyte Py i 


e e FP = P\+iP2, where P is an indefinite quadratic form with real coefficients 
and P> is a positive defined quadratic form; 

e (P+i0),, (P —i0y}; 

e (w?— |x); 

e (7 +P+i0)}, 2+ P-i0)}; 

e a de A), where f(z, A) is an entire function. 


In Section 1.56 the Hankel transforms of cae (P +i0)4, ae (w?—|x|?)4 55 and 
(c? + P +i0)}, will be found. 


4.1.2. Weighted generalized function associated with a positive 
quadratic form 


Here we consider the weighted generalized function r*, r = |x|, A € C. This function 


is studied in [242] in the case when in the weighted functional Oe. ~)y weight was 
taken only by one variable. 
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The weighted generalized function ee is defined by 


vy = [ Pvcor ax, WE Sey. 
R', 
This function is an analytic function of A for ReA > —(n+|y]|). For Rea < —(n+|y|) 


we may define the weighted generalized function is by analytic continuation. 
For Rea > —(n+ |y|), r* can be differentiated by parameter A, i.e., 


aaa ~)y = / r*Inr p(x)(x’)” dx. 


+ 
Ry 


Let us move on to spherical coordinates x =r®©, r = |x|, in a Y)y, Writing it in 
the form 


[o,e) 
Coa i g(r®)O” dS dr 
0 st) 
[o,@) 
= Istonly f ertimy cr) dr, 
0 


where IS} (n)|y is given by (1.107) and 
y 1 
M?(r)= Mi [or ®)|= ——_ |_ g(r@e"as, 
|S} (n)ly 
Sf (n) 
is the weighted spherical mean (3.183) at 0. 


Theorem 37. For Mi (r), @ € Sev, the representation 


i 7 1 
M} (r) = 90) + 5 Mo) (O)r? +...+ api (Mo) Or?” ce 
7 (A, )P@Oyr?P 
— st Y 
a do appl +|y)(a+ |y| + 2)...aa+ |y| + 2p — 2) 


(4.4) 
is valid. 


Proof. In the beginning, we note that the function M} (r) is infinitely differentiable 
by r for r > 0 and decreases at r — oo faster than any degree , which follows from 
the similar properties of the function g(x). 
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It is easy to show that the function M? (r) is infinitely differentiable at r = 0, which 
is enough to expand the function ¢(x) using the Taylor formula and make sure that all 
its odd derivatives are equal to zero when r = 0. So the function Ms (r) € Sey. 

The regular nonweighted generalized function 


Lu 0 «<0, 
x= 
x* x>0 


acts on w € Sey by the formula 


(oe) 


Gt w= f st yo) ae. 


0 


The expression 


[ee 


(},.Q)y = Istonly f er imyc) dr 
0 


can be considered as the result of applying the nonweighted generalized function 
IST (n)|y a where 4 =A+n-+ |y|— | to the test function Mj (x): 


(*, 9@))y = UST @ly xf, MY (x). (4.5) 


Therefore, we can use the results of the study of this generalized function given in the 
book [177]. 

The generalized function efi is an analytical function for Rew > —1 or Rea > 
—n — |y|. Its analytical extension to the set Rey > —n — 1, with excluded points 
fu = —1, —2, —3, ..., is determined by the equality 


1 


whw= fe woods= fx] ve) —-WO-1¥'O) -~ 
0 0 


n—-1 


ar) [ yO 
i at | axt [tveodr+) Ege (4.6) 
| ~ 


Note that in the strip of the complex plane —n — | < Rey < —n for 1 <k <n the 
equality 


1 CO 

-—;= / yetk-l gy (4.7) 
bw 

1 
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holds. By virtue of equality (4.7), in the strip —n — 1 < Rey < —n formula (4.6) can 
be converted to a simpler one: 


[ee 


ctw fx [yo - w(0) — xv’) — 
0 


ee wo) dx. (4.8) 


The right side of expression (4.6) gives a regularized value of the integral to the 
left in this expression. The generalized function oo is defined for all zp ~ —1, —2,... 
and as a function of yw has first order poles at points uw = —1,—-2,.. A= —-(M+ 
lv),-Mm+ lyvy|+),-(+|y|+2), ...). We calculate its residue at up = —k: 


tei 
es (at, WI= Goa CV 66-Yexy, wea), 
Therefore, the ecard function xt 4+ as a function of jz has at «4. = —k a simple pole 


with the residue & a * §&-D(x), k= 1,2,. 
The residue of (St ()ly x M3} (x)) atuw=—k A=-(N+|y|+k-—-1)) is 


(My )*—) 0) 
(k — 1)! 
But since all the odd derivatives of the function Mi (r) vanish at r = 0, only a series 


of poles corresponding to odd values w = —1, —3,...,—2p — 1,..., p= 0,1,2,..., 
A=—-(Mat+ly),-M@+ly|+2),..,-™+ly|+2p),...) remains, and we can write 


1205 LSP OD ly x, MEO) = 1S Oly 


(8°?) (x), Mg (x)) 
(2p)! 
(Mg )°?) (0) 
(2p)! 
Now let us return to weighted generalized functions. Considering formula (4.5) 


we note that the residue of Ce y)y as a function of A atA = —(n + |y|+2p), p= 
0, 1,2, ..., is 


res [(IST@|y x4, MY (x))] = 1S @)ly 
p=-2p=1 


=|Si(@)ly 


Y)(2p) 
a a (Mg )*?’ (0) 
res ae = |S} (n)|, ——-——_.. 4.9 
eee yPOyl=1S7 My Op)! (4.9) 
In particular, when p = 0 atA = —(n + |y|), the weighted generalized function a 


has a simple pole with residue 


d + 
; =|S MY (0). 
ie? P)y1=|S7 Mly o( ) 


Using the first of condition (3.189) we obtain 


188 ly ~)y1=|Sf @)ly GO) = |S} (a), OC), PO). (4.10) 
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It means that i as a function of A at A = —(n + |y|) has a simple pole with residue 
[ST (a) ly 50x). 

Following P. Pizetti [440] (see also [177]) let us express the value (Mj 2?) (0) 
directly through the function g. To do this, we construct another expression for the 
residue of the weighted generalized function a Prove that for ReA > —n — |AI, 


Ayre?) = (A+ 2(A4+N +ly)ry. (4.11) 


For Red > 0 formula (4.11) is proved by direct calculation of the left side. For other 
values of A it is valid due to analytic continuation. Iterating formula (4.11), we get for 
any integer p the equality 
A+2 
p= Ayry ? 
Yo A+2)...A+ 2p)\at+n- ly|)...A+n-+ ly| + 2p — 2) 


(4.12) 


Now the residue of ae at A = —(n + |y| + 2p) is calculated as a residue of the right 
side of equality (4.12) at this A. But for A = —(n + |y| + 2p) the denominator of 
expression (4.12) does not vanish; hence it suffices to find the residue of the numerator. 

As for any test function y € Szy, if the equality (APr**??, g), = (r*+??, Ah), 
is true, then it is needed to find a residue of (ae AP Q)y atA = —(n+ |y| +2p). 
Such residue was calculated in (4.10) and it equals 


aes, LO APOv] = IST @)ly AP). 


Then the residue of is as a function of A atA = —(n + |y| + 2p) is 


re 


Xr 
cep ee 


IST @ly (ApS), PO) 


= : (4.13) 
2? p\(n + |y|)(n+ly|+2)...2 + ly| + 2p — 2) 
or 
s- Avs 
res r= ae - 4.14) 
A=—(n+|y|+2p) 2P pint |yD@+ ly| + 2)...a + |y| + 2p — 2) 


Comparing expression (4.13) with the previously obtained formula (4.9), we obtain 
an expression for the derivative with respect to r at zero of order 2p, p = 0, 1, 2..., for 
the weighted spherical mean: 


(2p)!A79(0) 
2? p\(n + |y|)(a + |y| + 2)... + ly| + 2p — 2)" 


(Mp ye? 0) = 


This makes it possible to write the decomposition of the function Mt (r) in the Taylor 
series, which gives the statement. The proof is complete. 
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Formula (4.4) makes it possible to write a regularization of the weighted gen- 
eralized function a for ReA>—(n+ly|+2p), A A —(M4+ly]|), —M™+ly|+2), ..., 
—(n+|y|+2p—2), in the form 


CO 


(r*, )y = Istonly f err imyc) dr= Stayer, M?(r)) 
0 

1 
= (ST @)l, / rtetlylTe MY (r) — gO) pi Me O)OP'77] dr 

0 

os 2p Y (2k) 

= (Mg (0)) 
+ Atnt+ly|-lysy + Q 
+18; yf Mg (r) dr + |S; Old, QA +n+ ly] + 2k) 
(4.15) 


Define the weighted functional e In” r, y), by the formula 


ln” 4,.—)y = ; rin” rg(x)x’ dx. (4.16) 
Ry 


We regularize oe In” 7, p)y atReA > —(n+|y|+2p),AA-—(M+ly|),-M+lyl+ 
2),..., -(n+ |y|+2p — 2), using m-times differentiation by A of formula (4.15): 


1 
Gln" 7.@)y= ISfaply f herttinm r[M? (r) — g(0) -... 
0 


= _ (Mz (O))CP PP] dr 


[o,e) 
+ Stel, f errr rMz (r) dr 
1 


oP (= 1) m1 (Mz (0)) 2 


SF 
+| (Ob 20 Giant yl + 2b 


(4.17) 


4.1.3 Weighted generalized function 6, (P) 


In this subsection we will study the singular generalized function 6, defined by the 
equality (see Section 1.2.3) 


(sy, D)y =9(0), p(x) € Sey. 
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Let p, gEN, n = p+q, and 
112 "2 2 2 2 2 
P=\x'[P — |x" | =x] Pak hy AG tw ey tys 
WHEE =i.) SRE KR = isin ip ye Spe pg) 


Definition 29. Let gES.y vanish at the origin. For such y we define the generalized 
function 5,(P) concentrated on the part of the cone P = 0 belonging to Ry} by the 
formula 


(6,(P), Py = 1 5y (x'|? — |x”) @a)x’ dx. (4.18) 
Ri. 
If the function g¢ Sey does not vanish at the origin, then (6, (P), @), is defined by 
regularizing the integral. 


Lemma 12. Let g€S., vanish at the origin. For (5,(P), p(x))y when p> 1, q > 1, 
the representation 


2 
0 {lo|=1}F {lo =F 


(PI. =5 | i : p(tw)t"t!¥-3@’dS'dS"dt, (4.19) 


where {|o'| = 1}* = {w' € R42: |o'| = 1}, {lo"| = 1}? = {o" € RY: |o”| = 1, = 
(a', w”) is valid. 
When p=q=1, P=x?-y’, 


CO 


1 
(By 0? = y°), PO, Wy = 5 / g(y, yl ldy. 


0 


2 


When p=1,q=n-1>1, P=xi—|x VY = (M2, Va) 


ioe) 
1 = ” 
(5,(P), POD y = 5 / i ely, yo)y"tPIdyoY ds. 
9 stm-1) 


Wheng =1, p=n—-—1>1, P= |x’ |? — x?, y= (iy es Yn—D)s 
1 [o-e) 
By (P).GO))y = 5 i i olxo.x)x"*l"! 3d o¥'45, 


0 s*m-1) 


Proof. Let first p > 1, gq > 1. Turning to bipolar coordinates 


X] =lQ], Xp =lWp, Xpp1 = SOptis  Xptq =SOptgs (4.20) 
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_ 2 2 — 2 2 i _ 
where r = ,/x7 tintats = x2 titty and putting w’ = (@}, ..., @p) € 


R’, wo” = (Wp4i,-,@n) € Ri, lo’| = fort. +03 = 1, |o”| = 


2 0 : 
(Our +. + Opi g = 1, we obtain 


(6, (P), 9X))y = 


[oe 
i i i 8(r2 —s*)p(ra’, so") PTV“ 99417" Lay d s/d 8" drds, 
0 0 {a=} {lo”|=* 


{lo’| = 1}7 = {o’ ERE: |o’| = 1}, 
{lo”| = 1}t ={o” E R41: Jo”| =H, 


dS’ is the surface element of {|w’| = 1}* and dS” is the surface element of 
He [= =f". Replacing variables by formulas r* = u, s? = v, we obtain dr = 


su —3 du, ds =1 xv —3dy, and 


(6, (P), 9@))y =F if] / / d(u— v)p(/ua’, Jv") 


{lo =F {lo”|=Ht 


p+ly'| 1 g+ly" 


xu 2 ly 2 1-1 WY as'dS"dudv 


1 D 
a a } / (Vial, Joo") lo’ dS'dS"dv 
0 


{lo’|=1}* {lo”|=1}* 
1 lvl —2 / 1 
=| o(Jvw)v- Ta dS'dS"dv. 
0 {lo |=1}F {lo”|=1}* 


Going back to the variable s by the formula v = s* we get (4.19). 
For p = q = | the quadratic form P is x* — y” and 


(8, (x? — y”), 9, y))y 


CO CO 
= [ [502 oce, yx yPardy = (2? =u? = 0) 


0 


oe 


0 
CO Cw 
—l -1 
= Tf [oe recla, Jin v7 dude 
0 0 
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= 7 | ee. Vou? dy =(v=y}= 5 | eo vyh ay, 


0 0 


Let us consider now p= 1, g =n —1> 1. We have 


(5, (P), (x) y = (6(x? — |x"|9), ex) y = / 8(xp — |x" |?)@(a)x" dx. 


RY 
Passing to spherical coordinates x” = po, a € Rv, we obtain 
(6, (P), P())y = (8(xt — [x”7), G@))y 


Cw Cw 
= i i B(x — p>)p" "xP dxido / g(x1, pa)o” dS 
0 0 


Sf(n-D 
= {xi =u, p’ =v} 
wow 
=i i Neu oe dade ds 
0 0 sfm-1) 
-if / o/v, Jua)v 2" 'dva"'dS = {v = y?} 


9 stm-1) 


1 
ay i oly, yo)y" "| Sdya” dS. 


0 st(n—1) 


The case g = 1, p=n—1> 1 is considered similarly. 


Lemma 13. The derivative of order k of function 6,(P) for p > 1, q > 1 has two 
representations denoted a (P) and 5(P) of the form 


rl fl a 
(5 (P), vey = f (3 ay wr, sysarly" |- | 
0 


oo 7 : . 
(53 (P), g(x))y = cok [ (za) wr, s)rPtly =| 
0 


rPtlY'l-ldp, (4.21) 


star? 


” 
sttly'I-las 
r2=s2 


(4.22) 
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where 


1 / ” / 1 
wr, s)= . y(ra’, sw’ )w"’ dS'dS", YE Sey. (4.23) 
{lo|=1} {lo”|=1+ 
Integrals (4.21) and (4.22) converge and coincide for k< mee Ifk> arly 2 then 
these integrals need to be understood in the sense of regularized values. 


Proof. Let us find the derivative of the order k of 6,(P). After tending to bipolar 
coordinates (4.20) we obtain P = r? — s* and 


00 00 , 
(1(P). oy = f | / / (spree -s) 
0 0 {| 


{lo |=1}+ {Jo |=1}+ 


x ora’, sw" )rP tI s94Y" “ley ds'ds"drds. (4.24) 


‘ ‘ —L eel 
Replacing variables by formulas r2 = u, s* = v, dr = du-2du, ds = }v~2dv, we 
p g y 3 9) 


: ga. 4, 
obtain P = u UV, 7p = 9, and 


(6 (P), 9(x))y 


—iff [ f(g) 


{lo |=1}F {lo J=h* 


p+ly"| pal 
x o(fual, fe" uty AF ds'dS"dudv 


1 ak 
“ Tl ff so ( gain 


{lo |=1}* {lo”|=1}* 


p+ly'|_ ) 
2: 


g+ly"| 


v2 wo’ dS'dS"dudv 


iy ak / ny Ptly 
=(-l) r ake uo', Vw u 
0 {lo'|=F {lo”|=1}* 


a+ly"| 


xv 2 lw’ dS'dS"dv. 


’) 


u=v 


2 2 


Remembering that u =r“, v = s* we can write 


(8 (P), o(x))y 


a k 
<tsf f f | (i) eentsatneivr| 


0 {lo’|=1}F {lo”|=1}+ 


r2=5? 


x stl” |-leyy d S/d 8"ds. 
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Entering the designation (4.23), we obtain the following formula for 5 (P): 


[o,@) 
tay" ” 
(8) (P), PO) y = (-) ; sae) Wes P tl |) satin lds, 
y 2r or pas? 
0 
(4.25) 
Returning to ee (4. eis and putting r? = —u, s* = —v, u <0, v <0, dr = 
—1(-u)~2du, ds = —5(- v)~ 2dv (u <0,v <0), we get P=v—u, = 4, and 


(8 (P), P(x))y 


—0O0 —0O 
1 ak 
er ea, 
0 0 {la/=1}* lo"=1}+ 
OF a eae ae On a EEE 


al ak 
<n f fff songs 


9 {lo!|=1}F {lo"|=1}F 


x | o/=He 


" 


| (<u) Fe dSPdS4dudv 


1 T ak g+ly” 
=n | i i Feu ue!, /—v00")(—v) "2 | 


0 {lo'|=1}F {lo =h* 


—le’ dS'dS"du. 


Remembering that —u = r, —v =s?, we return to the variables r and s: 


(8 (P), 9(x))y 


oe k 
= >| if 1 (2) erase 
sas 


9 {lo"|=1} {lo” =F 


x PHIL’ a s'a 8dr. 


s2=r2 


Using the designation (4.23), we write 


(5,9 (P), p(x)) -{[( : 2) ve syste" i 
Y ? ¥ Is Os 


0 


rP+ly'l-lar, (4.26) 


star? 
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Further for functions (4.25) and (4.26) we will use notations One (P) and a), 


SO 
rl (1 a\ 
k) ie 1 
(6), (P), Q(xX))y =) (sz) wir, s)sttl” | Or ie dr, 
0 
(k) ee la he aus 
Mega Gy =A » I( =) ve al ‘ bee Y ds. 
0 


The integrals 51 (P) and 50 (P) converge and coincide for k < arlyin? for any 


gy € Sey. If, on the other hand, k > mel? these integrals must be understood in the 


sense of their regularizations. Specifically, let us make in Oe (P) and 5 (P) the 


formal change of variables r? = u, s? = v. Then we may write 


1 fT a 
Hy" p+ly"| 
(6 (P), ¢(@))y = of | pryevon" ' a ae 
1 dv sjsaap 
( 1* ~ ak 
_ tly!) Hy 
(6(P), p))y = — | Fag Jou? i vE dy, 
u=vU 
0 
The function w(./u, /V) € Sey for u and v. Then 
ak atl" _y atl"! _ yg 
ak ves Juju 2 y Yi), 
v=u 
ak p+ly"|_ 4 ptly'|_y_p 
ak ves Juju? =v 2 W2(v), 
u=U 
where W (uw), Y2(v) € Sey, thus 
1 7 1 
ntly|-k 
OE (P).e0)y = 3 fu Ft (du = 54, V1), 
0 
(oe) 
(—1)* ff ntiyi-e_ (—1)* 
(EP). = f oF wydu = Poh Wo), 
0 
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The regularization of this function is the generalized function tg which for A # 
—1, —2,... is obtained by analytic continuation ee from Rea>0. For 4 = —1, —2,..., 
(n+|y| =—1, —2, ...) this analytic generalized function has simple poles and the gen- 
eralized function i, m €N, is defined as the constant term in the Laurent expansion 
for ux about A = —m (see [177]). 


Remark 7. Note that when k = 0 formulas (4.21) and (4.22) are equivalent to for- 
mula (4.19). We will use integrals (4.21) and (4.22) at kEN U {0}. 


We have been studying the case when p > | and g > |. The cases in which either 
Pp or q is equal to unity are special cases, since in this case the transition to bipolar 
coordinates loses its meaning. Let us start from the case p=q = 1. 


Lemma 14. For p = q = 1 and @ € Sey the derivative of order k of the weighted 
generalized function 5, (P) has two representations, denoted by a (P) and 5); 
of the form 


1rlf1 ak 

OG? = 9), 0 Dy = 5 i (3) eons | xMdx (4.27) 
0 — 

and 
() a ane 1a) A n 
(6), 30x? — y?), o(x, yy = (-D 5 5 ae p(x, y)x y*dy. 
0 aoe 
(4.28) 


Proof. The quadratic form P for p= q =1 is P =x* — y?. Let us find the derivative 
of order k of 6, (x? _ y?): 


(6 (P), 0%, Dy = / / (Pao -y *) elx, ya yPdxdy. (4.29) 
0 0 


Now let us choose the new variables u and v by formulas x? = u, y* = v. We obtain 


dx =1u-tdu, dy =4v-idv, P=u-v, 4 = +, and 


(8 (P), 9%, y))y 
Lee ak yal yal 
= IT( d(u 0) oi Su Zz v 2 dudv 
4 auk 
0 0 


=a f fsu-o(2 — (Ju, Jou YY oF didi 
0 0 
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-1 
Zz dv. 


u=v 


= cot f (Seow vi") 
4 auk : 
0 


Remembering that u = x”, v = y”, we can return to the variables x and y. Denot- 


ing 5) (P) through one (P) we get (4.28) 5 (P). Similarly, making the change of 
2” 


= —v, u<0, v<0, we obtain (4.27). O 


variables r? = —u,s 


Lemma 15. For p= 1, gq =n —1, and 9 € Sey the derivative of order k of the gener- 
alized weighted function 5, (P) has two representations of the forms 


(50 (7 = |x”), GO) 


k 
at) i (<2) eesemir) 


9 sfm-1) 


x!dxjo"'dS, (4.30) 


p=x1 


(7 = xX"), GO)y 


1 k 
-co'sf f ((geah) evens) 


0 st(-1) 


ptr" |-2dogl'dS, 
xj=p 


(4.31) 


where a = (x2, wry Xn); y” = (2, ora Yn)s ly" = y2 oy nae oF Yn: 
For p=n-1,q=1, end @ € Sey the derivative of order k of the generalized 


weighted function 5, (|x’ |? - Xx; 2) has two representations of the forms 


(59 (x/? — x2), p@))y 


k 
m—l 
a) / ((< =) Q(PO, Xn)Xn 


p"t!”'l-2doa'dS, 


0 Sf(- 1) ics 
(4.32) 

(503 (x/? — x2), P@))y 

oe k 

kl ao ntly'|-3 Yn y' 

=(-1) 2 2e Ap (09, Xn) : Xn'adx,o" aS, 

0 st(n—1) on _— 

fe 


(4.33) 


where x! = (X1, -+-,Xn—-1), y= = (V1, «+s Yn—1)s ly’|= =yit...+ M-1.- 
Integrals (4. 30) and (4.31) as well as (4.32) and (4.33) converge and match for 
k< mtlyin* . More precisely, (4.30) matches to (4.31) and (4.32) matches to (4.33) for 


k< ntlple2 for any @ € Sey. Ifk = mtlyin? . these integrals should be understood in 
the sense of their regularizations. 
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Proof. Let us find the derivative of order k of 5,(P) = 6, (x? — |x” |?) when p = 1, 


q =n — 1. After passing to spherical coordinates x” = po, 0 € aha we get P= 


r2 —s* and 


(8 (P), o(x))y = (8 (xf = x"), @@))y 


i i (Fase? - 0°)) prtl”"-2.% dxido ; een ter as 


0 stn) Sf(n-) 


= {x7 =u, p? =v} 


CO CO 
1 ak ea / 
=i / (281 — 0) ot, Vian" vdudva as 
Uu 


0 0 st(-1) 
aj 
-cntif f / su —v)( (Va, Jvo)u 
4 auk 
09 0 stm-1 
n+| a / 
xv 5 il gadng® dS 
7, ak 
-1 ntly = , 
=; | | — (Ju, Jvo)u 2 a -lguot ds. 
4 auk Gai 
0 sf(@-1) 


Remembering that u = a, v = p* we go back to the variables x, and p: 


(8 (P), o(x))y 


k 
“cuthf f(g) oon 


0 st@-1) 


pt lY"|-2dool'dS, 
x1=pP 


which gives (4.31). Similarly, we get representations (4.30), (4.32), and (4.33). 

The resulting integral representations of 5 (P) and 5 (P) converge and co- 
incide for k< ttle? for any @ € Soy. If k> ete? then these integrals must be 
understood in the sense of their regularizations, as in Lemma 13. 


4.2 Weighted generalized functions realized by the 
degrees of quadratic forms 


In this section, we consider weighted generalized functions which are complex powers 
of indefinite quadratic forms. In addition to the obvious application to B-hyperbolic 
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and B-ultrahyperbolic equations, such functions are closely related to the Radon trans- 
form on manifolds. 


4.2.1 Weighted generalized functions P; , 


In this section we give the definitions of Pes. and find the singular points of this 
function. 


Let p=, q=l, Y = (y’, vs y’ = (1, dat) Vp), y” = (Yp+1; sei Yn)s and 


P(X) = 27 + X54 Xo me Xa g? n=p+t+q. 


Definition 30. We define the weighted generalized functions Pe 4 and ee by 


(Pra Dy = i P*(x)p(x)x’dx, PE Sev, (4.34) 
{P(x)>0}* 
and 
(P)_. Oy = ; (—P(x))*e(x)x"dx, = gE Sev, (4.35) 
{P(x)<0}* 


where {P(x)>0}t = {xR :P(x)>0}, {P(x)<0}* = {xeR":P(x)<O0}, A€C. 


Let us find the singularities of Pe es We first put p > 1, g > 1. Transforming ie fs 
using bipolar coordinates (4.20) we obtain 


oo r 
(Fics P)y = j Je — s2yhy(r, sr Pt atv" lands, (4.36) 
0 0 


where y(r,s) = 5 ni foro’, sw")\w” dS'dS" (see (4.23)). Now let us 
{Jo"|=1}F {lo”|=1}* 
2 


pass in (4.36) to variables u = r,v=s?: 


CoO u 
p+ly’| a+ly | 


A d d -1 1 
(Pra Oy = 4 (u—v)"Witu,v)ju 2 gs 2 dudv, 
0 0 


where yf (u, v) = W(r, s) with u = r,ves?’. Finally, we write v = ut, which trans- 
forms Py 4 to the form 


ee) 


ce )y = i per et. u)du, (4.37) 


Y 
0 


180 Transmutations, Singular and Fractional Differential Equations 


where 
il 
ec.w=5 fant a 


0 


aly 


yt tu)dt. (4.38) 


Formula (4.37) shows that PS 4 has two sets of poles. The first of these consists 
of the poles of function ®(A, uw). Namely, for t = 1 the function ®(A, uw) has simple 
poles at 


A= 1, = 2,005 Ky oe (4.39) 


with residues 


aah _ 1G ET a YT tytn ‘ naa 
a POM a ae ne |! ee | af ee 


Besides, at regular points of ®(A, uw) function (4.37) has poles at 


Gee OD SE pe ge, (4.41) 
2 2 2 


with residues 


Lo n+ly| 
res P* ; = ® k, 
wey Oy = Fi oak ( g 


(4.42) 


u=0 


Sets of poles were obtained for p > 1, g > 1; however, the same sets are obtained 
when p > 1, g = 1. All following results concerning weighted generalized functions 
related to indefinite quadratic forms are valid for p > 1,q > 1. 

So we have three cases. 

The first case is when A is a point in the first set (4.39) but does not belong to 
the second set (4.41). The second case is when A belongs to the second set (4.41) 
but 2 4 —k, kEN. The third case is when A is in both sets (4.39) and (4.41) simul- 
taneously. We study these three cases separately, presenting the results in the form 
of the following three theorems. Residues of Pe 4 at poles are expressed through the 
weighted generalized function (4.18). 


Theorem 38. [fp >1,qg>1lLa=-—k, k EN, andn+ orn orn+|y|éEN and 
n+ |y|=2k —1, kEN, ee besides, ifn+|y| is even andk<—j nHy'| , then the weighted 
generalized function P. - 4 has simple poles at such i. with ee 


1 
res 8 Py, & a Gi 5a- 
= 


r+ = Gap ent (P)- (4.43) 


Proof. Let us write ®(A, u) in the neighborhood of A = —& in the form 


Po(u) 


OA,u)= a 


Po(u) = Fes OG) H), 
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where ©; (A, u) is regular at the 1 = —k weighted function. We obtain 


lo.@) [o.@) 
1 nt+ly| lvl 
(Pho) = ag wi egandus fu lo (A, u)du. (4.44) 
0 0 


Integrals in (4.44) are regular at A for A = —k. So (Fe 4,9)y has a simple pole at such 
a point and using (4.40) we can write 


[o,@) 

(-1)*"! ff nti, | dF! faa 

Rian (P* Vas Q= 4k)! ao!" 2 agai wi(u, |, : du. 
0 


(4.45) 


If in (4.45) we put tu = v, then we obtain 


Co 
—] k= gk-1 7 
age (P2,,.g)=$ ) / Eee ae 0 yo ‘du, 
A=—k q 
0 


A(k—1)! J dvk-! aa 
(4.46) 
where integral is understood in the sense of its regularization at k > 5. Note that if we 


write u =r? and v = s? in the formula for the (k — 1)-th derivative of function by (P), 
defined by formula (4.21), we get 


(4.47) 


v=u 


1 ra ak-l ty 
Cary (PY, or=3f |p hile »| 
0 


where 


nu=5 ff oie, Jiw"\o¥ dSpa5,y. 


SoiS7 


Formulas (4.46) and (4.47) give (4.42). For k > 7 5 integral in (4.47) is to be understood 
in the sense of its regularization. In the case n + |y|ER\N or n + |y|EN and n + 
ly| = 2k — 1, keEN, the regularization of integral in (4.47) is defined as its analytical 
continuation. L 


Now let us consider the case when the singular point 1 is in the second set (4.41), 
but not in the first (4.39). If A = — tH _g, k=0,1,2,..., anda +|y|ER\N orn + 
IvlEN and n + |y| = 2k — 1, KEN, then the weighted generalized function ®(A, u) is 
regular in the neighborhood of 1 = — nl —k. So (Pi. 4>@)y will have a simple pole 
with residue given by (4.42). Thus the aa of an 4 atA=— mill —k is a weighted 
functional concentrated at the origin. 
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Before getting the expression for residue ; res iL Pe 4,@) through derivatives 
= 3 


of function g(x) at the origin we get one useful formula. 
Consider the B-ultrahyperbolic operator (4.1): 


= =B Bee Bin 8 p24 2 
y Hyp = yf Pee # Yp Yoel — Vp+q’ We xe ax 
Applying L1, to the (A + 1)-th power of quadratic form 
= 39 22 2 = 
P(x) SALT. AXA Xi gs N= Pt, p> l,q>l, 
we obtain 
yPM x) = 4041) (+" sr) PP); (4.48) 


Theorem 39. Let p > 1, ¢g > 1,n+|y| is not a natural number orn +|y|EN andn+ 
ly| =2k—1, keN. Then einen pe ssmoi naturabor poly |EN, p+ly’ ia 1, 
n+ 


méN, and q + |y”| is even. In this case an has simple poles at} = ——;——k, 
kENU{0}, with residues 


n agi 
cone fie) 
res Ps _ = 


yaa “5 yt Qnt+2k ky} r (4! +4) 


Pay): 


If p + |y’'| is even, then Zan is a regular generalized weighted function at X = 
"yl _k, keNU{O}. 


Proof. Consider first 4 = — asl Using formula (4.42) we can write 
ly ¥1(0, 0) 
Atly 10, —ntlyl gly" 
=® a 1-t) "2 t 2 dt 
en Pre Oy = ( 2 ) 4 [: ) ‘ 
0 
1 r (y") r ( nt ly Sis 1) 
= yw (0, 0) - : (4.49) 
r (- ptly | 4 1) 


From the last formula it follows that if p+|y’| is even, then res zp (P V4 P= 
I n 


Now let p + |y’| not be a natural number or p + |y’|EN, p + iy" |= 2k —1,keN, 
and g+|y”| is even. We have 


W110, 0) = ¥0, 0) = 90) / | oY dSpd Sq = 9(0)|St (p)ly1St ly, 
St st 
(4.50) 
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where 
Pp ! q " 
y+ y ti 
ir mr (% ) 
S = ; Se — 4.51 
IS Oly = 7 (EB) ISS @ly 5-1 (EP) (4.51) 
After a simple calculation, we get 
cyt! UF 
x 2S i=1 
a eee Qn r (“1) y(0). 
=" 5 
Besides, 
n Wel 
qty" II Tj 
res PX = fod = ; 5, (x). (4.52) 
yam ae r (=r!) 
=H 5 
Using the Green theorem and formula (4.48) we obtain 
A+ A+1 Ydy = 
(910, P**'(@)] — P(x) e@)]) dx =0, 
{P(x)>0}* 
so 
(Pra Dy = (Py 4, Oy 9) (4.53) 
VEY WA+DY)QA+n4 lvl VEO 
Applying formula (4.53) k times gives 
ena ‘)y 
2a ud =u a : (4.54) 
kA +1). +k (A425 4 HY (+41) 
Consequently, 
P* : = prtk k 
Ba er Bh ey 


—_ntlyl 7p 
=- k 


* PEOALD..4b (a+ 4p) 2 (a+ el e—1) 


and 


A+k Fk a k 
res Pees = res Pe ig : 
3 yt yy ae? 7 ( Yot yPy 
=e —— ty! 
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Therefore, if p + |y’| is even, then residues vanish. If p + |y’| is not natural or p + 
ly’|EN, p+ |y’| = 2k — 1 and keN, then (4.52) gives 


es. (Pl a.a)p= (Cf 5, (x), P)y- 


___ attyl 
A= yk 


The proof is complete. 


Theorem 40. Let p > 1, ¢g > 1. Ifnt+ly| is even, p + |y’| and q + |y”| are even, 
keNU({O}, then Pe has simple poles at = — atl with residues 


atly| 
mel sg is(" 7 +k— 1) 


(P) 


1 
res PA = 1 
ya thy —k wr r (4 + k) [ yo? 


gtly" | n y a 1 
= , : 
reer Hr ( ; ) 1300). 
i=l 
Tf p+\y'| and q+\y"| are not natural or p+ly'|,qtly”|EN, and pt+ly’| = 


2m — 1, qtly”| = 2k — 1, m,kéN, then P. i 4 has a second order pole at points 


A= 2H! —k. Coefficients eo ® 


+ 


) and c’; of sen ee in the Laurent se- 


ries in the neighborhood of points } = ~ hip! —kare 
eH 
1 nly Cae 1) (-l) 
(0) Se +k-1 
Cai r( bl ‘) [ De by (P) + a 


Ie) (EP) 6()-+2 50} 


i= 


n 
m(p+ly'l) (4) 
in Tr (4 — 
a ntl yy # i ad as 
c.5=(-l)? yoy (X), 


gnt2kkine DP ( +1yl+k) 


where (x) = te 


Proof. Letn+|y| be even and 4 = —Atlyl —k, keENU{0}. We first write (P* ro Py in 
the form 


1 lo.) lee) 
atly| 
Phe @y =z fF eqandu fu! (4.55) 
0 0 
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n+ly| 


where ®o(u) = res @(A,u) and ®1(A, uw) is regular at A = — Hg. Each 
d elk 
integral in (4.55) can have a simple pole at A = — Hl x, so CPP is ~)y can have 


a second order pole at 4 = —2Hyl 


x . . 
expand PY , in the Laurent series 


—k. In the neighborhood of such a point we may 


(k) (k) 
C5 coy 


= 
rer (a+ etl +2)” A el a x 


Let us find coefficients e& and ey We have 


[o,@) 
k nt+lyl 1 k 
(CO. = tes, / WTP! bo(u)du = — 0)” (0). 
A= Ek : 
0 


If k =0, then eo = o(0). In accordance with (4.38) we get 


1 
1 3 ey" 2 

(0) = —1 (0,0) res (l—1t)*t 2 dt 
4 ya tty 

0 


2 


F ae) ra+)) 


=71(0,0) res - . 
a=— el ar ( + 1) 


Taking into account that ¥ (0,0) = 9(0)|S(p)ly1S7 (@ly”, where |S (p)|)/ and 
IST @lyy are given by (4.51), we can write 


0 
c, P)y = 


n+ly| / ” 
a +1 p+ly') g+ly"| 
(Dott (ey ay 


_ aptly’) 
sin 


= 5 IST Ply 1S Oye 


Then p + |y’| is even (in this case g + |y”| is also even) and we have c& = 0. Thus 


cane ~)y has just a simple pole at A = — el If, on the other hand, p + |y’| is not 
natural or p + |y’|EN and p + |y’| = 2k — 1, KEN, then 


/ n : 
sin Hptly D I] Tr utt 
co = (2 i=l 
a at+ly| 
at (©) 


3, (x). 


Using the same way as in the proof of Theorem 39, if p + |y’| and qg + |y”| are even, 
then ee has a simple pole at 7 = —nHrl —k.If p+|y’| andg+|y”| are not natural 
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or pt+ly’|,g+ly”|EN and p+ly’| = 2m—1, g+ly”| = 2k—1, m, kEN, then 


x(p+ly’) Fp (vit! 

s L 

sin E50 TTT (23+) 
i= 


ntly 
Saen >a (SS) Loy 
Let us find now cl) We have 
oe) 
eee 
: oe) 
x pore te, (- —k, “) du. 
0 


Since ®p(u) = nee OW u), using formulas (4.40) and (4.47) we obtain 
A=— 


oo ntly| 

2 (-1) 2 te! (PAM a Ry 
/ uw N@g(u)du = 53 (P),g) . 
y r( +k-1) y 


2 


Therefore 


lo) 
res fer ete, al a4 u)du 
na Mel 4 a 
* 0 


1 ake, (#82 —&,) 


= (a, 9), 
k! auk u=0 y 
and 
atly| 
—~1)72 +k-1 n+l py 
& (-)D scat (P) +0, 


aa il 
p(k)” 


For k = 0 we get 
(0) _ nt+ly| 
(a, D)y = P| (- 2 ,0 . 


To find , (- ase 0) consider ®(A, 0). Using (4.49)-(4.51), we can write 


ra+1) ll r (4) 


i=l 
r (4) r ( 4. q+ly"| " 1) 


P(A, 0) = 90) 
Qn 
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The formula (1 — x) (x) = == gives 


‘ ty") F(-a— qty" Ir wert 
sin (2 + =) =e fa 
@(A, 0) = — 


g(0). 


sinwA r (ee 
2 


If p+ly’| and g+|y”| are even, then 


sin (a+ at ly" | ) 
lim 


ntl sin zr 


aX pee L 


ho 


Since ®(A, 0) is regular at A = — nly and 


e musaide, ag {ee lu 
2 2 


we have 


Il r (4) 


q+ly” my i= 1 
nt+ly| 
r( 


If p+|y’| and g+|y”| are not natural or p+|y’|, paige and p+|y’| = 2m-—1, 


(., 9), =(-) > 


p(0). 


q+ly”| = 2k—1, m, keEN, then ®(A, 0) has a pole at A = —“54 ana . In this case 
n+ly| vi+1 
(wy = (- 5 10) =( 15 


: sin (247) (y (2) — y ("¥8) 
re 


where W(x) = aa . From this we obtain 


atly| 
3% ee) +0500) 


g(0), 


Bo Tag [OO 


where 


diy i +1 
9=(-1) 2 He (2 ) 


i=1 
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if ptly’| and g+|y”| are even. If p+|y’| and g+ly”| are not natural or 
D+ly'l.gtly’ EN and p+|y’| = 2m—1, q+ly”| = 2k—1, m, kEN, then 


n 
n ;+1 f 
g=(-) FY Ir( ) sin( PO r) 
i=l 


: (2) (")). 


(k) 
=] 


Finally, in order to obtain c 
pletes the proof. 


for any k > 1, we use formula (4.54) again. This com- 


One can likewise obtain results for the weighted generalized function Pe of the 
form 


Cae ~)y = / (—P(x))*g(x)x’ dx, Y € Sey 


{P(x)<0}+ 


(see (4.35)). All that we have said above about en 4 remains true also for Pos ex- 

cept that p and g must be interchanged, and in all formulas 6 ve must be replaced by 
klk) 

(—1) by» k=0, 1,2,.... 


4.2.2 The weighted generalized function Y;, and (P + iO); 
associated with a quadratic form with complex coefficients 


This chapter focuses on the residues at singular points of the weighted generalized 
function a and (P +i 0)%, associated with a quadratic form with complex coeffi- 
cients. 

Let us consider the space of all quadratic forms of diagonal type 


PO) =>" ax, 


k=1 


with coefficients g,¢C, k = 1,...,n. We can write a quadratic form Y as P= 
P,+iP2, where P;, P2 are quadratic forms with real coefficients. 


Definition 31. Let the quadratic form Y = P; +1 P2 have a positive definite imagi- 
nary part P2. We define a single valued analytic function of i by the formula 


PDP = en Altiarg P) O<argP <n. (4.56) 


Now with Y* we will associate the weighted generalized function a, = (Pi +iP2)}, 
defined as 


(Pioy = | Poypooxax. 
RY 
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Let us consider the weighted generalized function from Definition 31. Since we put 
O<arg Y<nx, ae is in the upper complex half-plane. Further, the weighted general- 
ized function ee is analytic not only in A but also in the coefficients g,,7 = 1,...,, 
of the quadratic form Y. This means that Y* is analytic on the upper complex half- 
plane of all quadratic forms Y = P; + i Po, where P2 is positive definite. Since the 
analytic continuation is unique, the weighted generalized function oy is unique de- 
fined by its values on the set of quadratic forms Y =i P2. So instead of Y = P,+i Po 


n 
we will consider the form Y = iP, = )~ Gexe. This means that gx = iby, by € R, 
k=1 


n 
k=1,...,n, and the form P2(x) = > bexz is positive definite. Then 
k=1 


n 


d ‘ d 
(F. ee ‘ 2 ins?) o(x)x’dx = it / » be) y(x)x" dx. 
Re k=1 


k=1 Rt 
(4.57) 


Taking into account that by = —ig,, k = 1,...,n, we can pass in equality (4.57) from 
J bexx to X~ and obtain 


- IX 
(P», py = ny (gel | 1? ga(x)x¥ dx, (4.58) 
oa 


where g = (1,..., 8n), gk are coefficients of the form iP), k = 1,...,n, ny(g) = 


II i ye 204 __ 3 2 ‘ d (x) = ( XI Xn ) 
hl —18k 7 XK ,and Pg(X)= QP Aer ars 5 


k=1 
The weighted generalized function i 


Formula (4.13) shows that at A = nt lyltep p=0,1,2,..., the weighted gener- 
alized function oa has simple poles with residues 


was studied in Section 4.1.2. 


res [(ry*, p)y] = |S} (n)|y 5) (x), 


and A= — melee p=0, 1, 2,..., with residues 
P= iE st (nly 6 4.59 
res y = Ny (ge |S} (1) |y 5) x). (4.59) 


__ ntlyl 
A= 


Let us consider the differential operator 


n 2 
1 0 Ve O 
By p=) + . 
ies kai 8 (7 Xk =) 


190 Transmutations, Singular and Fractional Differential Equations 


where gx are coefficients of the quadratic form i P2. We have 
n+lyl 
Bye Pat! =4(A +1) (: eo net) a. (4.60) 


Applying formula (4.60) k times we obtain 


nt+ly| ntly| 
BK (A) Pak = 4k (41)... A+K) (+) - (a+ 5 tk-l ae 
(4.61) 
So 
res a, = 
y pal k 
i A+k 
res ae 
4k (A41)...(A+K) (a4 p) (+e +k-1) vy =e 
aa eg 
Consequently, inserting (4.59) we find residues of ade atA = — ntlyl —k: 
jzotlyd 
Lm gett (shal T (BA) 
res PL = By by- (4.62) 
ra Mk ater (51 + x) 


Formula (4.62) was obtained for the quadratic form Y = i P2 = > BKXp lying on the 
imaginary axis. We should now continue it analytically to the entire upper pale: -plane 
and obtain (4.62) for all quadratic forms Y = P,+i P2, Py = 3 AX; Py = 2 bexe, 


k=1 
where P2 is positive definite. The coefficients of B, , are soe analytically 
through the coefficients of Y, or more precisely, they are equal to +. So the ana- 
lytic continuation of By, , is known. Analytic continuation of the function 7, (g) to the 
entire upper half-plane is 


ny(g)=[[ed-ing)y =, we. (4.63) 
k=1 


n n 
So if A(x) = PitiP, = DY gexp = Vo (ae t+ iby )xp, an, be € R, k =1,..,n, is 
k=1 
a quadratic form with a positive definite imaginary part, then the weighted gener- 
alized function a is a regular analytic function of 7 everywhere except at A = 


— ny —k,k=0,1,2,..., and at these points a has simple poles. The lower half- 
plane of quadratic forms, that is, quadratic forms with negative definite imaginary 
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n n 
parts A(x) = P}-iP2 = BkX7 = Vi(a - idk) x7, may be subjected to similar 
k=1 k=1 
analysis. In this case the analytic continuation of 77, (g) to the lower half-plane is 


ny(g)=[[bedtingy 2. we =. (4.64) 
k=1 


Therefore from (4.62) we get two formulas. The first for residues of (P; + iPo)}: 


jer D) Abs 
— eee ane ISi(n n)|yT (: me) k 
psn (P, +i Po), = ltyK Pray 
ya tg akk! T] (bt —iax)) eT (AX +k) 
k=1 
(4.65) 
The second for residues of (P; — LP 
image 
. Ish n)|yT (4 fe) k 
res (P) —iP2)) = ProePr- 
ya ttyl 5 # 7 zt sae - 
=— Hl ARK TT (be +iax)) 8 ( a: +k) 
k=1 
(4.66) 


n 
In (4.65) and (4.66) a quadratic form P2 = >> bexp is positive definite. 
k=1 
Using weighted generalized functions (P; + i Po), we construct weighted gener- 


alized functions (P +i 0); and (P —i Oy: Functions (P +i 0); are used for writing 


Pp n 

*, where y= By,- DL By, 
k=1 j=p+l 

k =1,2,..., and for the definition of real powers of the B-ultrahyperbolic operator L1,, 

in particular the B-hyperbolic operator when p = 1 andn = 2, 3,.... 


fundamental solution to the iterated operator 


Definition 32. Consider the nondegenerate quadratic form with real coefficients 


n 
A(x) = Yo anxg, a, ER. (4.67) 
k=1 


Form A has in the canonical representation p positive and q negative terms, where 
p+q=n. Let 


P=A+iP’, 


where P’ is a positive definite quadratic form with real coefficients. Without loss of 
generality we may assume that P' is of the form 


Pl =e(x? +... +22), e>O0. 
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Let 2 =(A+iP’ yes We define the weighted generalized functions (A +i 0)%, and 
(A — id) for Rex > O0as 


“yA __ 1: pyr 
(A+i0)) = JCA +iP),, 
(A —i0)} = lim(A -iP’)?, 
é—>0 
where the limit can be taken under the integral sign in [ P* px’ dx. For Rer <0, 
RY 


AZ —-k, AF nly k+1,k &EN, expressions (A+ idy,, and (A — id)’, are defined 
as analytic continuations and then the limit ¢ — 0 is taken. 


Theorem 41. Residues of (A +0) and (A —i0)* ati = —“Y_k, k=0,1,2,..., 
are weighted generalized functions concentrated on the vertex of the cone A(x) = 0: 


i iCae “istn ly r (=p) 


res (A+i0)} = Br gdy (x) (4.68) 


As Bk akk! T] lar (Se +k) 
k=1 
and 
; egtly") 
oe fe SOW (AH) 
_ te, (A-iy = ey BE by(x), (4.69) 
=n 4kk! TT lakl 2 (ye +k) 
k=1 
where 


n 2 
1 a ) 
Bya = ( ors 5 
ke Ok Oxp = Xk OXk 


where ax € R are coefficients of quadratic form A. 
Proof. The weighted generalized functions (A + id), and (A — iO) can be expressed 
through the weighted generalized functions Ay, 4 and ADs of the form 
(Ay Oy = i A*(x)p(x)x" dx, p € Sev, 
{A(Qx)>0}+ 
and 


(At _,@)y = / (—A(x))*p(a)x’dx, 9 E Sev, 
{A(x) <0} 
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where {A(x)>0}*+ = {xER":A(x)>0}, {A(x)<0}t = {xeR" :A(x) <0}, AEC, by 


(A+i0)} = Ar +e™a* _, (4.70) 
(A-i0)} =A}, +e7™ At. (4.71) 


Indeed, for ReA > 0 the weighted functionals (Ay, 45)y and (At ~)y correspond 
to the functions 


re a A>0, 


0 A<O, 
, Jo A>0, 
y~"" )(-A)* A <0, 


where A is defined by (4.67). Then 


A* A>0, 


A+i0)* = lim(A +i A 
( J Ny lim ( ie|x|), eth!) AA A<0O. 


Since the analytic continuation is unique, formulas (4.70) and (4.71) can be used for 
Red <0. For A = —k, k € N, the weighted generalized function 2, does not have 


poles and (A +i 0)%, in this case is introduced by formulas (4.70) and (4.71). So we 
deduce that the weighted generalized functions (A + iO), are analytic in A € C every- 
where except at A = —nHyl —k,k =0,1,2,..., where they have simple poles with 
residues 


res (A+i0)}=lim res (A +ie|x|)*. 
ya Mil _g £>0,—_ mtlyl_p 
2 2 


Since the quadratic form A has in canonical representation p positive and g negative 
terms, from (4.63) and (4.64) we obtain 


Fe ._ pHy’| | gt” 
tin Tefen" = TT eu 2 (-i) 2 i 2 


+ 
apr Pir l=" TY tae 2, 


k=1 


ltye | pty’! tly" 
lin T]e+ fan [Tu zi 2 (i) 2 


a 
— et Cp-ly'it+atly'") rl |ag|~ 2 
k=1 
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where |y’| = yi +... + Yps lv" | = Yp4i + +» + Ypt+q- Therefore, applying formu- 
las (4.65) and (4.66) we get (4.68) and (4.69). 


2 
saa 


If in (4.67) all ag, = 1, then the quadratic form is P = xit.. +x5— x 44 
n= p+q, and for this form the weighted generalized functions (P + idy,, and (P — 
i 0)%, for Red > 0 are defined by the formulas 


wn\A 4: pyr 
(P +i0)) = Jae EP Jy 
(P —i0)) = lim(P — iP’), 
e>0 
where the limit can be taken under the integral sign in P* px’ dx. For Red <0, 
RY, 


AA -k, AF ntl k+1,k €N, expressions (P + iO)’, and (P — i0)*, are defined 
by analytical continuation and then the limit ¢ — 0 is taken. 


We have 
(P+i0)} = Ph, +e™P? , (4.72) 
(P—i0)) =P), +e Ph. (4.73) 


From formulas (4.68) and (4.69) it follows that residues of (P +i 0); and (P —i 0)%, 


atA = — nly —k,k=0,1,2,..., are weighted generalized functions concentrated on 
the vertex of the P(x) = 0 cone: 


_ m(gtly"\) 
EP SPT (Se) 
a yy (x) (4.74) 
a shel TT (94 +k) 
and 
Fea zal ") 
PO stab (“4 a) 
res (P—i0)y = EDS (w) (4.75) 
a 4a TT (94! +k) 
By (4.72) and (4.73), formulas 
: (go hi “ya _ Thiy p _ aA 
Pray = Qi sind (¢ (P +10), — e8" (P i0)') (4.76) 
and 
Pe = ((P +0); — (P -i0);) (4.77) 
—Y 29 sind y Y . 


follow. 
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4.3 Other weighted generalized functions associated 
with a quadratic form 


The introduced functions Ris and (P +i 0); are used to obtain a fundamental solu- 
tion of the B-ultrahyperbolic equation and to construct hyperbolic Riesz B-potentials. 
However, these functions are not enough to obtain solutions to the Cauchy problem 
for the general Euler-Poisson—Darboux equation. In this section, we consider the func- 


tions that will be required to solve this problem. 


4.3.1 Functions (w? —|x|")i_,, and (c? + P + i0)}, 


Here we consider the weighted generalized function associated with the positive def- 
inite quadratic form (w? — [x|*)% y and the weighted generalized function associated 


with an indefinite quadratic form (c? + P +i Oy, where c and w do not depend on 
xeER. 
Definition 33. Let x € IR’ and w does not depend on x. We define the weighted 


generalized function (w?—|x|?)4_, by the formula 


(ww? - [xP Oy = / (w? —|x|?)*p(x)x’dx, 9 EeSe, AEC, 


{lx]<w}* 


(4.78) 
where {|x| < w}t = {xER":|x| < w}. 


Definition 34. Let g € Sey, 


n 
P=PH+iP’, P=) agx;, ax ER, 
k=1 


the quadratic form P has p positive and q negative terms, where p + q =n, and P’ is 
a positive definite quadratic form with real coefficients. Without loss of generality we 
put P’ = e(x7 +... +x), € > 0, where c does not depend on x. We define the weighted 
generalized functions (c? + P+ iPS by 


(e+ P+iP'y%, (x), = / (c? + P+iP’)o(x)x” dx 
Rt 


and 


((c2 + P iP’), P(x))y = / (c? + P—iP')p(x)x" dx. 
oo 
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The weighted generalized functions (c? + P + id), and (c? + P — i0)}, for Rea >0 
are 


(c7 + P+i0)% = lim(c? + P+iP’)h, 
e>0 

(c? + P —i0)* = lim(c? + P —iP’)4, 
y e>0 


where the limit ¢ > 0 can be taken under the integral sign in f{ Pox’ dx. 
RY 


4.3.2 General weighted generalized functions connected with 
quadratic form 


In this subsection we introduce the new family of weighted generalized functions 
: ‘ 2 7) 2 
connected with the quadratic form P(x) =X] Te AXG XG 1 TX tgs n=pt+q. 
Functions of this family are generalizations of studied earlier functions. 
Let P be a quadratic form with real coefficients, let P; be a positive definite 
quadratic form, and Y = P +iP. 


Definition 35. Let g € Sey, and f (z, ) is the entire function of z and X. The weighted 
generalized functions Pie A) are given by 


(AIF A).0@))y= } Py. f (PA, d)o(a)dx, 
RY 
where X€ C, Rea > —1, and F is a complex quadratic form with positive definite 
imaginary part. For Rex > —1 the function Poi, A) is analytic of i. For other 
meanings of 0. the weighted generalized function i SF (PY, A) is defined as analytical 


continuation. 


From the decomposition of f(z, 4) to power series by z it follows that for the 
quadratic form with real coefficients P limits 


(P20) 7 (P 20) = jim, Po Pd); P=P+HiPy, 
i 
exist. 


From formulas (4.72) and (4.73) we get 


(P +i0)} f(P,A) = Ph, f(Py,a)+e7™ Pi f(P_,A), (4.79) 
(P=), FP D= PeafPed +e FP). (4.80) 


The family of functions given by Definition 35 is quite wide. In particu- 
lar weighted generalized functions generated by Bessel functions Jn+ty| an Hy, 
2 


1/2 (1) 1/2 (2) 1/2 1/2 
Kno (P iy, Hrs (FP fy, Hrs, FP /?), and Instn 4 (FP /?) are from 


this family. 
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4.4 Hankel transform of weighted generalized functions 
generated by the quadratic form 


The purpose of this section is to prove the formulas for the multi-dimensional Hankel 
transform of weighted generalized functions generated by the definite and indefinite 
quadratic form considered earlier. 


4.4.1. Hankel transform of 


In this subsection we present a Hankel transform of i following [177,251,242]. In 
[251,242] an analogue of formula (4.83) was obtained in the case when instead of 
Hankel transform a mixed Fourier—Bessel transform is used and in the weighted func- 
tional we, ~)y weight was taken only by one variable. 

Now, we perform the formula expressing Hankel transform of any radial function 


from Lt (R‘). 


Lemma 16. Let y(s) be a function of one variable and g(|x|)ELy (Ri ). The Hankel 
transform of the radial function (|x|) is the radial function and the following formula 
is valid: 


ir (4) » 
F,[e(Ix)]€) = ‘ 


an-ip (241) / 


GO) jnsipica (IEIr) "FP dr. (4.81) 


0 


Proof. In the Hankel transform of the radial function replacing j,, (x, €) to Pr fe t(%-8)] 
by formula (3.138) and going over the spherical coordinates x = ro we get 


Fylotsbie)= f edxbiyG.8)x” dx 


Rt 
[o,e) 

= [ vent ar / Pile oer as. (4.82) 
0 St (a) 


Using formulas (3.143) and (3.141) we can write 


/ Pre —ir{a,é) No’ dS 


== ae fewrd- py 2d 
Jrear (2 jo) 


1 
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- i=1 yee) 


x (\EIn) 
free) 
= ze ip (mapa) BEI 


Returning to (4.82) we get 


F, L(x) = ———_~_ 90) fat eI 7" arr. 
oir (2 : 


Theorem 42. The Hankel transform of i in the sense of (1.83) is 


ere A# 2k, AA-—(n+ |y| + 2k), 


Fy [Ir 1€) = Day (— Aye 9)5y aw) 
jg" In é| A= (Mt |y| + 2h), 
(4.83) 


where 6, = 6, (&) is the weighted delta-function, k =0, 1,2, ..., and 


gly |+a i r(4¢)r(234) 
IE AA 2k, Ax (n+ ly] +20, 


Dany A=) 1 =2k, 
n tyl4A 
Tr (#4) © peavey (n+ |y| + 2k). 


AO CE) sae 


Proof. LetRev > —(n+|y|). Then i, is a locally summable function. Assuming that 
—(n+ |y|) < Rea < —(n+|y|)/2, in this case formula (4.81) is valid and 


n 


ELE (44) 66 
F,[r 1®) = (a) -_ aa ice (lE lr) 2 TIO ar 
0 


2 


(oe) 
2a, yit1 ual 
= Hy l-2 a 3 jf - Jntiyl- ntiyl-2 (|§ |r) dr. 


l§| 2 a1 4 
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To calculate the integral, using the formula for the Weber type integral, we get 


a+ly| 
+A ntly|+a 
2? Pr (abe 


ep (4) , 


- | 
n+ly 
+2 
Jo ‘ J nsipi-2 (1517) dr= 
0 


Then, we need to show that the Hankel transform (F,, [3] (€), ~)y according to (1.83) 
is equal to 


i a 
Gny (A) (aa °) = rs Fy ¢@)y, (4.84) 
air Ty] v(t) (ties ) 
where Gy, (A) = isl co , AA 2k, AA -(n + |y| + 2k), k= 


0,1,2,.... The right side of equality (4.84) is defined and analytic for all A € C, 
since F,g € Sey. The left part is analytic for all A € C except for A = 2k and 
A=—(n+ |y|+2k),k =0, 1, 2,.... 

In the case A = 2k the Hankel transform of ry has the form 


Gr ays / ae / hy, E)@(E) EY dé x” dx. 
Rt Rt 
Note that if 
|x|*j, (x, €) = (—Ay)z jy @, 8), 
then we have 
Gr ley= / / (—Ay )é by (x, E)9(E) EY dé x” dx 
RR 


= f Fea, fone” dé = 6, ay borr. 


RY 


Consider the case A = Ax, = —(n + |y| + 2k). We can write equality (4.84) for A in 
the neighborhood of A; in the following way: 


1 
A = 
(A ook Ak(ry, F,¢), —_— a(A) (aa ’ ) ’ 
where a(A) = (A — Ax)Gn,y (A). Differentiating this equality by A we obtain 


a’ (A) + a(A) In |é| ) (4.85) 


d a 
an — Ary. Fy Py = (aes Q 
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Then from (4.85) for A — Ax it follows that 


1 
(2k, Fyp)y = alae) (an ) 


@ 
N+ly|+4, 
lé| er). 


We calculate the constant a(Ax), Ax = —(n + |y| + 2k): 


n 


1 —| k 
a(ax) = lim aa =[]r(~ = ae 
A> he 3 2 92k-+n-1kip (zthe2t ) 


and since A =A, = —(n + |y|+ 2k), k = — ne lylen and 


n+ly|+a 


(M+) (HD? 2iviael 
ou) =[]P( ) - 
rr 2 [ Hips | ( i) 


The proof is complete. 


4.4.2 Hankel transforms of functions P°., (P +i0),, and P’- 


In this subsection to find the multi-dimensional Hankel transform of weighted gener- 
alized functions related to the indefinite quadratic form, we will use formula (4.83) 
when A # —(n + |y| + 2k), AA 2k, k =0, 1, 2, ...: 


n 
aivita 7 Op ut) rp ntly|+A 
gc: 
r(-5) 


a +y| _ 
Theorem 43. The Hankel transform of Py for 1 #k, AA (3 +k), k= 
0,1, 2,..., is 


Fy [r*](é) = jee el. (4.86) 


FY [Pe |E) 
n . n oil. 1 
aertirle Wr pr (mg) (A +a) peg gay tH 
= i=l gy Ea 
= +..4+ 
T (—A) J (Hier) It ../(Hiar,) tr % om On 


(4.87) 


Proof. If the weighted generalized function leds is an analytic function of a, ..., @, 
in the region Ima, > 0, k = 1,2,...,n, then the Hankel transform of ae is also an 


analytic function in the same region. Therefore in order to find Fy [F?] we need 
only treat the case in which all a; are imaginary and then analytically continue the 
found Hankel transform to the whole complex plane. Putting a, = iby, by > 0, k = 
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1,2, ...,n, we obtain 


Fy[Pe\é) =e?" fou +. + bn x2) j(x, 6x" dx. 
Rt 


Change of variables by x; = —£, i = 1, ...,, transforms this to the form 


Te 


X zy, t-te aas( Y i 
Fy [PA VE) =e? b, Dn r“j{ — y' dy. 
RY 


The Fourier transform of the weighted generalized function 7 has already been cal- 
culated in Section 4.4.1. Using (4.86) we have 


22+I7! i r (“4 :) r(? Hy +2) 
Fy [P2\(é) = = eaM 


r(- ars [pity 


—n—|y|—22r 
&? g 
. itl n+y| 
Ir (4) (44 +2) 
TP (—A) J (Hie)! +1. (—iatn) FY 


=n-ly|_y 
&? & 
4 eee 
—iay —1An 


Taking the factor —i out of the bracket 


—2HyrleFAi 


SV capita 
Sn we get (4.87). 


—1an 


Now the uniqueness of analytic continuation vitae that (4.87) remains valid also 
for any quadratic form whose imaginary part is positive definite. The square roots 


1 o1-, —_ 
V(—ia1)!4”..../(—iay)!+% are calculated by /Z = |z|2e2! #8. 0 


a+lyl Xe 


mB CO +10), (4.88) 


n+lyl_ 


eB, yA +i0- 2, 


Theorem 44. The Hankel transforms of (P + i0)}, forr#k,r~n4#- (4 is 
k=0,1,2,..., are 


F,[(P + i0)}](§) =e 
F,[(P — i0)} (€) =e 


where 


Ome, Paw Eg a os 
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Tir (vet) r (etl ga 
Lj = ( en 3 ) 


Proof. Let in formula (4.87) a, = ax + iby, k =1,...,n. Then 


n ve 
Fir) (2 -4) 
i= 


D(A) V(b) = 1ay)¥11../(On — tag)! 


_ntly|. 
ya 


BIA ej =e 


_atlyl 
7 Xr 


x i SF ei=e fr , (4.90) 
aj + iby An + ibn 
Putting a; = l,...,ap = 1, ap41 = —l, ...,ap+q = —1 in (4.90) and tending to limits 


b,—>0,...,b, >0, we obtain 


FY [(P + i0)} 1) 


Fin tye 4) 


i=l 


T(-a) f(D 1. (Hi) te Vi tet film 


— 2d |o— lin 


2 2 2 > \ mea 
5 ab fake 5p Sp+l + gn 
1410 “~ 1+i0 -1+i0 “=  -1+i0 
" it] t 
ty I] r(4eyr( au +4) 
= Atly |p tein i=! 
I (—A) 
x (ga —i0) +... + €5(1 —i0) +&, (-1-i0) +... 
amyl 4 
+§;(-1—i0)) 
n 
vitl n+ly 
atl”; TT ( : )r( 2 +3) nly 
= Pl Ei (Q—i0)- 2. 
P(—A) 


That gives (4.88). Formula (4.89) is obtained similarly. 


Further for formulas (4.88) and (4.89) we will use a short notation: 


F,[(P £i0)2] =e" FB, )(P £10) (4.91) 


Weighted generalized functions generated by quadratic forms 203 


d atly| = 
Theorem 45. The Hankel transforms of P) 4 for) #k, AA — (P48), k= 
0,1,2,..., are 


rial vit] n+\y| 
F,[P¢]= r( 2 r Ayrd+a 
yet) I] “ ( aki ) (+4) 


it } 2 
i= 


ig q+ly"| 
=; OF) 94 10) 


x (oh Peg —i0 


(4.92) 
and 
ga 1% 1 
oe r(ae )r (4 7" 
i=l 
“ (“F _ ij ar ting 4 i 10) aaa (4.93) 
where 


O=b+..485 - 8 Big 


Proof. Using formulas (4.76), (4.77), (4.88), (4.89), and 


P@Prd—z= 


sinz’ 


after some elementary operations we obtain (4.92) and (4.93). L 


4.4.3 Hankel transforms of functions (w? — |x|*)* ty and 
(c2?+PH+ id)’, 


Here we obtain the formulas of the Hankel transform of some functions from Sec- 
tion 4.3.1. 


Theorem 46. The following formula holds: 


n 
wntlyi+24 TTP (4 


(w? — Elena i=1 : 
(Fy )x eae )= oer (Sela + ') Jntnl 4, (wlx)), 


(4.94) 


k—n—|y|-1 
where (w* — za» is defined by formula (4.78), w > 0. 
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Proof. Let first ReA4>—1. We perform the integration in F, (w?—|x|?)4_, by going 
to spherical coordinates and applying formula (3.140): 
(Fy) (w? = |x?)4, = / jy, 8)? = [x)?)*x" dx = {x =r6,r = |x|} 


Bi (n) 


W 
= ft yay / jy (r0, x)0” dS 
9 Sf) 
n 4 
ir (3) w 
i= 


~ onip ( eHly [ow PY jocsyt (repr Ndr 
Co il 


n Ww 
n+lyl — lyl=n ;+1 atly| 
= |xf- 2% Tr (% ) few? PP soaps setsdr o dr. 
i=l 0 . 


Using formula (2.12.4.6) from [456] of the form 


WwW 

2B-lybtyp 
/ rE? — PO" Jy(ur)dr = oe ctu), (4.95) 
pL 


0 


w>0, Ref > 0, Rev>-—l, 


we obtain 


ew 34D +1) 
|x [Atl 


WwW 
nt+ly| 
(wr? Ins (rier? dr = Jusinl 4, (210) 
2 1 Z ™ 
0 


for Reda > —1 and 


n 
wrtr(, +1) []T (4+) 
MH 
(Fy) (w? = |x?)4 = 


in WX), 
arr (“Hel +441) a a a 


which coincides with (4.94). So we get (4.94) for Rea > —1. For other values of 2 
such that A #4 —1, —2, —3, ..., equality (4.94) remains valid by analytic continuation 
ind. 


214 )2ya 
Residues of Ce at A= —m, m € N, have forms (see Section 4.2.1) 


(w? — [x2y4,, 


im = 5a@—-) 2s 2 : 
A>—m raA+t+1) y a Rl) 
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Then for 4 = —m we get 


(w? = |x?) 
(Fy). ae @)= / By Cx, 98") (w? = [x[?)x" dx 
Ri 


whtly|-2m i r (4) 
=1 


a co m+1) 


jnsiyl_p (WI). 


The proof is complete. 


Theorem 47. The following formulas hold: 


Ivi-n 444 Logi. Mtlvliy He yitl 
ett fh (a 
i= 


rv 


Fy (w* + P+i0). = 


5 HY 
Kus 5, (WOy,4) in # — styl {09} 
4.96 
“| ema) 12 ee) ate 
Q,4 QO, 


and 


1. nttyl nm : 
mi +h yvitl 
e2I™ yw? ] Lt (Ht ) 
i= 


Bawa 
5 H® 
Kms, WOr 4) ig Ann wa} -) 


1 (ntly| n+ly1 : 
(ay 2 ee) 
yt Q,,~ 


Fy (w* + P—i0), = 


x 


(4.97) 


where Q = ~ xé? is a quadratic form dual to P = 3 ajx;, A is the coefficient 


i=l i=1 
matrix determinant P, HS? and HE? are Hankel functions of the first and second 
kind (1.14) and (1.15), respectively, and Ky is a modified Bessel function (1.17). 


Proof. We first consider the Hankel transform of the weighted generalized function 
(w* + P)*, where P = |x|? is a positive definite quadratic form and Red < —MHyl 
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Applying (3.140) we obtain 


Fy [(w? + P(E) = [ive E)(c? + |x|?)'x" dx = {x =r6,r = |x|} 
Ry 


[o.@) 
= furs ryrntay / jy (7, x)0” dS 
0 


Sif (@) 
n 
it] 
T1r(4) « 
——— fw +r?) jnsiyi2 (rE) ret dr 
Qn-Ip aie 2 


CO 
+1 n+l 
He(% ) few? PP toga rer T dr 
0 


Using formula (2.12.4.28) from [456], 


oO 


1- sy, 


= 6 


CO 

7 peg 
[oom +27)? Jy(ex)dx = Pappy Kee 1 (€2); 
0 


we get 


lyl=n n+ly\ n : 
+A+1 +4 vitl 
9) w 2 ie = 
i=l 
n+ly| 
|g|)-2 *4T(—A) 


Fy [(w* + P)*](&) = Knsvi 4, WIE), 


(4.98) 


where 4 < ea For other values of A the Hankel transform F,, (w7+P yt remains 
valid by analytic continuation in A. 

Now let P be any real quadratic form. Let us consider the weighted generalized 
functions (w? + P +i 0)%, and (w? + P—i OF In accordance with the uniqueness of 
the analytic continuation, (4.98) gives 


Fy [(w* + P £i0)%](&) 


ly|-n brat] clon n+ly| LA i yitl 
7 a ae ee | tL a 
I= 


1 
~ +71 Kosi, (w(Q F i0)y), (4.99) 
(ox in) pay AT 


where Q = = ra ? is a quadratic form dual to P = x ajx? and A is the coefficient 


matrix ditenmnnati of P. Taking into account the definitions of the modified Bessel 
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function of the first and second kind (1.16) and (1.17), we obtain 


i 1 1 
K nel (WOOF IO) qe Envi, (QF 107) — Inst 4, (W(O F107) 


xin) 7 sin (He +2) x) (in) 


_ a 1 
2sin (34 + i) r) m=0 a 
wm hh : m—a— Lvl 
2 ntly| nt+ly| (Q oo 10)y - 
yaaa ata (m — oye at 1) 
pant tt 
(Q + i0)) 


g2m+ ta (m ae a +A+ 1) 


The weighted generalized functions (Q +i oy, and (Q —i 0), are expressed through 
‘a 4 and OF 2 by formulas 


(OFi0 = Qh +eF™HO” 


So 


1 
Knsvt ,, (w(Q ¥ i0)3) 


(OF io) (24) 


IW cs 
2sin( (va) =) 


won la 


n+ 


_atlyl _ 
Poa eer (m — Ml yy 1) 
—)—2tlvl seas n+l! ntly| 
« (ony 5 prti(m-a pel) ym—2 .) 


Yet + Y- 


want el ta 


Qo” + ermim oF.) 
2 rely yy +ly| ( Vict y; 
Qe 2 P (m+ Hl +4, +1) 


2 
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—~ 


1 a | 
E( A+ Un 
2 
im Jpn (WOy,)—e Ji, 


= 


1 
nap (WO?) 
i n . 
han OL 


Noting that 
mw I_q(x) — Iq(x) 
Kg(x) = 2 
a ina) 
J. _ —ani 7 J. _ amt 7 
HO (x) = a(x) —e ay H2(x) = a() ai a(t) 
i sin(az) —isin(a7z) 
we get 
me. : (1) z 
Knsirig, (W(Q+i0)y) Ky yeni (WOy4) jg Amr WQy,-) 
A (styl ~ 4 nly | 2 . nly! 
oxin()  @zyt (Q2 ye 


at xt ) Z 
Kasi, (w(Q — i0)y) East Oy) in Hymn WOy,) 


pa atly| 2 4 a+ly 


(o x io) 7 (Q2 (.. > 


Considering (4.99) finally we obtain (4.96) and (4.97). 


Corollary 4. If P is a positive definite quadratic form, then 


ly|=n 1). ntlyl be : 
tA+1 .—5qTi LA vitl 
202 TAT eBay 2 ] it (CH ) 


i 
Fy (w* +P +i0)) = “ Knsiyi ,,(wQy,4) 


L 
ly 


r(-A) /TAT oi? 
(4.100) 


and 


oi +A+1 9597 yy’ 


mfr (e) 


yl 


1 
Fy (w* + P—i0)) = K ns  (w Ora): 


ray yTalo2 1 4 
(4.101) 
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If P is a negative definite quadratic form, then 


Fy (w* + P + i0y* 


1 
HY (wQ?_) (4.102) 


=eeh = 


T(—A) /JA] 10 2 
and 
Fy (w* + P — i0dy* 


n 
in 2 the rdti yy tn es (4) 
os 


1 (nt 
2 2 


r(-a)VTATO,S 


1 
Henin _ (wy): (4.103) 


vA 


+i) 
n 
where Q = = xe? is dual to the P = p> di ee quadratic form, HS? and HY? are 
=1 


Hankel Jithettons of the first and second kinds (1.14) and (1.15), respectively, and Ky 
is a modified Bessel function (1.17). 


Buschman-Erdélyi integral and 
transmutation operators 


The term “Buschman-Erdélyi transmutations” was introduced by S. M. Sitnik and 
is now widely accepted. Integral equations with these operators were studied in the 
mid-1950s. S. M. Sitnik was the first to prove the transmutational nature of these oper- 
ators. The classical Sonine and Poisson operators are special cases of the Buschman-— 
Erdélyi transmutations, and Sonine—Dimovski and Poisson—Dimovski transmutations 
are their generalizations for hyper-Bessel equations and functions. 

The Buschman-Erdélyi transmutations have many modifications. S. M. Sitnik in- 
troduced a convenient classification of them. Due to this classification we introduce 
Buschman—Erdélyi transmutations of the first kind; their kernels are expressed in 
terms of Legendre functions of the first kind. In the limiting case we define Buschman— 
Erdélyi transmutations of zero order smoothness being important in applications. The 
kernels of Buschman-—Erdélyi transmutations of the second kind are expressed in terms 
of Legendre functions of the second kind. Some combination of operators of the first 
kind and the second kind leads to operators of the third kind. For the special choice 
of parameters they are unitary operators in the standard Lebesgue space. S. M. Sitnik 
proposed the terms “Sonine—Katrakhov” and “Poisson—Katrakhov” transmutations in 
honor of V. Katrakhov, who introduced and studied these operators. 

The study of integral equations and invertibility for the Buschman—Erdélyi opera- 
tors was started in the 1960s by P. Buschman and A. Erdélyi. These operators were 
also investigated by Higgins, Ta Li, Love, Habibullah, K. N. Srivastava, Ding Hoang 
An, Smirnov, Virchenko, Fedotova, Kilbas, Skoromnik, and others. During this period, 
for this class of operators only problems of solving integral equations, factorization, 
and invertibility were considered (cf. [494]). 

The most detailed study of the Buschman—Erdélyi transmutations was started in 
(533,535] and continued in [230,234,534,535,537] and some other papers. Interesting 
and important results were proved by N. Virchenko and A. Kilbas and their disciples. 


5.1 Buschman-Erdélyi transmutations of the first kind 


5.1.1. Sonine-Poisson—Delsarte transmutations 


Let us first consider the most well-known transmutations for the Bessel operator and 
the second derivative: 


5 > 2w+i a 

T (By) f=(D Tf, By =D? +———p, D?=—, veC. (5.1) 
x dx 
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The Poisson transmutation is defined by (see (3.120) where y = 2v + 1) 


1 


Puf= Tv + 1)2x2 


¥en a\3 1 
/ (« sy ) f()dt, Rev>—=. (5.2) 
0 2 
The Sonine transmutation is defined by 


Qv+3 d x 


es 
f T(5 —v) dx 0 


i} 
_ 1 
(x?-7) "2 20+1 ec) dt, Rev < 5. (5.3) 


The operators (5.2)—(5.3) intertwine by the formulas 
S, By = D?S,, PyD* = ByPy. (5.4) 


The definition may be extended to v € C. We will use the historically more exact term 
Sonine—Poisson—Delsarte transmutations [532]. 

An important generalization for the Sonine—Poisson—Delsarte transmutations are 
the transmutations for the hyper-Bessel operators and functions. Such functions were 
first considered by Kummer and Delerue. The detailed study on these operators and 
hyper-Bessel functions was carried out by Dimovski, and further by Kiryakova. The 
corresponding transmutations were called Sonine—Dimovski and Poisson—Dimovski 
transmutations by Kiryakova [252]. In hyper-Bessel operators theory the leading role 
is for the Obrechkoff integral transform [252]. It is a transform with Meijer’s G- 
function kernel which generalizes the Laplace, Meijer, and many other integral trans- 
forms introduced by different authors. Various results on the hyper-Bessel functions, 
connected equations, and transmutations were many times reviewed. The same is true 
for the Obrechkoff integral transform. In our opinion, the Obrechkoff transform and 
the Laplace, Fourier, Mellin, Stankovic transforms are essential basic elements from 
which many other transforms are constructed with corresponding applications. 


5.1.2 Definition and main properties of Buschman-Erdélyi 
transmutations of the first kind 


Let us define and study some main properties of the Buschman—Erdélyi transmutations 
of the first kind. This class of transmutations for some choice of parameters gener- 
alizes the Sonine—Poisson—Delsart transmutations, Riemann—Liouville and Erdélyi— 
Kober fractional integrals, and the Mehler—Fock transform. 


Definition 36. Define the Buschman—Erdélyi operators of the first kind by 
x 
Bit t= [ (2-2) 
0 


Ey f= / (x? = Pr)? pe (<) f(tjdt, (5.6) 
0 


faa 
2 


Py (=) f(t)dt, (5.5) 


Buschman-Erdélyi integral and transmutation operators 213 


BY“ f= fe = ey? pe (<) f(pdt, (5.7) 
hae f(e - ey? pH (=) f(pdt. (5.8) 


Here Pi" (z) is the Legendre function of the first kind (1.42), PY (z) is this function on 
the cut —1 <t < 1 (1.44), and f (x) is a locally summable function with some growth 
conditions at x — 0, x — oo. The parameters are u,v € C, Rey < 1, Rev > —1/2. 


Now we consider some main properties for this class of transmutations, following 
essentially [533,535], and also [230,234,532,537]. All following functions are defined 
on the positive semiaxis. So we use notations Lz for the functional space L2(0, co) 
and L2 x for the power weighted space L2 ,(0, oo) equipped with the norm 


| Lp) Pkt a (5.9) 


where N denotes the set of naturals, No positive integers, Z integers, and R real num- 
bers. 

First, add to Definition 36 the case of parameter jz = 1. It defines a very important 
class of operators. 


Definition 37. Define for 4 = 1 the Buschman—Erdélyi operators of zero order 
smoothness by 


x 


win s=S.t= a | (=) f(dt, (5.10) 
Ee fie f= [r (2) 4 af 4 t, (5.11) 
BY fa pe fr, (<) (-<2) dt, (5.12) 
EY f=) PL, f= (-) fr f(tdt, (5.13) 


where P,(z) = po (z) is the Legendre function. 


Theorem 48. The next formulas hold true for factorizations of Buschman—Erdélyi 
transmutations for suitable functions via Riemann—Liouville fractional integrals and 
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Buschman—Erdélyi operators of zero order smoothness: 


Beppe at BO page (5.14) 


Shae ge OY Oa ee Sida 8 ae 7 (5.15) 


These formulas allow to separate parameters v and yz. We will prove soon that 
operators (5.10)-(5.13) are isomorphisms of L2(0, 00) except for some special pa- 
rameters. So, operators (5.5)-(5.8) roughly speaking are of the same smoothness in 
L» as integro-differentiations /'~” and they coincide with them for v = 0. It is also 
possible to define Buschman-Erdélyi operators for all pw € C. 


Definition 38. Define the number p = 1 — Re t as smoothness order for Buschman— 
Erdélyi operators (5.5)-(5.8). 


So for p > 0 (otherwise for Re zp > 1) the Buschman—Erdélyi operators are smooth- 
ing and for p < 0 (otherwise for Re jz < 1) they decrease smoothness in L2-spaces. 
Operators (5.10)-(5.13) for which = 0 due to Definition 5 are of zero smoothness 
order in accordance with their definition. 

For some special parameters v, jz the Buschman-Erdélyi operators of the first kind 
are reduced to other known operators. For « = —v or ~ = v + 2 they reduce to 


Erdélyi—Kober operators, for v = 0 they reduce to fractional integro-differentiation 

l-p 
Toy 
for 1=0,x =1, v=it — 5 the operator B”” © differs only by a constant from the 
Mehler—Fock transform. 


As a pair for the Bessel operator consider a connected one 


2 vt 1) _ d v d v 
=e x2 ~\dx x te & , Ode) 


which for v € N is an angular momentum operator from quantum physics. Their trans- 
mutational relations are established in the next theorem. 


or Ce ,forv= -5, ju = 0, or «4 = | kernels reduce to elliptic integrals, and 


Theorem 49. For a given pair of transmutations X,, Yy, 

Milpe DX VD SLY. (5.17) 
define the new pair of transmutations by formulas 

Sve Xe-ipae’ Pax OMY, ap. (5.18) 
Then for the new pair S,, P, the following formulas are valid: 

SSD Sy ROH BP (5.19) 


Theorem 50. Let Re yz < 1. Then an operator By on proper functions is a Sonine 
type transmutation and (5.17) is valid. 
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The same result holds true for other Buschman-Erdélyi operators, E’’ is Sonine 
type and Ee , B’’" are Poisson type transmutations. 

From these transmutation connections, we conclude that the Buschman-Erdélyi 
operators link the corresponding eigenfunctions for the two operators. They lead to 
formulas for the Bessel functions via exponents and trigonometric functions, and vice 


versa which generalize the classical Sonine and Poisson formulas. 


5.1.3 Factorizations of the first kind Buschman-Erdélyi operators 
and the Mellin transform 


Now consider factorizations of the Buschman—Erdélyi operators using standard frac- 
tional integrals. First let us list the main forms of fractional integro-differentiations: 
Riemann—Liouville (2.25) and (2.26), Erdélyi-Kober (2.34) and (2.35), and the frac- 
tional integral by function g(x) (2.38) and (2.39). 


Theorem 51. The following factorization formulas are valid for the Buschman— 
Erdélyi operators of the first kind via the Riemann—Liouville and Erdélyi-Kober frac- 
tional integrals: 


1 
Beha petty 2 i“ (5.20) 
OF = *O4 04:2, vt4\ x ; 
vu (* ae +1 —+p) 
Eo; =(5) Thy, 2, 4/04 : ne 
1 
pre (2) orn pt 5.22 
a — m —;2,v+1°- 2 ( ; ) 
_ ; x v+l1 
EY =e  ) : (5.23) 


The Sonine—Poisson—Delsarte transmutations also are special cases for this class of 
operators. 

Now let us study the properties of the Buschman—Erdélyi operators of zero order 
smoothness, defined by (5.10)-(5.13). A similar operator was introduced by Ka- 
trakhov by multiplying the Sonine operator with a fractional integral; his aim was 
to work with transmutation obeying good estimates in L2(0, 00). 

We use the Mellin transform presented in Definition | 1. The Mellin convolution is 
defined by (1.63) 


(ee) 


x dy 
(fi * f2)() =f (=) fo) aC (5.24) 


0 
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so the convolution operator with kernel K acts under the Mellin transform as a multi- 
plication on multiplicator 


oe) 


d 
M[Af\(s)=M [« (=) f(y) (s) = M[K * f](s) =ma(s)Mf(s), 
0 
(5.25) 


ma(s) = M[K|(s). 


We observe that the Mellin transform is a generalized Fourier transform on the 
semiaxis with Haar measure ay [162]. It plays an important role for the theory of 
special functions; for example, the gamma function is a Mellin transform of the expo- 
nential. With the Mellin transform the important breakthrough in evaluating integrals 
was made in the 1970s when, mainly by O. Marichev, the famous Slater theorem was 
adapted for calculations. The Slater theorem taking the Mellin transform as input gives 
the function itself as output via hypergeometric functions (see [361]). This theorem 
turned out to be the milestone of powerful computer methods for calculating integrals 
for many problems in differential and integral equations. The package Mathematica 


of Wolfram Research is based on this theorem in calculating integrals. 


Theorem 52. The Buschman—Erdélyi operator of zero order smoothness | So, defined 
by (5.10) acts under the Mellin transform as convolution (5.25) with the multiplicator 


P(—s/2+ 3+ )T(-s/2— ¥ + 1/2) 


5.26 
rdj2—)ra—§) a 


m(s) = 


for Res < min(2 + Rev, 1 — Rev). Its norm is a periodic in v and equals 


1 
BY! _ : 
I GF Io min(1, /1 — sinzv) 


This operator is bounded in L2(0, 0) if v ~ 2k + 1/2, k € Z, and unbounded if v = 
2k+1/2,k eZ. 


(5.27) 


Proof. First let us prove formula (5.26) with a proper multiplicator. Using conse- 
quently formulas (7), p. 130, (2), p. 129, and (4), p. 130, from [361], we evaluate 


Bie Oe) ll eae P % 
M(By 9) = Fay! [{#&-ne.©}oron? (s—1) 
0 
ros) 
= qayM [«? _ 1). P2Ce)] (s— DM [Ff]. 


we use notations from [361] for Heaviside and cutting power functions 


1 ifx 0, 


0 ifx <0. 


r x* ifx>d0, 
OX: — 
ae ‘ 
0 ifx <0, 


no=x=| 
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Further using formulas (14)(1), p. 234, and (4), p. 130, from [361], we evaluate 


rC+s eres =) 
rd -s)PG-s) 


’ 


M[@— Do PPWs) | (6) = 


_1 PG +5 = sy § 5) 
~2 ra-S5rg-§) 


M[G? =} Poe] 6 - D 


2 2: 
_1 PRH§+34+DPC§-345) 
2 r(-$+ )r(-$ +) 


under conditions Res < min(2 + Rev, | — Rev). Now we evaluate the formula for 


1 TQ-s) s 3 RY 
> Taos J! ag te 


M(By;, (s) = 


Applying to (2 — s) the Legendre duplication formula (1.7) we evaluate 


2-5 P(-$4+$+4+DF(-§-34+3) 
Ja rd—s) 


We apply the Legendre duplication formula once more to (1 — s) and the formula 
for the multiplicator (5.26) is proved. In the paper [535] it was shown that restrictions 
may be reduced to 0 < Res < 1 for proper v. These restrictions may be weakened 
because they were derived for the class of all hypergeometric functions but we need 
just one special case of the Legendre function for which specified restrictions may be 
easily verified directly. 


M(By,)(s) = 


Now we prove formula (5.27) for a norm. From the multiplicator value we just 
found and Theorem 4.7 from [524] on the line Res = 1/2, s =iu + 1/2, it follows 
that 


1 
J 20 


P(-i$ -—$4+ pris +34) 
TG iu) 


|M(By;,) (iu + 1/2)| = 


Below the operator symbol in the multiplicator will be omitted. We use formulas for 
the modulus |z| = ./zz and the gamma function TZ=T@ following from its def- 
inition as integral. The last property is true in general for the class of real analytic 
functions. So we derive 


|M (By; )(iu + 1/2)| 


(i$ —$ + prs —$4+H0PA-i$ + 54+ PFG$54+54+D 
T(5 —iw)0(5 + iu) 


J2n 
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In the numerator we combine outer and inner terms and transform three pairs of 
gamma functions by formula (1.6). As a result we evaluate 


cos(ziu) 


2cosm(5 + j +15) cosm(5 + j iS) 


- ch(ziu) 

~ V chau —sinav’ 
We further denote tf = chau, 1 < t < oo. So we derive once more applying Theo- 
rem 4.7 from [524] 


1 / t 
sup |m(iu+—)|= sup ,/————. 
uceR 2 1<t<oo ¥ f —sin7tv 


So if sinzv > 0, then the supremum is achieved at t = 1 and for the norm formula 
(5.27) we have 


|M(Bo:, (iu + 1/2)| -| 


Boy Iles = ay 
/1—sinazv 


Otherwise if sina v < 0, then the supremum is achieved at t — oo and the following 
formula is valid: 


wl 
[Belles = 1. 


This part of the theorem is proved. 

From the explicit values for norms and the above cited Theorem 4.7 from [524] 
follow conditions of boundedness or unboundedness and periodicity. The theorem is 
completely proved. 


Now we proceed to finding multiplicators for all Buschman—Erdélyi operators of 
zero order smoothness. 


Theorem 53. The Buschman—Erdélyi operator of zero order smoothness acts under 
the Mellin transform as convolutions (5.25). For their multiplicators the following 
formulas are valid: 


Po$+ $+ DPCH- FFD 
1 K 
rg- pra § 
_ 2s PC§—5tar(-§ +54) 
J rd—s) 
Res < min(2+ Rev, 1 — Rev), 


ms? (8) = 


rG=prd=5) 
r(-$+3+br(-$-3+4) 


m, py (Ss) = 
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G54 DFG =5) 
r(S)rG +5) 


m, py(s) = ; Res > max(Rev, —1 — Rev), (5.28) 
K 1 
P)rG + 3) 
Mgt+5t+aG — 5) 
The following formulas are valid for norms of the Buschman—Erdélyi operator of 
zero order smoothness in Lo: 


1 Soy ll = hh P2I| = 1/min(l, V1 — sinzv), 
II1 Poy ll = Ia S21] = max(1, v1 — sinzv). 


Similar results are proved in [230] and [535] for power weight spaces. 


ms» (s)= Res > 0. (5.29) 


Corollary 5. The norms of operators (5.10)—(5.13) are periodic in v with period 2 
|| X? || = || X’+? ||, and X” is any of operators (5.10)-(5.13). 


Corollary 6. The norms of the operators | Sg._, 1 P” are not bounded in general, every 
norm is greater than or equal to 1. The norms are equal to | if sinmv <0. The op- 
erators \So,,1P2 are unbounded in Lo if and only if sintv = 1 (or v = (2k) + 1/2, 
k eZ). 

Corollary 7. The norms of the operators | Py. 7 
norm is not greater than \/2. The norms are equal to 1 if sinv > 0. The operators 
1P9,. 1S”. are bounded in L> for all v. The norm maximum which equals to J? is 
achieved if and only if sinmv = —1 (v= —1/2+ (2k), k € Z). 


1S” are all bounded in v, and every 


The most important property of the Buschman—Erdélyi operators of zero order 
smoothness is the unitarity for integer v. It is just the case if we interpret for these 
parameters the operator L,, as angular momentum operator in quantum mechanics. 


Theorem 54. The operators (5.10)—-(5.13) are unitary in L2 if and only if the param- 
eter v is an integer. In this case the pairs of operators (So, 1P”) and (,S”, 1 Po.) 
are mutually inverse. 


To formulate an interesting special case, let us suppose that operators (5.10)—(5.13) 
act on functions permitting outer or inner differentiation in integrals. It is enough to 
suppose that xf (x) — 0 for x > 0. Then for v = 1 


1Pj, f =U —M)f, Si f =U - Wf, (5.30) 


where H, H> are the famous Hardy operators, 
lf f £0) 
Jy 
mp=— f foddy. inf = { ay, (5.31) 
0 x 


and J is the identic operator. 
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Corollary 8. The operators (5.30) are unitary in Lz and mutually inverse. They are 
transmutations for the pair of differential operators d? /dx? and d* /dx* — 2/x?. 


The unitarity of the shifted Hardy operators (5.30) in L2 is a known fact [305]. 

Now we list some properties of the operators acting as convolutions by for- 
mula (5.25) and with some multiplicator under the Mellin transform and being trans- 
mutations for the second derivative and angular momentum operator in quantum 
mechanics. 


Theorem 55. Let an operator S, act by formulas (5.25) and (5.17). Then: 
(a) its multiplicator satisfies a functional equation 


(s — 1)(s — 2) 


HS) SS 2) =) 


(5.32) 


(b) if any function p(s) is periodic with period 2 (p(s) = p(s —2)), then a function 
p(s)m(s) is a multiplicator for a new transmutation operator S\ also acting by the 


rule (5.17). 


This theorem confirms the importance of studying transmutations in terms of the 
Mellin transform and multiplicator functions. 
Define the Stieltjes transform by (cf. [494]) 


oe) 


Fro 
(SA)(x) = rae 
0 


This operator also acts by formula (5.25) with multiplicator p(s) = z/sin(zs), it is 
bounded in L2. Obviously p(s) = p(s — 2). So from Theorem 55 a convolution of 
the Stieltjes transform follows with bounded transmutations (5.10)—(5.13), and also 
transmutations of the same class bounded in Lp. 

In this way many new classes of transmutations were introduced with special func- 
tions as kernels. 


5.2 Buschman-Erdélyi transmutations of the second and 
third kind 


5.2.1 Second kind Buschman-Erdélyi transmutation operators 


Now we consider Buschman—Erdélyi transmutations of the second kind. 
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Definition 39. Define a new pair of Buschman—Erdélyi transmutations of the second 
kind with Legendre functions of the second kind in kernels 


2S’ f= 
5) x CO 
~|- ; (x? = y2)79! (<) f (y)dy + / (y? — x2)-2Q! (=) f(y)dy J, 
ss ‘| y - y 
(5.33) 
2P* f= 
) x [o.6) 
= {- fe?-9-#05 (2) Fondy- fo? - 7-40} (2) song], 
wa Xx XxX 
0 x 
(5.34) 


where QO is the Legendre functions of the second kind (1.43) and Qt is the Legendre 
function of the second kind on the cut (1.45). 


These operators are analogues of Buschman-—Erdélyi transmutations of zero order 
smoothness. If y — x + 0, then integrals are defined by principal values. It is proved 
that they are transmutations of Sonine type for (5.33) and of Poisson type for (5.34). 


Theorem 56. Operators (5.33) and (5.34) are of the form (5.25) with multiplicators 
m,sv(S) = p(s) ms» (8), (5.35) 
1 
v(s), 5.36 
ie) m, pr (Ss) (5.36) 
with multiplicators of operators ,S”,,P” defined by (5.28) and (5.29), where the 
period 2 function p(s) equals 


Mm, PY (s) = 


sinzv + cos7s 


p(s) =— — (5.37) 
sina v — sins 
Theorem 57. The following formulas for norms are valid: 
2S” lL, =max(1, /1 + sinzv), (5.38) 
l2P’ \lz, = 1/min(1, V1 + sinzv). (5.39) 


Corollary 9. Operator 7S” is bounded for all v. Operator 7 P” is not bounded if and 
only if sinav = —1. 


Theorem 58. Operators 2S” and 2P” are unitary in L2 if and only if v € Z. 
Theorem 59. Let v=i8 + 1/2, 8 ER. Then 


ll2S"llz. =V1+chz8, |l2P" lz, =1. (5.40) 
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Theorem 60. The following formulas are valid: 


0 2 ‘a y 
0 
4 2 ia x 
2S p= f =~ fordy. (5.42) 
0 


So in this case the operator 2S” reduces to a pair of semiaxis Hilbert transforms 
[494]. 

For operators of the second kind we also introduce more general ones with two 
parameters analogously to Buschman-—Erdélyi transmutations of the first kind by for- 
mulas 


m y 


re pae / (x2 + y2)-F eet Qh (<) fody 
0 


+ / (y? + x2)“ 7 Qe (=) f(y)dy |, (5.43) 


where Q*'(z) is the Legendre function of the second kind (1.43), Q*(z) is this function 
on the cut (1.45), and Rev < 1. The second operator may be defined as formally 
conjugate in L2(0, oo) to (5.43). 


Theorem 61. The operator (5.43) on Ce (0, 00) is well defined and acts by 


M[2S"\(s) = m(s)- M[x!¥ f(s), 


m(s) = 20! (See) ( (Sr + 4) 
ee ) 


sin (u — s) — sinzrv Ivy S + 1+ oe 


5.2.2 Sonine—Katrakhov and Poisson—-Katrakhov transmutations 


Now we construct transmutations which are unitary for all v. They are defined by 
formulas 


Su f =—sin - 2S” f + cos > iS? f, (5.44) 
ay Tv 
Py f =—sin—- 2Pif + ts 1P’ fe. (5.45) 


For all values v € R they are linear combinations of Buschman—Erdélyi transmutations 
of the first and second kinds of zero order smoothness. Also they are in the defined 
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below class of Buschman—Erdélyi transmutations of the third kind. The following 
integral representations are valid: 


Lee Uv d 7 x 
sip =oos tt (-2) fa, (=) fQ)dy 
2. mv i 2 2-1 ,1(%* 
+ — sin — Jo —y’) 01(*) sora 
A y 
0 


2 


- i (y? — x2)-2Q! (=) fiy)dy |, (5.46) 


| d 
Pj. f =cos | P, (~) (5) f(y) dy 
0 


2 r I 
= sin ( - fa?-y?-20}(*) foray 
0 


= fo? 2-401 (7) rovay). 5.47) 


Theorem 62. Operators (5.44)-(5.45) and (5.46)-(5.47) for all v € R are unitary, 
mutually inverse, and conjugate in Lz. They are transmutations acting by (5.16); St 
is a Sonine type transmutation and Pr, is a Poisson type one. 


Transmutations like (5.46)-(5.47) but with kernels into more complicated form 
with hypergeometric functions were first introduced by Katrakhov in 1980. For this 
reason S. M. Sitnik termed this class of operators Sonine—Katrakhov and Poisson— 
Katrakhov. In S. M. Sitnik’s papers these operators were reduced to more simple forms 
of Buschman-—Erdélyi ones. This made it possible to include this class of operators in 
general composition (or factorization) methods [146,229,234,525,537]. 


5.2.3 Buschman-Erdélyi transmutations of the third kind with 


arbitrary weight function 


Define sine and cosine Fourier transforms with inverses 


Fef = Ae if F(y)eos(ty)dy, Fo! = Fe, (5.48) 
0 
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Ff = 2f f(y)sin(ty) dy, Fo! = Fy. (5.49) 
0 


We define the Hankel (Fourier—Bessel) transform here a little different and its in- 
verse in (1.56)—(1.57) by 


2v+1 
Ff= srexn | fous dy 
i 1 
- [1 ) ay array = 2 f soynayy**'ay. (5.50) 
0 
Folf= A f roan a (5.51) 
0 


Here J,,(-) is the Bessel function (1.13) and j,(-) is the normalized Bessel func- 
tion (1.19). Operators (5.48) and (5.49) are unitary self-conjugate in L2(0, 00). Op- 
erators (5.50) and (5.51) are unitary self-conjugate in the power weighted space 
Lo,» (0, 00). 

Now define on proper functions the first pair of Buschman—Erdélyi transmutations 
of the third kind 


1 
Shi (=r) (5.52) 
g(t) 
PO) = Fy' (@OFe), (5.53) 


and the second pair by 


Pe 
Chie a (=n). (5.54) 
PO) = F,' (OF), (5.55) 


with g(t) being an arbitrary weight function. 
The operators defined on proper functions are transmutations for B, and D?. They 
may be expressed in the integral form. 


Theorem 63. Define transmutations for B, and D* by formulas 
1 
5) = Fr! (— F.) ; 
vt} fe} Le 
@ _ pl ( 
Pw =F, y(t) Fy, ). 
fp i 
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Then for the Sonine type transmutation an integral form is valid, 


sg «=? K(x, y) fd (5.56) 
vfs} = i +y y)ay, : 
0 


where 
= sin(xf) 
Koes yt" f — Iy(yt)dt. 
0 


For the Poisson type transmutation an integral form is valid, 


(y) _ {2 
ae (sf ==> | Gan fay, (5.57) 
. 0 


where 


[o,@) 
1 sin(yt) 
Ga, y=— a al Jy (xt)dt. 
Camas fort pine) | wan 
0 
The above introduced unitary transmutations of Sonine—Katrakhov and Poisson— 
Katrakhov are special cases of this class of operators. For this case we must choose a 
weight function g(t) as a power function depending on the parameter v. 


5.2.4 Some applications of Buschman-Erdélyi transmutations 


In this subsection we briefly discuss some applications of Buschman—Erdélyi opera- 
tors. Section 8.1 contains other applications in expanded form. 

The above classes of transmutations may be used for deriving explicit formulas 
for solutions of partial differential equations with Bessel operators via unperturbed 
equation solutions. An example is the B-elliptic equation of the form 


Site Se (5.58) 


and also similar B-hyperbolic and B-parabolic equations. This idea works by Sonine— 
Poisson—Delsarte transmutations (cf. [51—53,56,242]). New results follow automati- 
cally for new classes of transmutations. 

Now let us consider the Euler—Poisson—Darboux equation in a half-space 


au 2a+1 du 
By a) =o : pp — Axe t FG), 
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with ¢t > 0, x € R”. Let us consider a general plan for finding different initial and 
boundary conditions at tf = 0 with guaranteed existence of solutions. Define any trans- 
mutations Xq,; and Y,; satisfying (5.16). Suppose that functions 


Xq,1u = v(t, x), Xq,1F = Gt, x) 
exist. Suppose that the unperturbed Cauchy problem 


a2 v 
a2 = Axu+G, vji=0 = 9(*), Vilro = W(x) (5.59) 


is correctly solvable in a half-space. Then if Yo, + = Xq : , then we receive the following 
initial conditions: 


Xq|;=o0 = a(x), (Xqtt)'|r=0 = O(x). (5.60) 


By this method the choice of different classes of transmutations (Sonine—Poisson— 
Delsarte, Buschman—Erdélyi of the first, second, and third kinds, Buschman—Erdélyi 
of the zero order smoothness, unitary transmutations of Sonine—Katrakhov and 
Poisson—Katrakhov, transmutations with general kernels) will correspond to different 
kinds of initial conditions [535]. 

In the monograph of Pskhu [459] this method is applied for solving an equation 
with fractional derivatives with the usage of the Stankovic transform. Glushak applied 
Buschman-Erdélyi operators in [185]. 

This class of operators was thoroughly studied by Levitan [316,327]. It has many 
applications to partial differential equations, including Bessel operators [317]. Gener- 
alized translations are used for moving singular points from the origin to any location. 
They are explicitly expressed via transmutations [317]. Due to this fact new classes of 
transmutations lead to new classes of generalized translations. 

In recent years Dunk] operators were thoroughly studied. These are difference— 
differentiation operators consisting of combinations of classical derivatives and finite 
differences. In higher dimensions Dunk] operators are defined by symmetry and re- 
flection groups. For this class there are many results on transmutations which are 
of Sonine—Poisson—Delsarte and Buschman-Erdélyi types (cf. [560] and references 
therein). 

It has been known for many years that a problem of describing polynomial solu- 
tions for the B-elliptic equation does not need the new theory. The answer is in the 
transmutation theory. The simple fact that Sonine—Poisson—Delsarte transmutations 
transform power functions into other power functions means that they also transform 
explicitly so-called B-harmonic polynomials into classical harmonic polynomials and 
vice versa. The same is true for generalized B-harmonics because they are restrictions 
of B-harmonic polynomials onto the unit sphere. This approach is thoroughly applied 
by Rubin [485]. Usage of Buschman—Erdélyi operators refreshes this theory with new 
possibilities. 
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Now let us construct integral operators of Buschman—Erdélyi with more general 
functions as kernels. Consider an operator | So ,. It has the form 


7 d r x 
m= = [«() Fay, (5.61) 
0 


with kernel K expressed by K (z) = P,(z). Simple properties of special functions lead 
to the fact that ; Sp, is a special case of (5.61) with the Gegenbauer function kernel 
Ta + 1) Pp) 7 


K@=— (c% — 1)8-3C8(z) (5.62) 
2?-20 (a + 2B) P(B + 5) 


withha=v, B= 7 or with the Jacobi function kernel 


_  T@+) we 
Cee rae Ee ae eee 


with a = v, p =o =0. More general are operators with the Gauss hypergeometric 
function kernel 2 F or Meijer G-function Gp'g' (1.41) or Fox—Wright Ey,g function 
(1.40) kernels (cf. [494]). For studying such operators inequalities for kernel functions 
are very useful (e.g., [228,528]). 

Define the first class of generalized operators. 


Definition 40. Define Gauss—Buschman-—Erdélyi operators by formulas 


1 
1Fo+ (a,b, ofl = IPC’ (5.64) 
x 7 cl x at+b—c ae lx 
{(E-1) (=+1) 2F G 532) Ford. 
J \y y 2 2y 
1 
2Fo+(a, b, c)[f]= IT’ (5.65) 
i y eat ey atb—e ihek AY 
ico) (= +1) 2i(? 5-32) £04. 
0 
( 
1F-@, BMI = sR: (5.66) 


[Ey Een (64-22) soe 
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1 
2F_(a,b, c)[fl= IPC)’ (5.67) 
i x ae ee ee abl 1x 
[(G-1 (=+1) Fie 552) Ford. 
: y y 2 2y 
d d 
3Fo+l fl = qy fotls 4Fo+[f] =2fo1—Ifl, (5.68) 
Xx dx 
d d 
3F_[f]=1F- (-<) Lf], tl=(-5) 2F_[f]. (5.69) 
% dx 


The symbol 2 F) in definitions (5.65) and (5.67) means the Gauss hypergeometric 
function on the natural domain and in (5.64) and (5.66) the main branch of its analyt- 
ical continuation. 

Operators (5.64)-(5.67) generalize Buschman-—Erdélyi ones (5.5)-(5.8), respec- 
tively. They reduce to Buschman-—Erdélyi for the choice of parameters a = —(v + j), 
b=1+v—y,c=1-—. For operators (5.64)—(5.67) the above results are generalized 
with necessary changes. For example they are factorized via more simple operators 
(5.68) and (5.69) with a special choice of parameters. 

Operators (5.68) and (5.69) are generalizations of (5.14) and (5.15). For them the 
following result is true. 


Theorem 64. Operators (5.68) and (5.69) may be extended to isometric in L2(0, 00) 
if and only if they coincide with Buschman—Erdeélyi operators of zero order smoothness 
(5.14) and (5.15) for integer values of v = 5(b —a-—l1). 


This theorem singles out Buschman—Erdélyi operators of zero order smoothness 
at least in the class (5.64)-(5.69). Operators (5.64)-(5.67) are generalizations of frac- 
tional integrals. Analogously may be studied generalizations to (5.33)-(5.34), (5.43), 
and (5.46)-(5.47). 

More general are operators with G-function kernel, 


75 
~ Fd—ard — 8B) 


a 1+d—-a—B 1 
xf eT ee Gi2(7 —-\%8) ¢qydy. 6.70) 
Jy y ay 2H 


Other operators are with different intervals of integration and parameters of the 
G-function. Fora = 1—a, B =1—b,6=1-—-—c, y = 0 (5.70) reduces to (5.64), 
fora=1+v, B =—v,éd6=y =0 (5.70) reduces to Buschman—Erdélyi operators of 
zero order smoothness 1 Sj ee 

Further generalizations are in terms of Wright or Fox functions. They lead to 
Wright-Buschman-Erdélyi and Fox—Buschman-Erdélyi operators. These classes are 


1Go+(@, B, 5, WLS] 
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connected with Sonine—Dimovski and Poisson—Dimovski transmutations [89,93], and 
also with generalized fractional integrals introduced by Kiryakova [252]. 

V. Katrakhov found a new approach for boundary value problems for elliptic equa- 
tions with strong singularities of infinite order. For example for the Poisson equation 
he studied problems with solutions of arbitrary growth. At singular points he proposed 
anew kind of boundary condition: the K -trace. His results are based on constant usage 
of Buschman—Erdélyi transmutations of the first kind for definition of norms, solution 
estimates, and correctness proofs [225,227]. 

Moreover in joint papers with I. Kipriyanov he introduced and studied new classes 
of pseudodifferential operators based on transmutational techniques [248-250]. These 
results were paraphrased in a reorganized manner in [52]. 


5.3 Multi-dimensional integral transforms of 
Buschman-Erdélyi type with Legendre functions in 
kernels 


In this section we consider generalizations of Buschman—Erdélyi operators for the 
multi-dimensional case. This case was studied by O. V. Skoromnik and S. M. Sitnik 
(see [538]). 


5.3.1. Basic definitions 


n 
Let x = (41, X2,...,%n) € RY, t = (h, t2,...,tn) € RY, x-t = )o xnty denotes their 
n=1 


n 
scalar product, and in particular, x - 1 = )> x,. The expression x > t means that x; > 
n=1 
t1, ..., Xn > tm, the nonstrict inequality > has a similar meaning, by N = {1, 2, ...} we 


denote the set of positive integers, No = NU {0}, and No = No x No x... x No. We 
denote 


m= (1,2, ..., Mn) €Nj,m, =m2 =... = Mn} 

n= (71,72,...,Mn) € No; Ny =nQ=...=MNy; 

P= (P1, P2, ++) Pn) ENG, Pi = P2 = +. = Pn 

GQ = (91, 92, +5 In) ENG, 1 = Q2 =» =Gn, OS M<qg,0<m<p). 
We put 


o = (01, 09,...,0,) €C"; 

K = (k],K2,...,Kn) EC" 

5 = (61, 62,...,6,) € R"; 

V=(M1; 923-5 Yn) ER", 0<y <1; 

dj = (4j,, diz, ---, 4i,), 1< i < p, aj, Gin, ..., i, EC, L< i < pi,..., 1 <in < Pn; 
Dj = Djs Djnr Pind VS ISI Djs Djnr er Din EO VS fh Sy VS in Sn: 
Qj = (Aj, Qj,,...,0;,), 1SI<p, Aj, , Aj, ++ i, ERA, l<i; < py,..., 1 <in < pn 
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Pi = (Pi Pion ha) 2726 Pei ee lene eae eae 
= (ky, ko, «5 kn) © No =No x ... x No, ki € No, i= 1, 2, ..., 2, is a multi-index with 

ce ky!-++k,! and |k| = kj tko+...+kn; 

for! = (1,1, ..tn) € Ri, 


‘ all 
7 (Ax) +++ (Oxn)n’ 
dt =dt,-dto-- “din, t =f... gh, 
t? = (x? — tf) --- 2 - 2); FO = FC ta, «4 tn). 


We introduce the function 
n 
Beale (aj .j)1,p = Hg 
P.4q t (b;.Bj)1. rae Pk» Wk tk 


which is the product of the H-functions Boe [z]. Such a function is defined by 


(di, i, )1, py (5.71) 
jg Big) 1.x 


(4; Qi) 1,p 


1 
, = The n “Sd : 0, 
wo | aa / gz °ds, z# 


mn — yn 
Hy qlz] = Hyg |: 
where 


(qj .aj)1 :p 


(bj Bj )1.q 


rl P(bj + Bjs) ll P(1 — aj — as) 
sae "(s)=H™ | _ j=l i=1 


P q ; 
I] l@t+ajs) [] Td-; - Bjs) 
i=n+1 j=m+1 
(5.72) 


Here L is a specially chosen infinite contour and empty product, if it occurs, being 
taken to be one. Note that most of the elementary and special functions are special 
cases of the H-function and one may find its properties in the books by Mathai and 
Saxena ([362], Chapter 2), Srivastava, Gupta, and Goyal ([499], Chapter 1), Prud- 
nikov, Brychcov, and Marichev ([457], Section 8.3), and Kilbas and Saigo ([239], 
Chapters | and 2). 

We introduce the function 


1=[] Pat [zx], 


which is the product of the Legendre functions PX (z) of the first kind. For complex y, 
Re(y) < 1, and 6, z €C this function is defined by 


Me z+1 
PPO= rq (S4) 


Nl 
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larg(z — I)| <x, 


NS 


(see [121], formulas (3.2)(3) and (3.4)(6), [457], Section 11.18), where 2F;(—4, 1 + 
5; 1—Y¥; z) is the Gauss hypergeometric function (1.33). 
We introduce integral transforms: 


o mn} *| G-)1.p | dt 
(ox A) = ! To. E et fOTe a) G7) 
(Peat ) Ge) = fe = 12)¥/2py (=) roa = g(x) (x > 0), (5.74) 
RY 
(Pies = fe = ?)-7 py (=) roa = g(x) (x > 0). (5.75) 
RY 


Definition 41. The weighted space £, 5 is a space of summable functions f (x)= 
f (1, --; Xn) on R"., such that 


issn { f at?|of fae 


RL RL 
1/2 
x [0021.0 Paridsa).~ jn} <0, 
RL 
where (2 = (2, ...,2), U= (V}, «.., Un) € R", vj = U2 =... = Up). 


Our studies are based on representations of (5.74) and (5.74) via the modified 
H-transform of the form (5.73). Mapping properties such as the boundedness, the 
range, the representation, and the inversion of the considered transforms are estab- 
lished. 


5.3.2 The n-dimensional Mellin transform and its properties 


We denote by [X, Y] a set of bounded linear operators acting from a Banach space X 
into a Banach space Y. 
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The n-dimensional Mellin transform (ONf)(x) of a function f(x) = 
f (%1, X2, «5 Xn), X = (41, x2, ..., Xn) € R11, is defined by 


em) = f forlar Re(s) =, (5.76) 


n 
Ry 


where s = (51, 52, ..., 5n) € C”; while the inverse Mellin transform is given for x € Ri 
by the formula 


yitioo — yntioo 


1 
ON! g)) =O) = Bs fo fetes, 


y1—100 Yn—tOo 


with y; = Re(sj) (j = 1,---,n). The theory for these multi-dimensional Mellin 
transforms appears in the book by Brychkov and others [40] (see also [241], Chap- 
ter 1). 

Let Mz, R be elementary operators (see [241], Chapter 1): 


1 1 
(My f)(x) = 2° fF) (6 = (G1, b2, fn) EC"), (RAG) = ~t(=). 


The following assertion holds, which follows from [241], formulas (1.4.44), 
(1.4.45), and (1.4.46) (see [239], Lemma 3.2). 


Lemma 17. Let ¥ = (14, v2,..., Vn) € R” (vj = 12 =... = vp) and 1<T < oH. 
(a) Mg is an isometric isomorphism of 25,7 onto Lo —Re(c),7 and if fe So7U < 
rT <2), then 


(MM; f)(s) = Mf) +o) (Re(s) =v — Re(Z)). 


(b) R is an isometric isomorphism of &y,7 onto 21 ~y and if f € 8o7 (1 <7 <2), 
then 
(MRF) (s) = ONPJT —s) (Re(s) =). 
Let If and I®. be the Erdélyi-Kober operators of fractional integration, 


0+; 0,n oO, 
defined for a = (a1, 2, .. .,@n) €C” (Re(a) > 0), o > 0, n EC”, by 


—o(a+n) 
(Thy. o if)@)= ae fee a We eae 10) (x > 0), 


[oe 


af - 1 gotlea)= ' F(t)dt (x > 0). 


ie At) f)@)= = 
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5.3.3 &y2-theory and the inversion formulas for the modified 
H-transform 


This subsection is devoted to the study of transforms Py yf kK=1,2)in £5 
formulate presented results from £, 5-theory and inversion formulas for the modified 
A -transform (5.73) we need the following constants and the generalization of the 
H-function (5.71) (see [239], formulas (3.4.1), (3.4.2), (1.1.7), (1.1.8), and (1.1.10)): 


. Re(bj,) . 1-Re(q;,) - 
— min B for m,>0, min re for 7, >0, 
ay,= 1<jy<my Jy Bi _ l<i, <7 1 
0 for m;=0, 0 for 7;=0, 
Re(b;,) 1—Re(a;, ) 
— min [ . 2 | for m2>0, min [=e] for 7>0, 
a2 = I<jy<m J2 Bo — 1 Sig <9 19 
0 for m2=0, 0 for 7=0, 
and so on, 
Re(b ; < 1—Re(a; 
— min [ >| for mpn>0, min [| for 7, >0, 
Ay = I<jn<mn Jn Bn = 1<in<nn n 
0 for m2=0, 0 for 7,=0, 
ny Pi m, 11 1 Pi 
* 
ap= Doan Dy a+ Ba- Dd) Bar A1= 2 Ba- Doan, 
i=l i=n,+1 j=1 j=m\+1 j=l i=l 
n2 P2 m2 P2 
* 
ay, = Qin — > ai, + Bj — 3 Bis ae a 
i=l i=n2+1 j=) j=m,t+1 j=l i=l 
and so on 
Nn Pn My dn Pn 
* 
an = Yai, ~ > Qi, a \ Bi ~ > Bin, A n— 3 Bin — Yai, ’ 
i=l i=ny,+1 j=l j=m,+1 j=! i=1 
= = AAT a — +o 2 — q2 
j=l i=l j=l i=l 
dn Pn 
Pn —4n 
n= > bj, — > ai, + ) ? 
j=l i=1 
Re(b;, )—1 
1 I+ max [ a | qa>m, 
ay _ my+1Sj, <q JI 


oo for qi=m, 
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: Re(aj,) = 
1+ min a | for pi>m, 
Bi — ny +1si, <p} 

= 


| 
oo for py=n1, 


Ret ;,)-1 
> 1+ max Ze for q2>m2, 
a = my+1<j2<49 J2 


oo for qg2=m2, 


' Re(a;,) 
1+ min oe 
Bo = Figt+l<in<pyL “ia 


oo for py=N, 


| for po>2, 


I+ max [soe | for qn>iMn, 
a = mntlsjn<4n Jn 


00 for gn=mn, 


4 Re(aj,, ) = 
1+ min ——“ | for pa>tn, 
Bo Mn+1Sin<p2 

oo for py=fin. 


oO 
Il 


The exceptional set ex of a function Hoo (s), 


yn (4,0; 1p 
a(S J=H 
Pea Pd) 6 ;,B))1,q 


n 
—_ ] [rer (diz, iz )1, py e 
= Pk» Wk (b;,.B;,) 

k=1 Ji Pik? 1.9K 


is called a set of vectors V = (1, V2,..., Un) € R” (vj = v2 =... = vy»), Such that 
aj<1l—-vy < of ay < 1— v2 < fy,..., my <1— Vn < Bp, and functions Hp)'9i (91), 
fe S (52),..,Hp”’ es (Sy) have zeros on lines Re(s,;) < 1 — v1, Re(s2) < 1 — v9, ..., 
Re(s,) < 1— a. fete 
Applying the multi-dimensional Mellin transform (5.76) to (5.73), taking into ac- 


count the results for the one-dimensional case ([239], formula (5.1.14)), we obtain 


yo (4;,0;)1,p 


cf )(S) = Hyg sto |MP)(s+o+k). GO7t) 


bj,.Bj)1,.q 


The following assertion presents the £;5-theory of the modified .#’-transform 
(5.73). For the one-dimensional case, see [239], Theorem 5.37. 
Here we will use spaces £, 5.3 and = a) on Definition 41) with different D and D D. 


If feQo5 at then we will use the notation 7%, . .f andif f € S55 then we will use the 
notation | ;/ Where both these transforms are defined by formula (5.77). 


Theorem 65. Let 


Qa, <Vy—- Re(k1) < Bi, (5.78) 
a2 < v2 — Re(k2) < fj, ..., An < Vy — Re(k1) < Bn, (5.79) 
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Vj =o =...= Vy, (5.80) 
aj =0, a} =0,..., a} =0, Ai[vy — Re(x1)] + Re(u1) < 0, (5.81) 
Ao[v2 — Re(k2)] + Re(i42) < 0, ..., An[¥n — Re(kn)] + Re(un) < 0. (5.82) 


The following assertions hold: 

(a) There exists a one-to-one map a € [L55, Lo Re(e-+c),21 such that rela- 
tion (5.77) holds for f € 55 and Re(s) = V — Re(k +0). 

If ay =0, as =0,...,47 =0, Aj[vy — Re(k1)] + Re(u1) = 0, Az[v2 — Re(k2)] + 
Re(u2) = 0, ..., An[Vn — Re(kn)] + Re(un) = 0, and 1 — V+ Re(k) ¢ Eq, then He, 
maps Soa onto SS _Re(kto),2° _ 

(b) The transform He, does not depend on V in the sense that if V and V satisfy 
equations (5.78)—(5.82) and if the transforms es and HE! , are defined in respective 
spaces £5 and &z 5 by formula (5.77), then Hf = F\.. f for fe ks5 () So 

(c) Ifay =0, ay =0,...,4; =0, Ailv) — Re(k1)] + Re(u1) < 0, 

Aalv2 — Re(k2)] + Re(2) < 0, ..., An[vn — Re(kn)] + Re(un) < 0, then for feL, 5 
transform Hf is given by (5.73). 

(d) Let. = (At, 4, An) €C” , k= (h1,..., hn) > 0, and f € Sor If Re) > O- 

Re(k))h — 1, then Hf is represented in the form 


(22 FG) —AxyTtl-A+D/h 


[o@) 
@ aang x 
& VL At+)D/h m,n+1 a 
a fopeaa|? 


(—A,h),(@i i) 1,p 
(bj.Bj)1,q: (-A—1,h) 


Jerre, 


0 
while for Re(A) < (V— Re(k))h — 1 it is given by 


(Ff) (x) = fixe t!-Gtb/h 
F [o@) 
£ G+D/h f ymtin | * 
ag fugia.|3 
0 


(e) If f € X55 and g EX) _ 5 Rew 4a),p then there the following relation holds: 


(aj .0)1,p,(—A,h) 
(—A-1,h),(0j,.Bi)1,¢ 


Jerre 


i f (HG 8) (dx = / (He. f)(@)g(a)dx, (5.83) 
0 0 
where 
2 _ yo i mn t Gi.Qi)ip | K dt 
(Foie FO) =+ [um |: el Fe) x eee) 


0 
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5.3.4 Inversion of 7). 


Inversion formulas for the transform He} , are given by the following equalities (for 
the one-dimensional case, see [5, formulas (5.5.23) and (5.5.24)]): 


d 


f@w= ix @tD/h-k yc G+D/h 
: dx 
CO 
q—m,p—nti| 2) 4,4), —aj—0j,07) m41.p,(—ai— 0%) 1m 
oer E (1-b;-B;,B;) 1538 Be | 
4 ij joPj m+1,q,( J Bj, Bj) 1m ( A—1,h) 
x 1° (6), f)(tdt (5.85) 


or 


f(x) = Fix Oto @ Gf 


dx 
oo =m 
q—m+1,p—n| / (1-aj—j 0; m+1,p,(1—aj — 0%.) 1,n, (—A,h) 
x Ab+1 et ale 
; X | (-A-1,h),1—-bj —Bj Bj )m+i,q, 1-4) -8j Bj) 1m 
0 
xi" (901, FyOdt. (5.86) 


Conditions for the validity of these formulas are given by the following assertion 
(for the one-dimensional case, see [239], Theorem 5.47)). 


Theorem 66. Let aj = 0,a} = 0,...,a7 =0, a1 < vy — Re(k1) < fi, a2 < v2 — 
Re(k2) < Bo, .. &n < Vn — Re(kn) < Bn, aj < 1— v1 + Re(k1) < By, aj <1—v2t+ 
Re(k2) < Boy... a <1 — vy + Re(kn) < Bf, and leti EC", h>0. 

If Ailvi — Re(k1)] + Re(ui) = 0, Aal[v2 — Re(k2)] + Re(u2) = 0... Anlvn — 
Re(k,)]+Re(un) = 0, and f € Sa7 (11, V2, ..-, Yn), then the inversion formulas (5.85) 
and (5.86) are valid for Re(A) > (1—D+ Re(x))h—1 and Re(A) < (1—0+Re(k))h— 
1, respectively. 


5.4 Representations in the form of modified 
HA -transform 


5.4.1. Mellin transform of auxiliary functions K(x) and K2(x) 
We introduce the so-called one-sided functions 


(x? -1) PP (x) forx > 1, 


(5.87) 
0 forO<x <1, 


Ki) =? - 7" Ph) = 
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d— 5 dled 2 (x) forO<x <1, 


5.88 
0 forx >1. ( ) 


Ko(x) = (1— x)?" PB (x) = | 


Using (5.87) and (5.88) we can present transforms (5.74) and (5.75) in respective 
forms 


(P51 S)@) = / Ki(2)(m, Aaoar, 
0 


(PX, f)(@) =21-7 f (wx) (Joan (t)dt. 


The following assertion yields the multi-dimensional Mellin transform formulas of 
Ki (x) and Ka(x). 


Lemma 18. Let y = (1, 2, ---, Yn), 6 = (61, 2, ..., On), S = (91, 82, ++, Sn) EC". 
(a) IfRe(y) < 1, Re(s) < 1+ Re(y + 4), Re(s) < Re(y — 5), then 


re )r(4=) 
righ) 
(b) IfRe(y) < 1, Re(s) > 0, then 


r()r(@t 
te) ( ; — , (5.90) 
YS fis) 


(NK )(s) = 277! (5.89) 


(INK>)(s) = 2”! 


Proof. By [457], formula (2.172.9), under the conditions in (a), the following formula 
holds: 


an-si-l r( dentin Ta) 


eae a rd —s) 
: gn-a-1 p(n re 2)p(2 eZ om 
J Pd — s2) 
Qv1-Sn—1 p (tues “)\P(4 Pa a) 
7 Jr Pd — sy) 
prot (Mites (Zp-2) 
= oe rd —s) : (5.91) 


Using the duplication formula (1.7) for the gamma function with z = is, from 
Eq. (5.91) we deduce equality (5.89). 
If conditions in (b) are satisfied, then according to [457], formula (2.172.), 


T'(s) 


(5.92) 
ae) 


(MK2)(s) = 27 V— 
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Applying equalities (5.92) and (1.7) with z = 5 we get equality (5.90). The lemma is 
proved. 


Applying the convolution Mellin formula ((241], (1.4.56)), 


(an / (= Jo) (s) = (INK) (s)(MfF)(s), (x ER), (5.93) 


being valid for suitable K() a Sy ) and y(x). 


t’ to 


5.4.2 Mellin transform of P¥ (x) and Ps (x) 


Applying (5.89), for (PF if ) (x) we have 


(AMPS, f)(s) = (am i; ki(2) (mis) 0 )¢s) 
0 


= (ki )(s) (MM, f) (6) 
r(a £ yy —)/2)r(y =§ —s)/2) 


r(1 -s/2)r(a —s)/2) (27) 


In accordance with (5.72) we obtain 


a d=y49), 


(NPS  f)(s) = gro 


r(d+yv+6—s)/2)r((y -4—s)/2) (or) 
r(1-s/2)r(a-s)/2) 

x d-y+ts) 

5). (1454.4) 

a) (3.3) 


Therefore, the initial integral transform (5.74) is the modified #-transform (5.73) 
witho =0,K=1l-y 


(Py A) =2"- [x83] 


0 


is 
NmwN 
rs | 
— 
i 
ths 
b 
NIK NI 


s|(euyes l-y). 


l-y-6 1 1 b-y 1 
(S92) OS ole ’ £(tdt. 
Similarly to the above, using Eq. (5.90) for (Pi, f ) (x) we have 


(AMPS, f)(s) = (an(x!- Cag) (RK) (+ ye M_1 f)(®dr))(s) 
0 


Buschman-Erdélyi integral and transmutation operators 239 


ie d 
= (am [ (RK: (2) ro 2)o41- 
0 


= (M(RK2))(s +1—y)(MP)(s+1—-y) 

= (MK2)(y — s)(MF)(s +1—-y) 

_ Ait V((y —s)/2)P((vy — s + 1)/2) 
r((. —6 —s)/2)r(1+ (6 —s)/2) 


(MS) —y +s). 


According to equality (5.72) we obtain 


l((y —s)/2)P((y —s + 1)/2) 
r(d —8—s)/2)r(1+ @—s)/2) 


-o-vag| ee Fe) s|e)eri-n 


and hence, the initial transform (Pe4 f ) (x) is also a modified #-transform (5.73), 
witho =0,«K=1-y 


(NPS > f)(s) = 277! (mf) —y +5) 


shee |. Y frat. 
>a) 


5.4.3 £&, 5-theory of the transforms Ps, f (k= 1,2) 


With respect to aye z-theory of the transforms (5.74) and (5.75), using Theo- 
rem 65, for the H,..-transform we have af =a} =... = ay =0, Ay = Ap = 
= An = 0, p = (PI, P2, ++) Pn) = (2,2, +52), gd = (G1 92, +) In) = (2, 2, «.., 2), 
Cy = (0, Hip, Oi) = (Gs gr 9) By = (Bj Bars Bi) = Gs gre g) G = 
lw, p, fjH=l,..g),uw=y-l. 

As for m,n, and other parameters we obtain 


m=0, 7 =2, a=—oo, B =min[Re(1+y +5), Re(y —4)], 
n=0, n=2, a=—o, B=Re(y), 


respectively, for the operators (5.74) and (5.75). 


The number 1 — v does not belong to the exceptional set €3 of the Hy '5-function 
if 


s#2m+1,sA4214+20=h,h, ....ln),m = (mM, m2, ..., Mn) € NO), 


for Re(s) = 1—Y. 
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From the other side, 1 — Vv does not belong to the exceptional set €, of the 


772.0 bo 
H,'5-function if 


P02 0m tl, 594 USO be. bs 
m= (mM],™M), ..., Mn) € No), 


for Re(s) = 1—YP. 
From Theorem 65 we deduce the £, 5-theory of the transforms PP pf (k= 1,2). 


Theorem 67. Let 


— 00 < vj —Re(] — yj) < min[Re(1 + y1 + 61), Re(% — 41)], 


Re(y1 — 1) <9, 

— 00 < v2 — Re(1 — y2) < min[Re(1 + 2 + 42), Re(y2 — 42)], 
Re(y2 — 1) <0,..., 

— oO < v, — Re(1 — y,) < min[Re(1 + y%, + 6,), ReQy — 6n)], 
Re(y — 1) <0. 


The following assertions hold: 

(a) There exists a one-to-one map P54 € [L53, S5_Reci—y),2] such that the relation 
(5.74) holds for f € Soa and Re(s) = Vv — Re(1 — y). If Re(y — 1) = 0, then Pi 4 is 
one-to-one on £5. 

(b) The transform Phi f does not depend on V in the sense that if Vv, and if the 
transforms Pe f and 4 | f are defined in respective spaces ae) and 2 by rela- 
tion (5.74), then Py, f =Pk f for f E25, 3&5, 7. 

(c) If Re(y — 1) <0, then for f € Soa Fat is given by (5.74). 

(d) Let . = (A1, Aa, +. An) € C", h = (h1,..., tn) > 0, and f € So 7 If Re(a) > 
(vp —Re(1 — y))h — 1, then Peay is represented in the form 


ap i-aina 4 Gen 
(Ph f) Ge) = 29 Mix OFA grit 


(Am), (52,5), (14-543 


rsa 


while for Re(A) < (v — Re(1 — y))h — itis given by 


(Ps f)@) = =2¢ igh FHS gH 
x 
rs I-y-8 1 s-y 1) xF 
«foes ERS pero 
0 se (7-18), (0.5), (4.4) 
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(elif f eX, xz and ge x1 _s4Re(—y),D then the following relation holds: 


(oe) 


| f(x)(PX 1g) dx = / 271 (P*Y, f)(a)g@dx, 


0 


where (pe of ) (x) is the transform 


(Pty, f)(@) 6 — x? rae (- ) roar= g(x) (x >0). 


Theorem 68. Let 


— oo < vy; —Re(1 — 1) < Re(y1), Re(vi — 1) $0, 
— co < v2 — Re(1 — yz) < Re(qv), Re(y — 1) <O,..., 
— © < vy — Re(1 — yp) < Re(yn), Re(mm — 1) <0. 


The following assertions hold: 

(a) There exists a one-to-one map Ps 5 € [L55, S5—Re(1—y),2] such that the relation 
(5.75) holds for f € &53 and Re(s) = v — Re(1 — y). If Re(y — 1) =0, then P59 is 
one-to-one on &,, 5. 

(b) The transform Poy does not depend on V in the sense that if V1 and if the 
transforms B 3,2 and Phot are defined in respective spaces gS 3 then a f= Pi f 
for fe, ah lag 5 

(c) IfRe(y — 1) <0, then for f € S55, Piaf is given by (5.75). 

(d) LetX €C",h>0, and f € Sor If Rea) > (DV — Re(1 — y))h — 1, then PS of 
is represented in the form 


~ imaged ane 
(Ph of )(x) = 27 Thx! OD gti 


~ 


:) le Y f(odt, 
Xr 


while for Re(a) < W— Re(1 — y)h — | it is given by 


(Pi oF) (x) = =o Nanalign’ PHN genie 


a Y f(t)dt. 
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(if feX,zandge L1_s4Red—y),D then the following relation holds: 


/ Ff (x)(P§ 98) (w)dx = / (PY of @e@ ax, 
0 0 


where (Eh) is given by 


CO 


(P*Y, f\(x) = iG = 2) 7p (2) pena = g(x) (x > 0). 


x 


5.4.4 Inversion formulas for transforms Ps pf GE=12) 


Let 


ay =0, Bo = 0, 
ao = 1 + max[Re(é6 — 1), Re(—46 — 2)], Bp = —, 


respectively, for the operators (5.74) and (5.75). 
Inversion formulas for Pea f take the following forms: 


fd) = 2! Ati ly 4 E+ /h 
dx 


B.ED). (FELD er acng 
(24). (G2), 3-18 (Ps f)@at 


or 


f(x) =2! Vx @tD/h id, Q+)/h 
dx 


[o,@) 
t 
x fis) 
: xX 

0 


Inversion formulas for Pr 4f take the following forms: 


(25°.3), (35.2). a) 
1 


f(x) =—2! Vx @tbd/h ity 4 (A+1)/h 
, dx 


(Py 4 f)(t)dt 


(Py, f)@at. 


(5.94) 


(5.95) 


(5.96) 
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or 


f(x) =2! Vax A+b/h 14, G+)/h 


A) (ck 
ahs (5.5), CA, y 
7 ms ( 4.1), ost) Jere (5.97) 
Theorem 69. Let Re(y) = 1, —co < v < min[1, Re(2 + 5), Re(1 — 8)], and let 
AEC", h>0. 

If f € &5 3 then the inversion formulas (5.94) and (5.95) are valid for Re(A) > 
(1—v)h—1landRe(A) <(1—Dh—1, respectively. 
Theorem 70. Let Re(y) = 1, —co < v < min[1, Re(1—5), Re(2+4)], and leti EC", 


h>0. 
Iffe Sop then the inversion formulas (5.96) and (5.97) are valid for Re(A) > 


(1—v)h—1andRe(a) <(1—Dh—1, respectively. 


Integral transforms composition 
method for transmutations 


In this chapter we study applications of the integral transforms composition method 
(ITCM) for obtaining transmutations via integral transforms. It is possible to derive 
a wide range of transmutation operators by this method. Classical integral transforms 
are involved in the ITCM as basic blocks; among them are Fourier, sine- and cosine- 
Fourier, Hankel, Mellin, Laplace, and some generalized transforms. The ITCM and 
transmutations obtained by it are applied to derive connection formulas for solutions 
of singular differential equations and more simple nonsingular ones. We consider well- 
known classes of singular differential equations with Bessel operators, such as the 
classical and generalized Euler-Poisson—Darboux equations and the generalized radi- 
ation problem of A. Weinstein. Methods of this chapter are applied to more general 
linear partial differential equations with Bessel operators, such as multivariate Bessel 
type equations, generalized axially symmetric potential theory (GASPT) equations of 
A. Weinstein, Bessel type generalized wave equations with variable coefficients, B- 
ultrahyperbolic equations, and others. So with many results and examples the main 
conclusion of this chapter is illustrated: the ITCM of constructing transmutations is 
a very important and effective tool also for obtaining connection formulas and ex- 
plicit representations of solutions to a wide class of singular differential equations, 
including ones with Bessel operators. 


6.1 Basic ideas and definitions of the integral transforms 
composition method for the study of transmutations 


To construct transmutation operators, the ITCM, introduced and thoroughly devel- 
oped in [146,229,230,234,524,533,535], can be used. The essence of this method is 
to construct the necessary transmutation operator and corresponding connection for- 
mulas among solutions of perturbed and nonperturbed equations as a composition of 
classical integral transforms with properly chosen weighted functions. 


6.1.1 Background of ITCM 


We note that other possible generalizations of considered equations are equations with 
fractional powers of the Bessel operator considered in [89,252,367,515,516,527,531, 
555]. In fractional differential equations theory the so-called “principle of subordi- 
nation” was proposed (cf. [12,13,118,458]). In the cited literature the principle of 
subordination is reduced to formulas relating the solutions to equations of various 
fractional orders. Special cases of the subordination principle are formulas connecting 
Transmutations, Singular and Fractional Differential Equations With Applications to Mathematical Physics 
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solutions of fractional differential equations to solutions of integer order equations. 
Such formulas are also in fact parameter shift formulas, in which the parameter is the 
order of the fractional differential equation. So the popular “principle of subordina- 
tion” may be considered as an example of parameter shift formulas, and consequently 
is in close connection with transmutation theory and the ITCM developed here. 

Note that we specially restrict ourselves to linear problems, but of course nonlinear 
problems are also very important (cf. [469,470] for further references). 

In transmutation theory explicit operators have been derived based on different 
ideas and methods, often not connecting altogether. So there is an urgent need in trans- 
mutation theory to develop a general method for obtaining known and new classes of 
transmutations. 

We give such general method for constructing transmutation operators. It is the 
integral transforms composition method (ITCM). The method is based on the rep- 
resentation of transmutation operators as compositions of basic integral transforms. 
The ITCM gives the algorithm not only for constructing new transmutation operators, 
but also for all now explicitly known classes of transmutations, including Poisson, So- 
nine, Vekua—Erdélyi-Lowndes, Buschman-—Erdélyi, Sonin—Katrakhov, and Poisson— 
Katrakhov ones (cf. [5 1—53,56,229,230,524,533,535] as well as the classes of elliptic, 
hyperbolic, and parabolic transmutation operators introduced by R. Carroll [51—53]). 


6.1.2 What is ITCM and how to use it? 


The formal algorithm of ITCM is the following. Let us take as input a pair of arbitrary 
operators A, B, and also connecting with them generalized Fourier transforms F4, Fz, 
which are invertible and act by the formulas 


FrsA=g(t)Fa, FeB= g(t) Fp, (6.1) 


where f¢ is a dual variable and g is an arbitrary function with suitable properties. It is 
often convenient to choose g(t) = —?* or g(t) =—t%,a@ ER. 

Then the essence of the ITCM is to obtain formally a pair of transmutation op- 
erators P and S as the method output by the following formulas: 


1 
S=F,;!—~Fa,  P=F,'w(t)Fs, 6.2 
B w(t) A A (t) Fe (6.2) 
with arbitrary function w(t). When P and S are transmutation operators intertwin- 
ing Aand B, 


SA= BS, PB=AP. (6.3) 


A formal checking of (6.3) can be obtained by direct substitution. The main difficulty 
is the calculation of compositions (6.2) in an explicit integral form, as well as the 
choice of domains of operators P and S. Also, we should note that the formulas in 
(6.2) are formal and the situation is possible when one operator, for example P, exists 
and is generated by the formula P = Fy 'w(t)F B, but its inverse operator S cannot 
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be constructed by the formula Fp : sok ‘4 Since this integral, for example, diverges. 


In this case if it is needed to construct an inverse operator for P it is necessary to use 
some regularization methods. 
Let us list the main advantages of the ITCM. 


e Simplicity — many classes of transmutations are obtained by explicit formulas from 
elementary basic blocks, which are classical integral transforms. 

e The ITCM gives by a unified approach all previously explicitly known classes of 
transmutations. 

e The ITCM gives by a unified approach many new classes of transmutations for 
different operators. 

e The ITCM gives a unified approach to obtain both direct and inverse transmuta- 
tions in the same composition form. 

e The ITCM directly leads to estimates of norms of direct and inverse transmuta- 
tions using known norm estimates for classical integral transforms on different 
functional spaces. 

e The ITCM directly leads to connection formulas for solutions to perturbed and 
unperturbed differential equations. 


Some obstacle to apply ITCM is the following one. We know classical integral 
transforms usually act on standard spaces like Lz, Ly, C k variable exponent Lebesgue 
spaces [465], and so on. But for the application of transmutations to differential equa- 
tions we usually need some more conditions to hold, say, at zero or at infinity. For 
these problems we may first construct a transmutation by the ITCM and then expand 
it to the needed functional classes. 

Let us stress that formulas of the type (6.2) of course are not new for integral 
transforms and their applications to differential equations. But the ITCM is new when 
applied to transmutation theory! In other fields of integral transforms and connected 
differential equations theory compositions (6.2) for the choice of the classical Fourier 
transform leads to famous pseudodifferential operators with symbol function w(t). For 
the choice of the classical Fourier transform and the function w(t) = (+it)~* we get 
fractional integrals on the whole real axis, for w(t) = |x|~* we get the Riesz potential, 
for w(t) = (1 +27)~° in (6.2) we get the Bessel potential, and for w(t) = (1 £it)7° 
we obtain modified Bessel potentials [494]. 

The choice for the ITCM algorithm 


A=B=B, Fae Fs =e Os=P w= jl) (6.4) 


leads to generalized translation operators of Delsart [315,319,321]. For this case we 
have to choose in the ITCM algorithm defined by (6.1)-(6.2) the above values (6.4) 
in which B, is the Bessel operator (1.87), F, is the Hankel transform (1.56), and j, 
is the normalized (or “small’’) Bessel function (1.19). In the same manner other fam- 
ilies of operators commuting with a given one may be obtained by the ITCM for the 
choice A = B, F4 = Fg with arbitrary functions g(t), w(t) (generalized translation 
commutes with the Bessel operator). In the case of the choice of differential opera- 
tor A as quantum oscillator and the connected integral transform F’, as fractional or 
quadratic Fourier transform [437], we may obtain by the ITCM transmutations also 
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for this case [230]. It is possible to apply the ITCM instead of classical approaches for 
obtaining fractional powers of Bessel operators [230,515,516,527,531]. 

Direct applications of the ITCM to multi-dimensional differential operators are 
obvious; in this case f is a vector and g(t), w(t) are vector functions in (6.1)—(6.2). 
Unfortunately for this case we know and may derive some new explicit transmutations 
just for simple special cases. But among them are well-known and interesting classes 
of potentials. In the case of using the ITCM by (6.1)-(6.2) with Fourier transform 
when w(f) is a positive definite quadratic form, we come to elliptic Riesz potentials 
[475,494]; when w(f) is an indefinite quadratic form we come to hyperbolic Riesz 
potentials [426,475,494]; when w(x, t) = (|x|? — it)~“/? we come to parabolic po- 
tentials [494]. In the case of using the ITCM by (6.1)-(6.2) with Hankel transform 
and when w(f) is a quadratic form we come to elliptic Riesz B-potentials [206,344] 
or hyperbolic Riesz B-potentials [503]. For all abovementioned potentials we need 
to use distribution theory and consider for the ITCM convolutions of distributions; 
for inversion of such potentials we need some cutting and approximation procedures 
(cf. [426,503]). For this class of problems it is appropriate to use Schwartz and/or 
Lizorkin spaces for probe functions and dual spaces for distributions. 

So we may conclude that the ITCM we consider in this chapter for obtaining trans- 
mutations is effective, it is connected to many known methods and problems, it gives 
all known classes of explicit transmutations, and it works as a tool to construct new 
classes of transmutations. Application of the ITCM requires the following three steps. 


e Step 1. For a given pair of operators A, B and connected integral transforms 
F4, Fp, define and calculate a pair of transmutations P,S by basic formu- 
las (6.1)—(6.2). 

e Step 2. Derive exact conditions and find classes of functions for which transmuta- 
tions obtained by step | satisfy proper intertwining properties. 

e Step 3. Apply now correctly defined transmutations by steps | and 2 on proper 
classes of functions to derive connection formulas for solutions of differential 
equations. 


Based on this plan the next part of the chapter is organized as follows. First we 
illustrate step | of the above plan and apply the ITCM for obtaining some new and 
known transmutations. For step 2 we prove a general theorem for the case of Bessel 
operators; it is enough to complete strict definitions of necessary transmutations and 
start to solve problems using them. After that we give an example to illustrate step 3 
of applying transmutations obtained by ITCM to derive formulas for solutions of a 
model differential equation. 


6.2 Application of the ITCM to derive transmutations 
connected with the Bessel operator 


The topic of this section is the application of the ITCM to obtain different classes of 
transmutations connected with the Bessel operator. 
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6.2.1. Index shift for the Bessel operator 


Here we derive connection formulas of Bessel operators with the indices jz and v. Such 
relations are called parameter shift formulas and such operator is called index shift 
transmutation. Aforesaid formulas arise when the classical wave equation is solved 
by the mean values method. The descent parameter in this case is the space dimension. 
Essentially, such parameter shift formulas define transmutation operators which are 
responsible for connection formulas among solutions of perturbed and nonperturbed 
equations. In this subsection we apply the ITCM to obtain integral representations for 
index shift transmutations. This corresponds to step 1 of the above plan for the ITCM 
algorithm. 

Let us look at the operator T transmuting the operator B,, defined by (1.87) into 
the same operator but with another parameter B,,. To find such a transmutation we 
use the ITCM with Hankel transform. Applying the ITCM we obtain an interesting 
and important family of transmutations, including index shift transmutations, “de- 
scent” operators, classical Sonine and Poisson type transmutations, explicit integral 
representations for fractional powers of the Bessel operator, generalized translations 
of Delsart, and others. 

So we are looking for an operator co such that 


LO Ry Br, (6.5) 


or in the form factorized by the ITCM, 
=H, (om), (6.6) 


where H), is a Hankel transform (1.59). Assuming g(t) = Ct®, C € R does not depend 


on t, and Ti?) = = joa we derive the following theorem. 


Theorem 71. Let f € L?(0, 00), 
uv 
Re(at+ut+1)>0, Re (a+4#=*) <0. 


Then for the transmutation operator cae obtained by the ITCM and such that 
1c) Pee Be 


the following integral representation is true: 
a3 at+pu+l 
me (2) 
w+ 
sles) 


—l-y-a at 2 
u+la v+1 
Fe [somal 41,5; 2 ) "ays 


G7) 


2 "2 2 > x? 
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atmt+l atp-—v +1 x? 
pF (ES 1 AS) yee lay |, (6.7) 
2 2 2 ’y 


where 2F\ is the Gauss hypergeometric function. 


Proof. We have 


(TQ.f)@=C- Hy [PHL/IO] @) = 


er lo) lee) 
Cc of juga ety epee 
i (4) 0 : 0 . 
ast tap (vt) 
2 leu u+a v 
C — ae (xt) 2 Jui (Xt)t dt (ty) = Je IT) y= 
r(S A 
v-p 
22 +27 4h) oo 00 
2 = v =v 
C De oo ate 
v(t ‘ ; — 
9 att2p (34) [o,e) 
1 
C (@ 8 fy rone fi pr 7, ust (1) Jus (ty)dt+ 
Pe. 
2 0 
vr 
C ae _ () mat ii vee d f atl+"s" 7 J d 
(ey y 2 f(y)dy | t ui (Xt) vst ty) f. 
x 0 


Using formula (2.12.31.1) from [456], p. 209, of the form 


1P-! 7 (xt) J, (yt) dt = 


p-l B r(g yt+etB y-pt+B as 

2PUx VTP yh Fi( op PE 1 ) 0 <X, 
ro+pr (241) ° oe ae x2 vee 

XxX 


+o+8 
r(z p 


= 2 
ae ey ee Fi (5B, +e tsp+1 45) O<x<y, 


P(p+)r( 5-8 +1) 


,y,Re(B+p+y)>0, Rep <2 
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BY 12p= ae y= et we obtain the formula (6.7). We 


v 
2 


and putting B =a + 
have 


[ee 


| ees Jus (Xt) Jus (ty)dt = 
0 


u-v yp-l a+yut+l 
Bete a y Os r( 2 ) js a vt, y? 
iH ; 2Fy pa dy ah O<y<x, 
ge TC Ce —— 
u-v pl r atpe+l 
goths ( 2 at+utl aty-v . BL, x? 
yee pp yp(eeye ee FBT a) Ose sy, 


ReG@t+u+l>0, Re (e+ 45*) <0 


and 
(7.f) @) = 
9043p (4+) x ‘ 
2 eae atutl a v+l1y 
Cc. A wim” re * fronri( a ee a 
r(-$)r (4) 0 
+3 +l tu+l\ 00 
és 2" r()r(¢ 5 din oF at+u+l OtHoV m+ x? . 
2 x 
yr ee tay 


This completes the proof. O 


Constant C in (6.7) should be chosen based on convenience. Very often it is rea- 
sonable to choose this constant so that se 1l=1. 
Using formula 


2F (a, b; b; z) =(1—z)“ (6.8) 


we give several useful transmutation operators that are special cases of operator (6.7). 
In Section 6.3 we will use these operators to find the solutions to the perturbed wave 
equations. 


6.2.2 Poisson and “descent” operators, negative fractional 
power of the Bessel operator 


Here we give important consequences of Theorem 71. 
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Statement 14. Let f € L?(0, oo), a =—p, v=0. In this case for 4 > 0 we obtain 
the operator 


or (=) 2 
(-p) 1- 2 2H] 
TE, f/O= > * " f rove = yi)? dy, (6.9) 
(RP) = ray | 
such that 
TK p2 =B TOM (6 10) 
0, =uloiy : 


and c i= 1, 


Proof. From Theorem 71 we obtain 


7 23-b 1 1 ; 
Pr) (x)=C- a | Sonn (;. 1— a 5° 2 ay. 
2 


and 


= Bia ae 
(MPA O=C. vere fo" — y?)F lay. 
2 2; 


It is easy to see that 
fee — yf lay = (y =a) = fa-2 i ldz= 


bh 
a_i sfo-otirt esc) 


2( ut! 


and taking C = 


we get a )1 = 1. This completes the proof. 


The operator (6.9) is the well-known Poisson operator (3.120). We will use the 
conventional symbol P%" for it: 


PH f(x) =C(p)x' 4 i f(y)? — y?)? ay, (6.11) 
0 
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ar (44+) 
Pei, C(u) = ——.. 
eat (8) 


Remark 11. /t is easy to see that if u = u(x,t), x,t € R, and 


u(x, 0) = f(x), u;(x,0) =0, 


then 


=0. (6.12) 


0 
PHu(x,t)|r-0 = f(x), ay Pt Ot) 
t t=0 


Indeed, we have 


t 


Pltuce.hico= Cut! f ute. 9)(? =») My 
0 


t=0 
1 
CW) [uc ty)leco(1 — »2)8 lay = fx) 
0 
and 


Puts, t) 


1 
=i fue. ty)eo(1 — y2)2 dy =0. 
0 


t=0 


Statement 15. Let f € L?(0, 00), a=0, w =0. In this case for 1 > 0 we obtain the 
operator 


oe fr ; 
(70S) (x)= a J F000? =) tay (6.13) 
2) 


+1 
r) 
with the intertwining property 


7 


— p27(0) 
». 0 By =D T, 0: 


Proof. Using formula (6.8) we obtain 


v+l oo 
ay see os f ronn (G1-355 =) lays 
2 ee 
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Pes) sf FO)? — x2)27} 
* Var (5) 


Putting C = we get (6.13). 


Wy ary 


Statement 16. For f € L7(0, oo), a=v—p, —1<Rev<Rep, we obtain the first “de- 
scent” operator 


ar (44 
(TPF) comer ey eh a m « [rox —y)'t ly "dy = 
(4)r (44) 
2r (4 
: [roo SF -lyYay (6.14) 
r (4) r (44) 
such that 


i OR SAT” 
and 
re la, 
Proof. Substituting the value w = v — p into (6.7) we can write 
Qv-H43p ( sal ) 
as) (x)=C- repr (ey 


x 
v+1v-p ved 34 
[ ronri( ptt | pay: 
0 


Zz * 2 2° % 


Taking into account the identity (6.8) for a hypergeometric function the last equality 
reduces to x”—4+?(x? — y?) “r—! and the operator ae ) ig written in the form 
2esr (441) 
= xl Perl 
(Py) OP ee Py * fone —y’)'? lyPdy. 
we () 


Clearly, 


x 


1 
xt fat yy" lyray=ty sas fa — 2) Tt 1 %dz = 
0 


0 
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reser!) 
) 


we get oar “1 = 1. This completes the proof. 


1 
1 vy pe 
{2 =Hj= 5 fa es 
au ae 


i 


and taking C = ane 


r2( 4 


Statement 17. Let f € L7(0, 00), a =0, —1<Rep<Rev. In this case we obtain the 
second “descent” operator: 


20 
Gr )G ey [100° — x) lyd (6.15) 


Proof. We have 


0 
Toes 
ar(2 a) ; 
zZ al —v +1 x =p 
Canes | Ponn( "5 _— +1; 5 ; 3) Blgy, 
r (4A) r( 2 y 


Using formula (6.8) we get 


and 


Br v+1 
(704) @=C- (% 


It is obvious that 


[o@) 

v= x 
for=2) yay = {» = *} = 
x 


oe fo — ya lww gy = {22 =P} = 


PH Ho, ve x’ ie ee) H) 
#fa-0" dt= Te 
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Therefore, for C = 


) (v1) . 
—_—__1__., we get 7, 1 =x’. This completes the 
aCeyreey ee" ° 


proof. 


In [535] formula (6.15) was obtained as a particular case of the Buschman-Erdélyi 
operator of the third kind but with different constant: 


VH_y 


(iF) w= Zan | ro» (9? - 2) 7 dy. (6.16) 
2 x 


r 


As might be seen in the form (6.15) as well as (6.16), the operator ae does not 
depend on the values v and yz but only on the difference between v and jp. 


Statement 18. Let f € L7(0,00), Re(a+v+1)>0, Rea <0. If we take 1 =v in 
(6.7) we obtain the operator 


+3 +v+1 

ep (sett) 
i x 

r(-$)r (44) 


x 
apo 2 a+tv+l1a v+1 y? 
oe “[ ronri( +b Il: 3) yay 
0 


Gai) G= 


2 i: 2 


foe) 
at+t+v+la v+l x27\ 
[ ronri( 5 rath 5 5) oa hiy |, (6.17) 
x 


which is an explicit integral representation of the negative fractional power a of the 
Bessel operator BY. 


So it is possible and easy to obtain fractional powers of the Bessel operator by the 
ITCM. For different approaches to fractional powers of the Bessel operator and its 
explicit integral representations, cf. [89,230,252,367,515,516,527,531,555]. 


6.2.3 ITCM for generalized translation and the weighted 
spherical mean 


Now we show how the generalized translation (3.144) and the weighted spherical 
mean (3.183) can be constructed by the ITCM. 


Theorem 72. If we apply the ITCM with g(t) = is (zt) in (6.6) and with u = v, 


then the operator 


(1.4) @ = TF) = Hy" [jn OMLAIO] = 
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ar (44) x+z 
Jit (4xz)’—'P (3) / FOI? -— @—y)P?)@+yyP?— 27)? "dy (6.18) 
2. 


|x—2| 


coincides with the generalized translation operator (see [315,319,321,537]), for 
which the following properties are valid 


°T; (By)x = (By)z" TY, (6.19) 


Vz 3 2 
Tef@lea0=f), 5 "Ts 


=0. (6.20) 
z=0 


Proof. We have 


(72) =H; [i GOHLIO] = 


ii (oe) Co 
2 : . ; 
a f iene iscnt'ar f just fony"dy= 
r2 (3) z Z 2 
27/70 0 
CO 
sep] tore fs L(t) jut (ty) jus eee" dt. 
T2 (4) 4 
0 
Using the formula (see (3.156)) 
(oe) 
fis (tx) juat (ty) just (tz)t’dt = 
0 
0 O<y<|x—-—zlory>x-+z, 
ar3( 44+) 2 a2. 2 v= 
L?—G-y)?)(aty)?=27)]2 
va0(5) (xyz)Pl Pes ae a 
we obtain 


(78.4) @= 
ai-v a3 (4) x+z . 
r? (+44) Ji (xz)? IT ( ) I FOYLE 2_(4— y)’ x+y)? =Z aya dy= 


(5) 


2°T (4) x+zZ . 
Ja (4xz)’—T (5) / f ()yL@?—e—-y)?)(+y)?—27)]? dy = ° TZ f (2). 
2 


|x—2| 


From the derived representation it is clear that "7 f(x) = °T;' f(z) and from (6.5) it 
follows that "7% (By), = (By)x "TZ, and consequently "7% (By), = (By), ° TY. 


Properties 6. 20) follow easily noni the representation (6.18). This completes the 
proof. 
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A more frequently used representation of the generalized translation operator ° 7, 
is (3.144). In Statement 8 it was proved that (6.18) and (3.144) are the same operator. 

So it is possible and easy to obtain generalized translation operators by the ITCM, 
and its basic properties follow immediately from the ITCM integral representation. 

Now we apply the ITCM for the construction of the weighted spherical mean using 
the second formula from (6.1) when A = (A,)x, x € RY B=(Batly|-r. vr € Ri, 
Fa = Fg =F, (see Definition 12) and w(x) = Jt, (rlxI). 


Theorem 73. For f € Sey the representation of the weighted spherical mean 


MYLF@N=F;" | jesp_ CEDF, LAE] @) (6.21) 


is valid. 


Proof. Let us consider 
FY [Mr [f IE) = [eet tron” dx = 
R', 


1 
——— | j y YT"? £(x)O%dS = 
iron fee ax [ a J (0 aS 
+ 


Sf (n) 


1 
eas | Ee ENT J’ g” Y dx. 
iron f €)T. f(xyardS | x” dx 
i 


St) 
Formulas (3.172) and (3.170) a 
Fy (Mr Lf @NE) = con ) ee dx / Tj, (x, €)0" dS = 
a 
ST) 


Le E)x” dx | jy (v0, €£)0"dS. 


st (n) 


on nly 
Since (3.140) taking into account (1.107), we obtain 


Hr (2) 
F/M? Lf @) Ke) = ——— =! r 
_ IST @ly 2-1 (24421) 


jugpt_ Cl f f @)jy &, €)x" dx = Jntvl_ CIE DFyLFIE). 


RY 


Application of the inverse Hankel transform gives formula (6.21). 
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6.2.4 Integral representations of transmutations for perturbed 
differential Bessel operators 


Now let us prove a general result on transmutations for perturbed Bessel operator with 
potentials. These results are of technical form; they were proved many times for some 
special cases. It is convenient to prove the general result accurately here. It is the 
necessary step 2 from the ITCM algorithm; it turns operators obtained by the ITCM 
with formal transmutation property into transmutations with exact conditions on input 
parameters and classes of functions. 

We will construct a transmutation operator S,,_,, intertwining Bessel operators B, + 
q and B,, +r. In this case it is reasonable to use the Hankel transforms of orders v and 
4, respectively. So for a pair of perturbed Bessel differential operators 


A=B,+ q(x), B=B,+r(x)l, I is a unique operator, 
we seek a transmutation operator S,,,, such that 

Svu (By + q(x))u = (By +r (x)) Sp pu. (6.22) 
Let us apply the ITCM and obtain it in the form 


ae 
Suw=P, ah 


w(t) 


with arbitrary w(t), w(t) 4 0. So we have formally 


gin tH ra 
Son Ste= Ca) [igon Seat [ iaansory'ay= 
2 0 0 
gi-n vg , a F 
P(A) [fon » fig CY) jek OY rs h 


For all known cases we may represent transmutations S,, ,, in the following general 
form (see [558,586]): 


CO 


Sf =a fen f Ko.» fory"ay+ f Lo. »FOry"ay. 
0 


x 


Necessary conditions on kernels K and L as well as on functions a(x), f (x) to satisfy 
(6.22) are given in the following theorem. 


Theorem 74. Let u € L2(0, co) be twice continuously differentiable on [0, 00) such 
that u' (0) = 0 and let q and r be functions such that 


[o,2) [o,e) 


feo < 00, [ero <0o 


0 0 


260 Transmutations, Singular and Fractional Differential Equations 


for some 5 < 5 and € < ;. There exists a transmutation operator of the form 


Sy,pu(x) = a(x)u(x) + / K(x, tu(ye’dt + / L(x, t)u(t)t’dt, (6.23) 
0 x 
such that 
Suu Bu + a6) uc = |B + ro] Sy,uu(x) (6.24) 


with twice continuously differentiable kernels K (x,t) and L(x, t) on [0, 00) such that 


lim 1" K (x, t)u'(t) = 0, lim 1° K,(x, t)u(t) = 0 
t> t> 
and 
lim t’L(x, t)u'(t) =0, lim ¢t’L;(x, thu(t) = 0, 
t>0o t>0o 


satisfying the following relations: 
(Bo + 70) K(x, = | Bid + ra] K (x,t), 
(Bo) + a0o| L(x, t)= |B - re Los t), 
and 
ats] B + a(x) Juco = |B + res) face = 
(u+ vy” luo] Kes x) — L(x, »| + 2x uta] Kx, x)-—L'(x, | 


Proof. First we have 


Sp, (Byu(x) + q(x)u(x)) = a@)[Byu(x) + gu) + 


[ko ne.uy +acouanrar+ f L6.0Bue) + aura 
0 x 


i 
v 


Substituting the Bessel operator in the form B, = ; are and integrating by parts 


we obtain 
x i 
[x t)(Byu(t)) t’dt [x jae d (t)dt 
’ u = x, napa rege = 
‘i is at dt” 
0 0 
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K(x, t)t’u'(t) = f eK. Lunar = 
t=0 dt 
Kaoru) —2Kx,dua) + / (By): Ki(x, )) u(or'dt. 
t=0 t=0 
0 


Since 
lim 1" K (x, t)u'(t) = 0, lim 1° K(x, t)u(t) = 0, 
i> t> 


we obtain 


x 


[ko n@ucyerar = 


0) 


K(x, x)x?ul (x) — x"u(x) Ki (x, ft) 


+ [ BrKe.nucorar 
t=x 
0 


Similarly, 
(oe) Co 
fre t)(B uayrat= f Lo Ae ies 
eae 7 ae Wie 7 
4 p 
Cc ve d 
L(x, t)t’u'(t) = f Pt.9Sundr = 
t=x dt 
x 
CO (oe) a 
L(x, t)t’u'(t) —t’ L(x, tu(t) + | (BL. nyucnrar 
t=x =x: a 
Since 
lim t’ L(x, t)u'(t) = 0, lim t’L;(x, t)u(t) = 0, 
t>0o t>0o 
we obtain 
[oe 
[ee n@.uy rar = 
x 


—L(x,x)x"u' (x) +x?u(x)L; (x,t) 


+ [ BrLe.nucnr'ar 
t=x 
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Therefore, 


Sy,u(Byu(x) + q(x)u(x)) = ats) B + a(x) Jucsy+ 


x” K(x, x)u'(x) —x’u(x) Ki (x, t)| — x" L(x, xu’ (x) + x"uQ) L(x, t)} + 


t=x t=x 


[Goke.n+qOKe.nyunrart 
0 


i (By La po+tqOL(x, tue dt. 


Further we have 


(Bu +r(x))Sy, pur) = 


(Bu +r(x)) (oom f xesrminrars Fess) = 
0 


x 
x [o.@) 


By la(x)u(x)]+ a(syroqu(a) +B, f Kee. nu(ne' dr +B, f Le. nuteyt dr 
0 x 


x CO 
r(x) i K(x, t)u(t)t’dt + r(x) it L(x, thu(t)t’ dt. 
0 x 
Using the formula of differentiation of integrals depending on the parameter we get 


x x 
ld d 
(Box f Ko nurar= Aa f Ko. nun’ = 
0 0 


se (xrrme omen 40 f ses) = 
0 


xt dx 
1 

a(u $vy!¥-L K(x, x)ue(x) +2” K(x, x(a) +x"? K(x, xu’) + 

X 


e x 
d 
wat! f Kos nuarrar tat © [ ky(e.nucnrvar) = 
Xx 
0 0 


< («u + v)xP tl (x, x)u(x) xt? KK! (x, x)u(x) + xUt’ K(x, xu! (x)+ 
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x x 
x4 (x) Ky (x, £) tux" K, (x, nunrdres! [ Kyxx nucor'dt) = 
t=x 


(utv)x”~! K(x, x)u(x) +x” K' (x, x)u(x) +x" K(x, xu’ (x)+ 


x’u(x) Kx (x,t) 


ae [Boxe t)u(t)t’dt 
t=x 
0 


and also 
CO Co 
(By) fre thu(t)t’dt = sae fie thu(t)t’dt = 
ee , ~ xk dx dx : - 
x x 
CO 
ld ay v 
— — | —x"" Lex. xducy +a f LeGe duct dt|= 
x dx 
x 


= (-« + v)xPt¥—l nO, xu) — x¥ YL (x, x)u(x) — xt’ Lx, xu! (x)+ 
x 


lee) lo) 
wt f Lecnuonar tat © [ LxG.nucyar) = 
Xx 


x x 


= (- + v)xPt¥—-l Oe, xu) — xP FY L(x, xu (x) — xP L(x, xu! (x)— 
x 


=x" y (x) Ly (x, t) 


t=x 


ual! [Loos nuce aa” [LexGs. utd) = 
—( + v)x L(x, x)u(x) — x” L' (x, x)u(x) — x” L(x, xu! (x)— 


x’u(x)Ly(x, t) 


+ [ Boxbo.nucnr'an, 
t=x 


So 
(Bu + r(x))Svy,uu(x) = 


|B + r(x) facouts) + (ut vyx’! K(x, x)u(x) +x? K(x, x)u(x)+ 


x” K(x, x)ul (x) +x? u(x) Ky (x,t) - 


t=x 


(w+ vx’! Lx, x)u(x) — x” L' (x, x)u(x) — x” L(x, x)ul (x)— 


x’ u(x) Lx (x,t) 


t=x 
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[| Goskes th+r(x)K(x, p|ucrnars 
0 


[[Goste. th+r(x)L(, 1 |ucoar. 


x 


Since we should have an equality 
Sy,u(By + q(x) = (By + r(x))Syip> 


equating the corresponding terms in both parts we obtain 


[[@oxe, tht q(t)K(x, 1 fuconar = 


0 
x 


[| Goske thtr(x)K(x, nfucorar 
0 
and 


i ae t+ q(Le, pfunrar = 


x 


[{Goste. th+r(x)L, 1 |uconar. 


x 


From that we derive two equations 


(Bo oo 7) K@, p= | Bid + ri] K(x,t) 


and 
| (B + ao| L(x, t)= | Bs ot re Los t). 
Because 
K'(x,x)=Ky(x, 0} + K(x, 8) 
tax t=x 
and 
L'a, x)=Lx(x,t)| + L4(,0)] 
tox tax 
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we obtain 
a(x) |B. ae ats) Juco 


x” K(x, x)ul (x) — x" u(x) Ky (x, t)} — x? L(x, x)u' (x) +x" u(x) Li x,t} = 


t=x t=x 


|B + res) facut) + (ut vx’! K(x, x)u(x) +x? K(x, x)u(x)+ 


x” K(x, x)u'(x) +x" u(x) Ky (x,t) 


t=x 


(ut vx"! Lx, x)u(x) — x’ L(x, x)u(x) — x” L(x, x)ul (x)— 


x’ u(x) Lx (x,t) 


t=x 


which is equivalent to 


a(x] 8 +40) Jue —- EB a r(x) facut) = 


(u+ va tuba] Kx x)— L¢r.3)| + 2x u(a)] KC) - Lx). 


This completes the proof of the theorem. [A 


We consider here some special cases of the transmutation operator S,,,, for func- 
tions g andr from Theorem 74. Let functions u,q,r satisfy the conditions of Theo- 
rem 74. 

1. For the transmutation in (6.23) of the form 


x 


Syyuce) =atxyucr) + f Ke Qucrar 
0 


with intertwining property 


Su] By + gto) Juco = |B + ro] Sp,uu(x), 


a kernel K (x, t) and function a(x) should satisfy the relations 


| + att) |x i= [Bid + ra] Ke. t) 


and 
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ato] B = a(x) Juco = EB +r) Javon = 
(w+ v)x" u(x) K (x, x) + 2x” u(x) K(x, x). 


In the particular case when v = wu, r(x) = 0, a(x) = | transmutations with such rep- 
resentations were obtained in [558,586]. 
2. For the transmutation in (6.23) of the form 


oe) 


Sy U(x) = a(x)u(x) + : L(x, t)u(t)t’dt, 


x 


such that 
Sy,p(By + 9q(x))u = (Bu +r@ySy uu, 

a kernel L(x, t) and function a(x) should satisfy the relations 
(a se ao| L(x, t)= | Bis ap re Lox t) 

and 
ats] B + a(x) Juco - B + roa) acon = 
—( +v)x" u(x) L(x, x) — 2x" u(x)L' (x, x). 


3. When one potential in (6.24) is equal to zero we get for a transmutation operator 


CO 


S,yuce) =atxoucy + f Ko ueeart f Lo. duced, 
0 


x 


such that 
Sun By + a0) uc = B, Sy ,u(r), 

and for kernels K (x, t), L(x, t) and function a(x) we have 
|B + ato) | Kx t) = (By) K(x, 0), 


(Bo + a(t) |e. t) = (By)x L(x, 0), 
and 


ats] B + ato) Juco — Byla(x)u(x)] = 
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(u+ yatta] Kx, x)- Lo3)| + 2x u(s)) Kr 3) - Ls.) 


4. When yu = 0 and r(x) = 0 in (6.24) for a transmutation operator 


Syutx) = acquis) + f Kenuconar+ f Loe nueyr'at, 
0 


such that 
S\(By +q(x))u = D’Syu, 
kernels K (x, t), L(x, t) and function a(x) should satisfy the relations 
Bo + att) |x t) = D{K (x,t), 
(Bo + att) [Lo j= Dna), 
and 
a(x] 8 + ats) Juco — Dea(x)u(x) = 
vx’ lu(x) EG x)— L(x, »| + 2x (x9) Kx x) — L’(x, »} 


5. When both potentials in (6.24) are equal to zero for a transmutation operator 


Suu) accu) + f Ko nucnrart f Lo.nu(n'd, 
0 x 


such that 
Syn Bru = By Sy,pu, 
kernels K (x, t), L(x, t) and function a(x) should satisfy the relations 


(By): K(x, t) = (By)x K(x, t), 
(By): Lx, t) = (By )x L(x, 0), 


and 
a(x) Byu(x) — Byla(x)u(x)] = 


(u+ ve tuOa] Kx x)— L¢3)| + 2x u(s)] Kr 3) - Ls, 
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6. When both potentials in (6.24) are equal to zero and jz = v for a transmutation 
operator 


CO 


Sux) =aGyu(s) + f Kee.nucne'dr + f Loe Quiet 
0 


x 
such that 

Sy pByu = B,S) yu, 
kernels K (x, t), L(x, t) and function a(x) should satisfy the relations 


(By) K (x, 1) = (By )x K (x,t), 
(By) L(x, t) = (By)xL@, 1), 


and 
a(x) Byu(x) — By[a(x)u(x)] = 


2a" tut] KOx) — L(x, »| 2"u(a)] K' (3) ~ Lx, »} 


7. When both potentials in (6.24) are equal to zero and jz = 0 for a transmutation 
operator 


[ee 


S,oucx) =aGyu(a) + f Kee.nucon'ar + f Loe nuene'at, 
0 


x 


such that 
Sy,oByu = D’S, ou, 
kernels K (x, t), L(x, t) and function a(x) should satisfy the relations 


(By); K (x,t) = D2K (x, 0), 
(By) L(x, 1) = D?L(G, 0), 


and 
a(x) Byu(x) — De[a(x)u(x)] = 


vx? uc] Ke x)- Lo3)| + 2x (99) Ke 3) BX: | 


Integral transforms composition method for transmutations 269 


6.3 Connection formulas for solutions to singular 
differential equations via the ITCM 


Suppose we solved the problem of obtaining transmutations by the ITCM (step 1) and 
justified an integral representation and proper function classes for it (step 2). Now we 
consider applications of these transmutations to integral representations of solutions to 
hyperbolic equations with Bessel operators (step 3). For simplicity we consider model 
equations, as for them integral representations of solutions are mostly known. More 
complex problems need more detailed and spacious calculations. But even for the 
model problems considered below, application of the transmutation method based on 
the ITCM is new; it allows a more unified and simplified approach to hyperbolic equa- 
tions with Bessel operators of Euler—Poisson—Darboux and general Euler—Poisson— 
Darboux types. 


6.3.1 Application of transmutations for finding general solutions 
to Euler-Poisson—Darboux type equations 


A standard approach to solving a differential equation is to find its general solution 
first, and then substitute given functions to find particular solutions. Here we will 
show how to obtain general solutions of Euler-Poisson—Darboux type equations using 
transmutation operators. 


Statement 19. The general solution of the equation 


a7u 


qe (Budits u=u(x,t; WL) (6.25) 


for 0 < pw < 1 is represented in the form 


1 1 


co tQp—1 w t2Qp-1 
=| Ca eee f (+1@p-D) 4g 36; 
(pl — p)) (pUl — p))? 
with a pair of arbitrary functions ®, W. 
Proof. First, we consider the wave equation 
au 0*u 
ww =n: 6.27 
at2 ax? O20) 


The general solution to this equation has the form 


F(x+t)+G(x —4), (6.28) 


270 Transmutations, Singular and Fractional Differential Equations 


where F and G are arbitrary functions. Applying operator (6.11) by variable t we 
obtain that one solution to Eq. (6.25) is 


t 
uy = 2CW) [ire +2)+G(e — Dt? — 22)7 7! dz. 
0 


Let us transform the resulting general solution as follows: 


_ CW) f FOFD+FO-D+GUFD4GR-D 


uy = 
tol (12 — 22)!" 
—t 


Introducing a new variable p by the formula z = t(2p — 1) we get 


1 


(oie 1)) 
uj = 7 d 
(p(1 — p))'~2 


where 
O(x + 2)=[F(« + z)+F(« — z)+G(x + z)+G(x — z)] 


is an arbitrary function. 

It is easy to see that if u(x,t; ju) is a solution of (6.25), then a function 
t!-Hu(x, t; 2— 2) is also a solution of (6.25). Therefore the second solution to (6.25) 
is 


1 
wpa rin f SETI? =D) 4 
(p(1— p))? 


where W is an arbitrary function, not coinciding with ©. Summing uw, and uz we 
obtain the general solution to (6.25) of the form (6.26). From (6.26) we can see that 
for summable functions ® and W such a solution exists for 0 < uw < 1. 


6.3.2 Application of transmutations for finding solutions to 
general Euler-Poisson—Darboux type equations 


Now we derive a general solution to general Euler—Poisson—Darboux type equations 
by the transmutation method. 


Statement 20. The general solution to the equation 


(By) xu = (By iu, u=u(x,t; Vv, L) (6.29) 
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for0<w<10<v<lis 


ar (44) a “ay | +121) | 
u= (x? — 
(p= p))'-2 
2% fe] Viy+r1Q2p =) ip, (6.30) 
(pd — p))2 


Proof. Applying the Poisson operator (6.11) (again obtained by the ITCM in Subec- 
tion 6.2.2) with index v by variable x to (6.26) we derive the general solution (6. 30) 
to Eq. (6.29). O 


Now let us apply transmutations for finding general solutions to general Euler— 
Poisson—Darboux type equations with spectral parameter. 


Proposition 3. The general solution to the equation 
(By)xu = (By)u+b°u, w= u(x,t; v, W) (6.31) 


forO<w<1,0<v< lis 


ar (444 
Ow Var (3) 
x 1 
‘ ® ps1 
yl fe-rta | (y +t P=) ig bt ap) dp+ 
‘ : (pU— p)) 2 


(pC — p))2 


x 1 
I-wyl-v [e-Fty | V(y+t(2p sj (ont nap ab 
0 0 


(6.32) 
Proof. The general solution to the equation 
Pu 
ax? 
is (see [453], p. 328) 


= (By)yu + b*u, u=u(x,t; 1), O0<p<1l, 


1 

® 2p—1 

-f be oe iu-(0t p(l— p))dp+ 
: (pl — p)) 2 


1 
Wixt+rt(2p-1 
aa (x+t(2p : » ju Qbty p= py) dp. 


‘ (pC — p))? 
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Applying the Poisson operator (6.11) with index v by variable x to (6.26), we derive 
the general solution (6.30) to Eq. (6.29). 


6.3.3 Application of transmutations for finding general solutions 
to singular Cauchy problems 


Using (6.26) for 0 < yz < 1 we find the solution of the Cauchy problem 


ot Gg = u(x,t; 0 1 6.33 
3x2 = tu, u=u(x,t; ), <M<tl, ( : ) 
Ou 
u(x, 0; w) = f(x), (“) = g(x), (6.34) 
t t=0 


and this solution is 


1 
_ TW) f f&+t@p-) 
Ma) 2 (pap? 


1 


r 2 t(2p-1 
4 ple a — (2p ee), (6.35) 
Q-wr(F+1) 2 (pap)? 
The solution of the Cauchy problem 
S65) = u(x, t5 1) (6.36) 
ax2 w)tu, Uu=U\X,T1; [L), . 
ou 
u(x, 0; w) = f(x), (=) =0 (6.37) 
dt J |,=0 
exists for any jz > 0 and has the form 
r 2 1 
t = 
ene (u) [ fx +t@p vy (6.38) 


M(5) J (p= py? 


Taking into account (6.12), we can see that it is possible to obtain a solution of 
(6.36)-(6.37) applying the Poisson operator to the solution of the Cauchy problem 
(6.27)-(6.37) directly. 

The solution of the Cauchy problem 


a7u : 

ue Bu deus u=u(Xx,t; LW), (6.39) 
ou 

u(x, 0; 4) =0, G x) = g(x) (6.40) 
dt] |,=0 
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exists for any yz < | and has the form 


1 
(uw +2) joe 


,t; pp) =tt-# : 
OBE! G-wr ty 1 wap 


The Cauchy problem (6.33)-(6.34) can be considered for yz ¢ (0, 1). In this case, 
to obtain the solution the transmutation operator (6.7) should be used. The case uw = 
—1,—3,—5, ... is exceptional and has to be studied separately. 

It is easy to see that if we know that generalized translation has properties 
(6.19)-(6.20) we can in a straightforward way obtain that the solution to the equa- 
tion 


(By)xu = (By)ru, u=u(x,t; L) 
with initial conditions 
u(x,0)= f(x), u;(x, 0) =0 


isu = a Ff (x). Now the first and second descent operators (6.14) and (6.15) allow 
to represent the solution to the Cauchy problem 


(Bu)xu = (By)1u, u=u(x,t; u,v), (6.41) 
u(x,0; u,v) = f), (5) =0. (6.42) 
Ot } | <0 


For 0 < uw < v a solution of (6.41)-(6.42) is derived by using (6.14) and has the form 


ar (44+) ; 

= V-#H ) 
u(x,t; Ly Y= rt " fe-% 2 1eT? f(x) y4dy. 
r( 2 bai 2 ) 0 


(6.43) 


In the case 0<v<y by using (6.15) we get a solution to (6.41)—(6.42) in the form 


aoa / (y? — 12)*2-1 HY F(x) yay. (6.44) 
Ma) 4 


u(x,t, v== 


Let us consider a Cauchy problem 


(By) <u = (B,);u + bu, u= u(x,t; v, LL), (6.45) 
u(x, 0; v, uw) = f(x), u(x, 0; v, “) =O (6.46) 


for0 <u <1,0<v <1. Applying (6.18) and descent operators (6.14) and (6.15) we 
obtain that the solution of (6.45)—(6.46) in the case 0 < pz < v is 
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x 


+1 
or (4) 
7 


oe KG aa) Boe pa 4 (6 12 — ») UT? f (x)y"dy 


and in the case 0 < v < witis 


u(x,t; UW, v)= 


2r 
es fo PE Nase (of 98) #n Fe ay 


(6.47) 


(6.48) 
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operator 


7.1 General Euler—Poisson—Darboux equation 


In this section we find solution representations in the compact integral form to the 
Cauchy problem for a general form of the Euler—Poisson—Darboux equation with 
Bessel operators via generalized translation and spherical mean operators for all val- 
ues of the parameter k, including also exceptional odd negative values, which have not 
been studied before. We use a Hankel transform method to prove results in a unified 
way. Under additional conditions we prove that a distributional solution is a classi- 
cal one too. A transmutation property for the connected generalized spherical mean is 
proved and the importance of applying transmutation methods for differential equa- 
tions with Bessel operators is emphasized. The section also contains a short historical 
introduction on differential equations with Bessel operators and a rather detailed ref- 
erence list of monographs and papers on mathematical theory and applications of this 
class of differential equations. 


7.1.1 The first Cauchy problem for the general 
Euler-Poisson—Darboux equation 


The classical Euler-Poisson—Darboux equation is defined by 


2 ey) 
ae 7 a u=u(x,t:;k), xéE€R", t>0, kER. (7.1) 
or2 st Or = ax? 
The operator acting by variable ¢ in (7.1) is the Bessel operator (B;); (see (1.87)). 
When n = 1, Eq. (7.1) appears in Leonard Euler’s work (see [128], p. 227) and later 
was studied by Siméon Denis Poisson in [447], by Gaston Darboux in [77], and by 
Bernhard Riemann in [471]. 
For the Cauchy problem initial conditions to the solution of Eq. (7.1) are added: 


tama, “222) 6 (7.2) 


Interest in the multi-dimensional equation (7.1) has increased significantly after 
Alexander Weinstein’s papers [593,595,596,598,599]. In [593,595] the Cauchy prob- 
lem for (7.1) is considered with k € R, the first initial condition being nonzero and the 
second initial condition equaling zero. A solution of the Cauchy problem (7.1)-(7.2) 
in the classical sense was obtained in [595,596,599,602] and in the distributional sense 
Transmutations, Singular and Fractional Differential Equations With Applications to Mathematical Physics 
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in [38,56]. S. A. Tersenov in [564] solved the Cauchy problem for (7.1) in the gen- 
eral form where the first and second conditions are nonzeros. Singular and degenerate 
hyperbolic equations of one-dimentional EPD-type were considered in [539-541]. 
Different problems for Eq. (7.1) with many applications to gas dynamics, hydrody- 
namics, mechanics, elasticity, plasticity, and so on were also studied in [7,32,38,39, 
56,61,74,88,96,97, 127,140, 148-150, 159,203,306,383,46 1 ,462,539,550,552,553,559, 
564,581,602,616]. Of course, this list of references is incomplete. 

In this subsection we consider the singular with respect to all variables hyper- 
bolic differential equation, which is a generalization of the multi-dimensional Euler— 
Poisson—Darboux equation (7.1): 


=z + - 3 = (Ay)x u, u=u(x,t;k), keR, t>0, (7.3) 
with the singular elliptic operator defined by (1.88) together with initial conditions 
u(x, 0; k) = f(x), lim t*u,(x, tk) = g(a). 
t>+0 


We will call Eq. (7.3) the Euler—-Poisson—Darboux equation in the general form. 

Here we will use an important approach based on the application of transmuta- 
tion theory. This method is essential in the study of singular problems with the use 
of special classes of transmutations such as Sonine, Poisson, and Buschman-Erdélyi 
ones and different forms of fractional integro-differential operators (cf. [51,52,56,228, 
230-232,277,524,525,533,535]). Abstract differential equations with Bessel opera- 
tors were studied in and in fact were mostly initiated by the famous monograph [56] 
(cf. also papers [182,185,189-193]). 

Considering the Cauchy problem (7.2)-(7.3) in more detail, David Fox in [147] 
(cf. also [56], p. 243, and [559]) proved solution uniqueness for k > 0 and found a 
solution representation in the explicit form for all k except odd negative values. The 
explicit solution was found via Lauricella functions in fact as n-times series, which 
is not convenient for applications and numerical solving. In all the above references 
the case k # —1, —3, —5,... was expelled and not studied. So in [16,350,506,512] 
different approaches from those used in [147] to the solution of this Cauchy problem 
were considered. 

We start by finding a solution to the above first Cauchy problem, 


(Ba)ru = (Ay)xu, u=u(x,t;k), xéeRi, t>0, keR, (7.4) 
u(x,0;k) = f(x), u;(x,0;k) =0 (7.5) 


in the compact integral form via generalized translation and spherical mean operators 
for all values of the parameter k, including also exceptional odd negative values, which 
have not been studied before. 
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Theorem 75. Let f = f(x) € C2 
unique solution to (7.4)-(7.5) is 


u(x,t; k)= ales) 
(ee n ‘nls aa in (ye Vi 
“Fe n= aay ED! 


x € R'. Then for the casek >n + |y| —1 the 


ev’ 


ales 


i YT? f)I—|y2) 2 y" dy 


By (n) 


k—n—|y|-1 
2 


Mi Lf (x) rt lar. 


(7.6) 


The unique solution of the problem (7.4)—(7.5) for k=n+|y|—1 is the weighted spher- 
ical mean MY Tf] (see (3.183)). 


Proof. Using Theorem 36 and the property (3.189) we obtain that the weighted spher- 
ical mean MY [ f (x)] satisfies the general Euler—Poisson—Darboux equation 


(Be): M7 [fF @)1= (Ay)xM/ Tf), k=n+lyl—-1 
and initial conditions 
Mi(f@l=f), M7[fF@I} =0. 
t=0 


It means the weighted spherical mean M/[f(x)] is the solution of the prob- 
lem (7.4)-(7.5) fork =n+|y|—1. 

In order to obtain the solution of (7.4)-(7.5) for k > n+ |y| — 1, we will use the 
method of descent. First, we will seek a solution of the Cauchy problem (7.4)-(7.5) 
for the casek >n+|y|. 

Let vy! = (1, 3 Yao Va Wag > 0, x’ = (41, .--, Xn41) € Ri, and 

(Ay x = (By, dx Sie eae ce (By, Jan as (B f 


Yn+1 rns : 


Consider the equation of type (7.4) 

(By) u=(Ay)yu, u=ux'’,trk), x'€ Re. t>0 
with the initial conditions 

u(x',0;k)= fi’), u(x’, 0; k) =0 


When k=n + |y’|=n+|y| + /,,, the weighted spherical mean M7 [fi (’)] is a 
solution of this Cauchy problem: 


u(x’, tk) = 
1 , ; 
/ [MTA eT Yost TOMt! fy (x)(y")”'d Sy, (7.7) 


ISf(t Diy 
Sf (atl 
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y = (1,05 Yas Yn+1) € Ri 


rir (#$+)r (3+) fir (42)r(! n ot} 
i=] i=l 
ISf(a+ Diy =" : = 
"gap (sttlett yea) er (4) 


Let us put f1 (x1, ...,%n,0) = f(%1, ...,%), where f is the function which appears in 
initial conditions (7.5). In this way, u defined by (7.7) becomes a function only of 
X1,..-,;Xn Which satisfies Eq. (7.4) and initial conditions (7.5). We have 


1 ; 
— YT? f(x "yy dSy, '  =k—-n— , 
eo fi  F(x)\(y") vias Iv 


Sfmt) 


u(x,t;k)= 


Now we rewrite the integral over the part of the sphere S (n + 1) as an integral over 


n 
the part of the ball BY (n)={ yeR': » ye < 1}. We write the surface integral as a 


i=1 


multiple integral: 


’ ) Yai! 
/ [7 T? FOG") dSy = / LT? py — 2 —... — yy yay 


Sfmt) By (n) 
yopty 2, kensi-l 
= [’ Ts f@)]d—lyl) 2 yy" dy, 
By (n) 


where By (n) is a projection of S;"(n + 1) on the equatorial plane x,41 = 0. We have 
k-n-ly|-1 


(i 
Ue Ry=q— Pr fe =ty Py yay. 
OO Ge ee a 


(7.8) 


Although (7.8) was obtained as the solution of the problem (7.4)—(7.5) for the case 
k>n+|y|, the integral on its right side converges for k > n + |y| — 1. We can verify 
by direct substitution of (7.8) in (7.4)-(7.5) that (7.8) satisfies the differential equa- 
tion (7.4) and the initial conditions (7.5) for all values of k which are greater than 
(n + |y| — 1). Let us show this. Changing coordinates from y to y/t and using that 
(By, )x; “Tz, = (By,)y; %' Tz (see (3.146), we obtain 


k-n-ly|-1 


P=()x f UT? FoNG =I?) PO dy = 
By (n) 
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Gan i [TY FOU — ly?) y"dy 


i=l 


BY) 
1-k . yy 2 2) kesh oy, 
OS fF By a’ TRF@IC —lyP)— 2 y’dy= 
PST Ga) 
n ; Iylct 
1D fy dn TFENE =P) yay, (7.9) 
‘=lB en) 


where B;*(n)={yeR": Ly <t}. 


For the functions w, ee a (Q +) integrable over 2+, we have formula (1.101). By 
applying formula (1.101) to the right side of relation (7.9), we get 


patty! / | TF] @- 


ly|=1 see 
2 cos(v, é;) y’ dS, 


where é; is the direction of the axis Oy;, i = 1,...,n, and thus cos(V, é;) = 3 Now, 
by using the fact that the direction of the outward normal to the boundary of a ball 
with center the origin coincides with the direction of the position vector of the point 
on the ball, we obtain the relation 


lo ,9a ty ate 
ee a ype | = y’ dy. 
gate | [i se@)]a-py- y 
By () 
Given that 4 ma ot ko = (Bx); and (7.9) we have 
; ken=lyl= 
(Ay)x / (YT? FOIA — ly?) 2 -y%dy = 
BY) 
; k-n—|y|-1 
Bde f [PEP roo)a= phy yay. 
By (n) 


It means that u(x, t; k) defined by formula (7.8) indeed satisfies Eq. (7.4) for k>n + 
|v| — 1. In order to obtain the representation (7.6) it is necessary to use spherical 
coordinates y =r. vey of the first and second initial conditions follows from the 
property (3.189) for M, Mil f (x)] and from the formula 


1 n+ly| k—n-|y|+1 

ree) (ee) 

fo- pry Pt ntyllgy = A * Zod 
k+l 

1 or (4) 
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Remark 12. /t is easy to see that the solution of (7.4)-(7.5) can be obtained using 
the first “descent” operator (6.14) when w=k, v=n+|y|—1, v < pw applied by the 
variable t: 


wer, = (TET OM? LOI) 0. 
[ey] +2 


Theorem 76. Let f = f(x)€Ca ~ 
n+|y|—1,k 4-1, —3, —S, ... is 


. Then the solution of (7.4)-(7.5) for k < 


RB) m 
u(x,t; k) =t'-* (=) ¢k+2™—li(x,t;k +2m)), (7.10) 


where m is a minimum integer such that m > atlylend 


solution of the Cauchy problem 
(Brpom)1u = (Ay )xu, (7.11) 

f(x) 
(K+ 1)(k +3)...k + 2m — 1)’ 


and u(x,t;k + 2m) is the 


u(x,0;k + 2m) = u,(x,0;k + 2m) =0. 


(7.12) 


Proof. In order to proof that (7.10) is the solution of (7.4)-(7.5) when k<n + |y|—1, 
kA-1, —3, —5,..., we will use the recursion formulas (1.109) and (1.110). Let us 
choose minimum integer m such that k + 2m > n+ |y| — 1. Now we can write the 
solution of the Cauchy problem 


(Bx+2m)1u = (Ay )xu, 

u(x,0;kK+2m)= g(x),  us(x,0;kK+2m)=0, geC?, 
by (7.8). We have 

u(x,t;k+2m)= 


k+2m+1 

ar ( 2 ) y pty 2 
; as a [" 7 g(x) — |yl*) 

it +2m—n 
me (4 ji 2 7 lee 
i= 

and using (1.109) we obtain 

pk+2m—li(y, t:k + 2m) =u(x,t;2—k—2m). 


k+2m—n—|y|-1 
2 


y’ dy, 


Applying (1.110) to the last formula m times we get 
) m 
(=) tk" lax, tk + 2m) = u(x, t;2—k). 
Applying again (1.109) we can write 


RB) m 
u(x,t; k) =t'—* (=) ¢k+2™—li(x, t:k +2m)), (7.13) 
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which gives the solution of (7.41). Now we obtain the function g such that (7.12) is 
true. From (7.13) we have an asymptotic relation for t — 0, 

u(x,t; k) = (K+ 1)(K+3)...(k + 2m — Iu(x, t; k + 2m)+ 

Ctu(x,t;k +2m) + O(t), 


where C is aconstant. Therefore, if 


f(x) 
(kK4+1)(k+3)...(k + 2m —1)’ 


then u(x,t; k) defined by (7.13) satisfies the initial conditions (7.5). 
Let us recall that for u(x, t; k + 2m) to be a solution of (7.1 1)—(7.12) it is sufficient 
that f € Cs In order to be able to carry out the construction (7.13), it is sufficient to 


[=a] +2 
require that f € Ce, : 


g(x)= 


Theorem 77. [f f is B-—polyharmonic of order 1A and even with respect to 


each variable, then one of the solutions of the Cauchy problem (7.4)-(7.5) for 
k=—1, —3, —5, ... is given by 


u(x, t:k)= f(x), k=-1, (7.14) 


h 2h 
AY f t 


. ke 
(kK+1)...k+2h—1) 2-4-....-2h 


u(x,t;k)= ford: 


h=1 


(7.15) 


2. —_ ? 2 
Proof. Let us first take k = —1 and assume that lim eet exists. Let t > O in 


t> 
d7u(x,t;—1) 1 u(x,t; —1) 


-1 -ky)= 


d°u(x,t;-1) .. 1 du(x,t;—1) 
lim = 


0. 
ar t-0t or 


(Ay )xu(x, 0; -D= at 
t> 


We find that (A,),u(x, 0; —1) = 0, which shows that f must be B-harmonic. So the 
function f satisfies (7.11)-(7.12) for k=—1. 
When k = —3 we have 
_ du(x,t;—3) , 1 u(x, t; —3) 
lim = lim : 
130 at? 1>0t at 


From the general form of the Euler—Poisson—Darboux equation for k=—3 we obtain 
a7u(x, t; —3) 1 du(x, t; —3) 
at? 


31i 
ai t ot 


1 -— 
> lim u(x,t; 3) 
t>0t ot 


lim(A,,),u(x, t; —3) = lim 
t>0 t>0 
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It follows from (1.110) that 


lo ,t; —3 
1 du(x, t; —3) = u(x,t; —1), 
t ot 
and hence 
lim (Ay )xu(x, t; —3) = —2u(x,0; —1). (7.16) 
t> 


d4u(x,t:—3) 
art 


If the limit ma exists and all odd derivatives of u(x,t; —3) tend to zero 
t—> 


2 4s . 
weed also exists. Therefore, 


when t — 0, then i 
t—> 
lim (Ay )xu(, t;-1)=0 
t—> 


and by (7.16) we have lim(Ay cur, t; —3) = 0. This remark can easily be general- 
t> 


ized to include all the exceptional values. So, in this case a solution of the Cauchy 
problem for the general form of the Euler-Poisson—Darboux equation for the case 
k=—3, —5, ... is given by the formula 


— K+ 
2 


Ah 2h 
ux=fat+>- om : 
h= 


. S233... 
4 (k+1)..k+2h=1) 2-4-0... 2h 


and as we proved earlier u(x,t; —1) = f(x). 


7.1.2 The second Cauchy problem for the general 
Euler-Poisson—Darboux equation 


Now let us consider the second Cauchy problem, 


(By)ru = (Ay)xu, u=u(x,t;k), xéeRi, t>0, keR, (7.17) 
u(x, 0;k) =0, lim tur (x,t k) = g(x). (7.18) 
t>+0 


ntly|+k-1 
Theorem 78. /f g = g(x) € al ° ] then the solution u = u(x,t; k) of (7.17)— 
(7.18) for k < 1 is given by 


r (244 SP4) p (54 5 «) 1 Cs pikes 


x 
r(= sy oe “yr ty = sor (Eas) 


fo =~ 25 se n-ly| yu lv | (22) MY. g(x)dr (7.19) 


u(x,t;k)= 
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ifn+|y|+k is not an odd integer and 


q cor( ick 5 
u(x. tsk) =~ vee € ) MY g(x) (7.20) 


tip (54 ss t ot 


ifn + |y| +k is an odd integer, where q = 0 is the smallest positive integer such that 
2—-k+2q2=n+|y|—-1. 


Proof. Let q=0 be the smallest positive integer number such that 2—k+2q>n+|y|—1, 
ie., g= [et , and let u(x, t; 2 — k + 2q) be a solution of (7.17) when we take 
2 —k + 2g instead of k such that 


u(x,0;2—k+2q) = g(x), uz(x,0;2-—k+2q)=0. (7.21) 
By the recurrent formula (1.109) we obtain that 

u(x, tr k —2q) =t!-**4u(x, t; 2 -—k +29) 
is a solution of the equation 


a°u kk —2q du 


= 
Cy) = 52 t ot 


Further, applying g times the formula (1.110) we obtain that 
1a\4 a 
— tk-—2q)=(-—) ht 4u(x,t;2-k +2 
(+5) u(x,t; k — 29) Ga ( u(x, t;2—k + 2q)) 


is a solution of (7.17). 
Let us consider 


(9) 


u(x,t; k)= 
d-br (254 


la q 1—k+2q 
a (t u(x,t;2—k+2q)). 


(7.22) 


We have shown that (7.22) satisfies Eq. (7.17). 
Now we will prove that u(x,t; k) given by (7.22) satisfies the conditions (7.21). 
For u € C4, (Q4) we have the formula (see [564], p. 9) 


la : 1—k+2q 
ar (t u(x,t;2—k+2q))= 


a 2—scar (Gk +q +1) 


1a\* 
pi-k+2s (¢ ) 0,122 = kb 2@). (7.23) 
ar r(454+s41) t ot 
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Taking into account formula (7.23) we obtain u(x, 0; k) = 0 and 


lim tu; (x, tk) = 
t>0 


ais) eke € a 


q 
) (th 4y (x,t; 2 -—k +2¢)) = 


as <) t>0 Ot t ot 
3—k —s a —k 
lim r* x 

a — pr (=54 il at 4 ae +1) 
1—k+2s 1d 
t ry u(x,t;2-—k+2q)= 

age (1!Fuce t: 2—k+2g)) = 
1—kt50 ot oF 


lim: (a — Bk, 132 —k + 2g) +1! Fuy Ge, 152k +29) = 
= t> 


1 
i= lim (1 —k)u(x, t}2-—k+2q) 4+ tu;(x, t;2—k+2q)) = g(x). 
= t—> 


Now let us obtain the representation of u(x, t; k) through the integral. Using for- 
mula (7.6) we get 


u(x,t;2—-—k+2q)= 


or (=) 1 
2 1—k+2q—n-|y| i 
[o py ttl MY g(x)ar. 


3—k+2q—n-ly| atly| 
ae ae a 


If2—k+2q >n-+ |y| — 1, then applying (7.22) and (7.23) we obtain 


u(x,t;k)= aed x 
(d—r (= 4) 


ao b+ +1) : 
(5 pi-k+2s (75) u(x,t;2—k+2q)= 
r (St +s) 


FA t ot 
r (34) q 1-k425 
9] Cyt s ( 
Tk p27 (5 +5) 
3—k+2 1-k 
ie ae ; 
p (Segoe!) p (meet) eo “or £ +5) 


s= 


Le at th2—k+29)= 
cape a 


CG pi-k+2s 
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1 
1k42g—n= lV). 1a\° 
fa-* Sole tly (73) My. g(x)dr. 
0 


If2-—k+2q=n+|y|- 1, then u(x, t; 2 —k + 2q) = M/ g(x) and 


2-47 3k q 
u(x,t;k)= = oh 7 (, =) (1 ntivl-2MY @(x)) = 


ater (4) 2 eG +4) asec (18 
ee) Bey 
2 cir (st) 


1—k+2s 1a\° ¥ 
y > —_— +1 oa) Mis. 
s=0 astip (358 +s) out 


This completes the proof. 


Remark 13. A solution of the problem close to (7.4)-(7.5) was obtained in [147] (see 
also [56], p. 243) when k £ —1, —3, —5, ... in terms of the Lauricella function (1.37). 
More precisely, in [147] the solution of the problem 


av kav fav Aj 
=0, =v(t,x), 7.24 
ve Dat 2 v=v(t,x) (7.24) 
dv 
v(0, x) = T(x), — =0 (7.25) 
dt |,<09 
has the form 
r it) 
2 
Ce ElGee ||! *? = |x — 7 
mip (gt) 
2 |x—§|=Ic| 
k-n+1 
ro (a. 1p Gs Diyaiss DR: —3 3 Ziweates in) dSz, (7.26) 
where 
Li TSan; La J1=4i, 
aj= gree, Ay ’ 
2 2, 
ib eh hee iad, 
by = 2 eres by — 2 
_?—|x—é? _?—|x—éP? 
A= "—.- = i=: 2... 2% 


pees z 
2x1] 2XnEn 
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Y1 yn 
: y 1 
Ife =} (i- ye), i=1,...,.n,andu=x2v=X/ ...x;° v, then we get our problem 


(7.79)+(7.50). As we see, expression (7.81) gives a much more convenient formula 
for solving the problem (7.79)-(7.80). Also note that in [513] in two different ways 
including k = —1, —3, —5,.... 


Now we concentrate on the case when x is one-dimensional. Then problems and 
solutions constructed above are simplified. For these problems we consider below 
some illustrative examples with explicit solution representations (see Section 7.1.4). 

In this case we have the first Cauchy problem 


au you du kdu 


— T21 
ax2 x Ox a +t OF’ ah 


u(x, 0; k) = f (x), Mu) 


=0, f(x)ec?,. (7.28) 
t=0 


When k > y > 0 the solution of (7.27)-(7.28) is given by the formula (see (7.8)) 


ar ( = 
W(x, t = if y 
P (& r()s 
When k < y the solution of (7.27)-(7.28) is found by formula (7.13), (7.14), or (7.15). 
As for the second Cauchy problem for k < 1, y > 0, and2—k>y, 


ty 
xX 4. 


Ydy. (7.29) 


au ydu du kau 
= Te 
ax2 x Ox ~~ Ot? - t ot’ uo) 
[3] 
oa 


8(x), g(x)ECey ~. (7.31) 


lima(x,t:=0, lime’ 2 — 
t-0 0 t 


The condition 2 — k > y means that we can take gq = 0 in (7.19). The solution of 
(7.30)-(7.31) for 2 —k > y is defined by 


1—k \ ,1-k 1 
r( ye 9, = ety tr 
u(x,tr;k) = (l—r°) 2’ Ti" f(x) r" dr. 


a) s 


7.1.3 The singular Cauchy problem for the generalized 
homogeneous Euler-Poisson—Darboux equation 


In this subsection, we solve the singular Cauchy problem for a generalized form of 
a homogeneous Euler—Poisson—Darboux equation with constant potential, where the 
Bessel operator acts instead of each second derivative. In the classical formulation, the 
Cauchy problem for this equation is not correct. However, S. A. Tersenov [564] ob- 
served that, considering the form of a general solution of the classical Euler—Poisson— 
Darboux equation, the derivative in the second initial condition must be multiplied by 
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a power function whose degree is equal to the index of the Bessel operator acting on 
the time variable. The first initial condition remains in the usual formulation. With 
the chosen form of the initial conditions, the considering equation has a solution. The 
obtained solution is represented as the sum of two terms. The first term is an integral 
containing the normalized Bessel function and the weighted spherical mean. The sec- 
ond term is expressed in terms of the derivative of the square of the time variable from 
the integral, which is similar in structure to the first term. 
We study the initial value problem 


n 2 2 
yy eee a ka ; 
Lu= 4 ; 7.32 
“ (+2 x) (+43) |. < ( ) 


i=l 
u(x,0;k) = g(x), lim tKur(x, tik) = W(x), u=u(x,t;k), (7.33) 
t—>+0 


where y; >0, xj >0, i=1,...,n, k € R, t>0. Eq. (7.32) is called the generalized Euler— 
Poisson—Darboux equation. 
Using the terminology from the book [56], a problem for the equation of the type 


07u 


AW) a5 


ou 
7 DE) CRS Gm u=u(t,x), X = (X1,...,Xn), 
where G is a linear operator, acting only by variables x1, ...,.x,, is called singular if 
at least one of the operator coefficients tends to infinity in some sense as t —> 0. 
In [56] five general techniques were given for the solution of the singular Cauchy 
problem 


"au = d2u be k ou bags (7.34) 
= ; u=u(x,t;k), : 
ax2 = at?~—st:*OF 


i=l 1 


u(x,0;k)=@(x), uy(x,0;k) =0. (7.35) 


These methods are: 


Fourier transform method in a distribution space, 
spectral technique in a Hilbert space, 
transmutation method, 

studying related simpler differential equations, and 
5. energy methods. 


ao hy S 


Some of these methods were successfully applied to the generalized Euler—Poisson— 
Darboux equation (7.32) and to Lu = 0 in other papers. Namely, using the Hankel 
transform instead of Fourier solutions to Lu = 0, (7.32) with conditions (7.35) was 
obtained in [514] and [508], accordingly. The third and the closely connected forth 
method were used to solve Lu = 0 in [514] and [509]. In [532] a transmutation 
method was used for obtaining new integral initial conditions for the Euler—Poisson— 
Darboux equation (7.34). Abstract differential equations with Bessel operator of 
Euler—Poisson—Darboux type were studied in [56] (cf. also [184]). In [577] the prob- 
lem (7.34)-(7.33) was solved using “descent” operators, which are special cases of 
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Buschman-—Erdélyi transmutation operators (see [533,535]). Here as a main result we 
obtain a solution to the problem (7.32)—(7.33). 

We will be concerned with the solutions of the following singular initial value 
hyperbolic problem: 


n 2 2 
vn a a ka ; 
Lu= ) = : 7.36 
7 (+2 x) (+43) |. ae ( ) 


i=l 
u(x,0;k) = g(x), lim tur (x, tk)=wx), u=u(x,t;k). 
t>+0 


We will call (7.36) the generalized Euler—Poisson—Darboux equation. 
In [508] the following theorem was proved. 


Theorem 79. The solution u € C? (R%*1) to 


Uv 


[(Ay)x — (By); Ju=cru, c>0, u=u(x,t;k), (7.37) 
u(x,0;k) = g(x), u;(x,0;k) =0 (7.38) 


fork >n+|y|— 1 is unique and defined by the formula 


t 
k—n-|y|-1 
u(x,t: k) = A(n, y, k)t!* iG arya Jik-n-lyl-1 (ev (2 — 7?) x 
2. 
0 


r'tlvl-! MY (p(x) dr, (7.39) 


where 


A(n, y,k) = 


It is proved in Chapter | that if u(x,t; k) is a solution to (7.37), then the following 
two fundamental recursion formulas (1.109) and (1.110) hold: 


u(x,t;k)= tux, t;2—k), u(x,t; k), =tu(x,t;2+k). 


2 


2 
Theorem 80. Let g = 9(x), g € Cey | . Then the solution of (7.37)—(7.38) for 
k<n+ly|—1,k 4-1, -3,—-5,..., is 


[ae 


RB) m 
u(x,t; k) =t'-* (=) (Coeur ics thk+t 2m)) : (7.40) 


mtlylk 1 and u(x,t; k + 2m) is the 


where m is a minimum integer such that m > 
solution of the Cauchy problem 


[(Ay)x — (Bepom):s]usc’u, >, (7.41) 
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p(x) 


cE 0 Eee). e eon) 


u,(x,0;k + 2m) =0. 
(7.42) 


Proof. In order to proof that (7.40) is a solution of (7.37)-(7.38) when k<n + |y|—1, 
kA-1, —3, —5,..., we will use the recursion formulas (1.109) and (1.110). Let us 
choose the minimum integer m such that k + 2m > n+ |y|— 1. Now we can write the 
solution of the Cauchy problem 


[(Ay)x — (Beyam)r Ju=c*u, ce > 0, 
u(x,0;k+2m)= g(x),  us(x,0;k +2m)=0, geC?, 


by (7.39). We have 


t 

. k+2m—n—|y|— 

ues K+ 2m) = Ala, yoke 2m) tA f 2 — ENS a 
0 


X J k:2m—n—Iylt (cv? = 7?) rt VI" MP Te(x)]dr, 
where 
ar (2p) 
r (ap) r (Aemgaivist) , 


Considering (1.109), it is easy to see that 


A(n, y,k + 2m) = 


prem" a(x t;k+2m) =u(x,t;2—k—2m). 


Applying (1.110) to the last formula m times we get 


RB) m 
(=) (t+ 2™ lax, t:k + 2m) = u(x, t;2—k). 


Applying again (1.109) we can write 
R) m 
u(x,t k) =t!-* (=) (tas tk+ 2m)) : (7.43) 


which gives the solution of (7.41). Now we obtain the function g such that (7.42) is 
true. From (7.43) it follows that 


u(x,t: k) = (k + (kK +3)...(k + 2m — u(x, tr k + 2m) 
+ Ctu(x,t;k + 2m) + O(t?), 


when ¢ — 0, where C is a constant. Evidently, if 
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_ p(x) 
~ (k+ 1k +3)... + 2m — 1)’ 


then u(x, t; k) defined by (7.40) satisfies the initial conditions (7.38). 
Let us recall that for u(x, t; k + 2m) to be a solution of (7.41)—(7.42) it is sufficient 
that f ¢ C2,. In order to be able to carry out the construction (7.43), it is sufficient to 


[=a] +2 
require that f € Ce, . 


g(x) 


[ee] 


Theorem 81. Let wy € C2, . The solution u = u(x,t; k) to 


[(Ay)x — (Ber Ju =c7u, c>0, (7.44) 
u(x, 0; k) =0, lim tu (x, t;k) = (x) (7.45) 
to+ 


fork <1 is defined by the formula 


t 
190\4 “pg =n! 
u(t,x;k) = Bin, y,k,q) (+5) (fe-a 
t ot 
0 


jrcsargenc (ov? = 7?) et MY (wonidr), (7.46) 
where 
vr('2) 
r (str!) r (2a vit) 


Proof. Let q = 0 be the smallest positive integer such that 2—k+2q>n+|y|—1, 
ie.,g > mtly rk and let u(x, t; 2 — k + 2q) be a solution to (7.44) when we take 
2 —k + 2g instead of k such that 


Bin, y,k,q) = 


u(x,0;2—k+2q)=w(x), u(x, 0;2—k+2q)=0. (7.47) 
By property (1.109) we obtain that 

u(t,x;k —2q) =t! "4 u(t, x; 2 —k + 29) 
is a solution to the equation 


dv k-2qdv_ 4 
at? t ot 


(Ay) xu 


Further, applying g times formula (1.110) we obtain that 


1a\* 19 \" (1 k42 
peer -k— —7 (eee zs q 7 
(, =) u(t, x; k — 2q) (, =) (: u(t, x; 2 k +2q)) 
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is a solution to (7.44). In order to get a solution to (7.44) satisfying the conditions 


= ar (34 
7.45 th Itiplier ——_\—~_. Let 
( ) we use the multiplier = or(= i) e 


9-97 ( 3% q 


(7.48) 


We have shown that (7.48) satisfies Eq. (7.44). Now we will prove that u(t, x; k) sat- 
isfies the conditions (7.47). Using formula (1.13) from [564], p. 9, we obtain 


ld 1—k+2q Fi _ 
(+3) (: w(t,x;2—k+2q)) = 


q 29-8C8p (lek ) 
cir ( he ae pikes (28 
= (4544541) a 


and u(0, x; k) = 0 for k < 1. For the second condition in (7.47) we get 


AY 
) u(t,x;2—k+2q), 


lim t*u; (t,x; k) = 
t>0 


2-ar (35) a(1a\4 
lim ¢* ( ) (tu 52k +20) = 
dd _ AT (=) t>0 of \t ot 
2 

—qp ( 3=k q 24-8C5p (ick ) 

: r( i) is Hey Cy r(45 ae plok+2s 
car (= oa 

1a\° 

oa u(t,x;2—k+2q)= 


3 i 
li k= (1k yee ey) )= lim t* 
ce a a) aa wy a 


(a — kyu, x52 —k+2g) + 1'hug(t, x52 —k +29) = 

1 
—— lim ((1—k)u(t, x;2—k + 2g) + tu; (t,x; 2—k+2q)) = 
1—k t-0 


lim u(t, x;2-—k+2q)=wW(). 
t>0 


Now we write the representation of u(t, x; k) through the integral. Using formula 
(7.39) we get 


—k+2g—n— 
9, lek+2g=n lvl 


t 
u(x 2—k+2g) = An, y.2— +I) Par 2 
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jiki2g- nt (evi? = 7?) r™+lVl-l MY [ye(x)|dr 


Considering (7.48) we write 


mr) 
u(t,x;k) = A(n, y,2—k +24) aor (=) . 


t 
1a\4 vee 
(5) [ee P jrceang nein (eV? =) oP ty ddr 
0 


Simplifying we get (7.46), and this completes the proof. 


The union of Theorems 80 and 81 gives the following statement. 


[os 4] 2 [me] 
Theorem 82. Let y = (x), yg € Coy ,wW=V(x), WECy 


. Then the 
solution of 
[(Ay)x — (Bar ]u=c’u, ce > 0, (7.49) 
u(x,0;k)=(x), lim tku,(x, tk) = W(x), (7.50) 
t>+0 


fork < min{n + |y|—1, 1}, k~A-1, —3, —5, ..., is given by the formula 
u(x,t; k) =u1 (x,t; k) + u(x,t; k), 


where u,(x, t; k) is found by Theorem 80 and u(x,t; k) is found by Theorem 81. 


7.1.4 Examples 
Example 1. We are looking for the solution of 


du you du, kdu 


ax2 x Ox ar? tt Ot’ 
u(x, 0; y= Jeet (x), u;(x,0;k) =0 


1) Fork > y > O using (7.29) we obtain 


er ee 
GTC) S 


Using (3.152) and formula (2.12.4.6) from [456] of the form 


fo yy TP yas (ey dy. 


a 


i ae ee 
ia (a~ —x yb- Jy (cx)dx = —~F FB) Jp+v (ae), (7.51) 
Cc 
0 
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a>0O, Ref > 0, Rev > -—1, 


we obtain 


yt+l k+1 1 
oer (4) 9, key=2 y+l 
; (l—y*) 2 Jy-1 (ty) y = dy, 
r(&t) 3 


u(x,t K=jroi @)jer ©). (7.52) 


1- 
u(x,t kK)=jya(x)t 2 
2 


Example 2. The solution for all k € R such that k 4 —1, —3, —5, ... is given by (7.13) 
and it is easy to check that 


W(X, tk) = jr) jin @- 

Example 3. When k = —1, —3, —5, ..., we have 
u(x,t 1) = ja @) 

and for k = —3, —5, ... 


2 Boj iO) 2h 
yr oe t 
tik) = jy : 
EE Ter PE (k+1)..(e+2h—1) 2-4.....-2h 


— 
( 1)" p2h 
jra@ i+ > 
7 & &+1)..G+2h=1) 2-4-....+2h 
Example 4. Now let us find a solution to 
au you du kau 
ax2 x dx at2—st At’ 
lim u(x,t: k) =0, lim t* u,(x, t; k) = jy-1(«). 
t>0 t—-+0 a 
Fork < 1 we have 
il oe oe, 
ue) = om | 0-8 ie cneras 
a ir ( : \r (ys 
tick 
= op BOR EO. (7.53) 


Example 5. Let us consider an example 


[(By)x — (Bar Ju =e7u, c>0, u=u(t,x;k), (t,x)ER?, 
(7.54) 
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u(x,0;k) = jy(ax), u;(x,0;k) =0, (7.55) 


where n=1, y —2<k<y, k 4-1, 0<y, a € R. When m=1 and considering that (see 
(3.144)) 


"Ty Jy (ax) = jy ax) jv (ar), (7.56) 


we obtain 


t 
A(l,y,k+2 pe k=y 
sty te EDs wens ¥ fe? 
k+1 = 
0 
Jkey (ev t2 — 7?) rY jy-1(ar)dr, 
2 2, 

where 

k4+3 
or (34) 


ree) 


Passing to the functions J, in the integral we get 


A(l,y,k+2)= 


u(x,t;k+2)= 


PAC y.k+ DE (AY) P (1+ 5") k-1 2 2, %¥ 
= drs (ax)t 7 fo —r°)tx 
0 


(k+a’t co 
-l 
Sixy (c 12 — 7?) rz t! yy (ar)dr. 
2 2 


Applying formula (2.12.35.2) from [456] of the form 
t 
Je — x2 yb Ptl42l 7 (on/p? — x2) Sy (hx)dx = tym 41 ott p” x 
0 


0 mn 0 l _ etvtmtl+1 
(=) (ar) (2 $y ES Faves eve +h], (7.57) 


coc hoh 
t>0, Rev>-—/—-1, Rew >—-—m-—1, 
we obtain 
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and 
u(x,t;k+2)= 
res) an 
o Ey vei ax)t? (fa 24 ¢2)7 2s Jugs (# a +c) = 
1 
ane pas 1 (ax) jigs (1a? +02). 


Then the solution of (7.54)—(7.55) is 


a 
py lk k+l ; - 
u(x,t;k)=t er (: u(x,t;k-+2)) 


os 
a se (a (NFS *2))= 
ae K+3 

272 ¢t r (48) 9 


Jy (ax) 
k+DWar Faye F  t8t 


ae) -_ 
are ip i(ax)t® Just (# 242) =; 


As might be seen from (1.23) and (1.24), 
vga (ax) lim jus (tVa? +e?) = jy (@x), 
ae t>0 2 
a 
Jxst @X) 1] hm a 1 (rv az + ) = jy-1 (ax) =0, 
2 z 
(By ejv= (4X) jin 1 (rv az+ 2) =a" jy 1 (ax) ji 1 (rv az+ 0) , 


2 


(Betjv=1 (ax) jes (1v aa+ 2) = —(a? +c?) jy-1 (ax) jet (w/a? + ) , 
2 2 2 
which shows that the function 


u(t,x;k)= Jy (ax) jas (rv aa + ) (7.58) 


satisfies (7.54)-(7.55). 


Jy- 1 (aX) jks 1 (ra? +02). 


2 


Example 6. Consider the problem 


[(By)x — (Be): ]u = c7u, c>0, u=u(t,x;k), (x) eR2, 
(7.59) 


u(x, 0; k) = 0, lim thu, (x, t; k) = jy (bx), (7.60) 
to+ 
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wheren=1,k <1,0<y <3, be€R. When gq = 1 and considering (7.56) we obtain 


t 
lo 
u(t,x;k)= BC, y,k, Dibra (fer=r 
z t ot 
0 


je (cv? —r 2) iy igi(bnyr"dr) = 


k 
Abe on (2- **) a6 22 (fray 


ot pe ole it 
7 0 
=i 
J kty (ev t2 — 7?) Jy-1 (oryr'F tar), 
z z 
where 
r(54) 
Bd, y,k, D= 


ae Oe a Coane | 


Applying formula (2.12.35.2) from [456] of the form 


t 
: (02 — x2)" 3 PHT Cey/2? — x2) Jy (hx)dx = 
0 


I 
jetv—m—l4+1upv (_9_\" (2 \ 
coc hoh 
_ etvtmtl+1 
[+h 2 Sut vtmsisi (ty c? + h?)], 
t>0, Rev>-—/—-1, Rew >—-—m-—1, 


we obtain 


~ 
NII 


and 


=" i k 
HG.) S27 BOY. DT r) r (2- =") x 


O22 (4 na (WFA)) = 


(2 +.2) 


Jy=1 
z 
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= 1-k = = 
27 (=) (Vb? 4.22) "F jya(bxyt F Jick (1/0? +0) = 
2 
jr (bs) jig (1/2 +02). 


2 
ti-k 


1-k 


Taking into account (1.23) and (1.24) it is easy to check that 


ti-k 
(By )x— frat Ox) jit (1v/b? +c?) = 
1 _ =o 2 


k 
1—k 
t 
Bo jx OY) jit (r/o? a c) 
= 2. 
1-k 
poe ep OY He ( P+?) = 
= 2 
1-k 
Tog J ugh Om) Fig (vo +02) ‘ 
= z 9) 
1-k 


jvc (bx) jie (We? +2) =0, 
ks 2 


t> = 


and 


t>0 of \l—-k° 7 


a ti-k 
jst (bx) lim ( jia (vo? ri 2) = jy-1 (bx), 


which confirms that the function 


1—-k 


t 
u(t,x;k)= a: 


Jr (bx) fr (r/o? +2?) (7.61) 
satisfies (7.59)—-(7.60). 


Example 7. From Examples 5 and 6 it is plain to see that the solution of 


[(By)x— (Boi ]u=c’u, c>0, u=ult,x:k), (t,x) € RY, 
u(x, 0;k) = jy (ax), lim thu (x, 1k) = Jy (bx); 
to+ 
wheren=1,0<y<ly-2<k<y,k4-1a,beER is 


1—k 


jy OR) jee (1/0? + 7) 
ko 2 


t 
W(t x) = fx @x) jin (1a? + 2) +2 
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7.2 Hyperbolic and ultrahyperbolic equations with Bessel 
operator in spaces of weighted distributions 


7.2.1 The generalized Euler-Poisson—Darboux equation and the 
singular Klein-Gordon equation 


In this subsection we apply the Hankel transform method to solve the initial value 
problem 


[(Ay)x — (Bar Ju =e7u, (7.62) 
u(x,O;k)= f(x), u,(x,0;k)=0, u=u(x,t;k), (7.63) 


where y; > 0, x; > 0,1 =1,...,n, t > 0. We will call (7.62) the generalized Euler— 
Poisson—Darboux equation. We obtain the distributional solution of (7.62)—(7.63) in 
convenient space. Besides, we give formulas for regular solution of (7.62)-(7.63) in 
the particular case of k and of Cauchy for the singular Klein—Gordon equation. 

We are looking for the solution u € Si, (R’) x Ce (0, co) of (7.62)-(7.63). The 
notation u € S’,,(RL) x C (0, oo) means that u(x, t; k) belongs to S?,, (RL) by vari- 
able x and belongs to Cc (0, 00) by variable t. Here we use methods of weighted 
generalized function, see [501]. 


Theorem 83. The solution u € S/,,(R.) x C?,(0, 0) of (7.62)17.63) for kk # 
—1,—3,—5, ... is unique and defined by the formula 


u(x,t;k)= 
k—n—|y|-1 1 
C(n, y,k) (ee xp 7 fem tyiet G Ist -e) 0) : 
2 
Y 
(7.64) 
where 
a (#2) 
Cin, y, k= : 


es ue) 


In the case when k < 0 of (7.62)-(7.63) is not unique, when k <0 and kk 4 
—1,-—3,—5, ..., the difference between two arbitrary solutions is always of the form 


At *u(t, x; 2—kh), A=const, (7.65) 


where u(t, x; 2 — k) is a solution of the Cauchy problem 
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[(Ay)x — (B24) Ju =c7u, 
u(x,0;2—k)=wW(r), u;(x,0;2—k) =0 


and (x) is an arbitrary function or distribution belonging to Sj. When k = 
—1,—3,—5, ..., a nonunique solution of the Cauchy problem (7.62)-(7.63) will con- 
tain a term (7.65) and 


l_.. 
+5nni ntly|-k+1 
eT (eee 


arr (454) ' r (2) 
7) it 2 


l 


k—n—-|y|-1 


tA (P= [P22 £10, - « F0) 


Y 


Proof. Applying the multi-dimensional Hankel transform to (7.62) with respect to the 
variables x1, ...,X, only and using (1.95), we obtain 


i: Pie WD Ve tik) =0 7.66 
(ie +c + oat oa) ae, ;k) =0, (7.66) 
u(é, 0; k) = Ff), ur (E, 0; k) =0, (7.67) 


where & = (&1, 2, ..., &) € R4 corresponds to x = (x1, ...,%n) € R4, |e? = EPL Es 4 
+ &, 


ME.) = Fy Yalu NE) = f weet k) jy (x; €)x" dx, 


Ry 


and f(é) =F, I fl). 
The solution G* (é, t) of the Cauchy problem 


2 
(er +e4 aoe rz) G*(é,t) =0, 


ar2 st OF 
Gi(é,dv=1, GkE,0)=0 


was obtained in [38]. We have different solutions for nonnegative and negative values 


of k, specifically: 
1. fork >0, 


GE.1) = jie? +07 0), (7.68) 
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2. fork <0,k A—1, —3,—5,..., 


GEN =A fra (YEP +e 1) + jer (VE? +e? 0), (7.69) 


where A is an arbitrary complex number which depends on € and c, and 
3. fork =—1,—3,-—5,..., 


GE, 1) = Br * jiu (ler +e? )- 
a5 - Lk 
w2 2 fier +e 
2 2 2 : 2 2 
rs) vie te | Via (ylEP? +022), (7.70) 
2 
where B denotes an arbitrary complex number which depends on & and c. 


From (7.68)-(7.70) we conclude that the problem (7.62)-(7.63) has a unique so- 
lution for k > 0 only. Besides, we can see that the difference between two different 
solutions (7.69) is always of the form 


At ja Q/leP +e t). (7.71) 


Now let us find G* (x, t) = (Cor GRE, 1)) (x). We call G* (x, t) the fundamen- 


tal solution of problem (7.62)-(7.63). The inverse transform (Ye Gt (é, 1) (x) 
is most easily found by considering c as an additional independent variable. Setting 
&/ = (&,...,€,,¢), we can write G*(, t) = jxi (\E"|t) for k > 0 and find an inverse 
Hankel transform of Ji (\&’| t) by variable &’ seiig (4.94). We obtain 


gnt+ip ist) k-n-|y!|-2 
2 
/ 


r(é ne et) TY r (4) 


(Pe jg EI) )()= 


oY , 


1—k 42 2 
es (aed Ago 
i=l 


where y’ = (V1, «+; Yn» Ynt+1)> Yn+1 iS an arbitrary positive number, x’ = (x,o), and 
o € R, is dual to the variable c. Now in order to find G* (x,t) we need to apply a 
direct Hankel transform only on a one-dimensional variable o. We have 


1 k+1 
gut r ($+) 


G*(x,t)= phy 
rc n wt) Tr (*#2) 
2 Pl 2 
k-n-ly'|-2 aT ($4) 
(Frade 2-0) 7 Jo-= : ay) a oa 
aC) 
i= 
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Le. 2 23 
tt “(t xr) jrcnpts (¢ — |x| ye). 
Therefore, the solution of (7.62)-(7.63) for k > 0 is given by 
u(x,t; k) = (G*(x,t) * f(x)y- (7.72) 
It is easy to see that (7.72) still gives one of the possible solutions of (7.62)-(7.63) 


for k <0, k 4 —1, —3, —5,.... Moreover, in consideration of (7.71) the difference 
between two solutions for k < 0 has the form 


(Fy) [aru G/eP +e | (x). (7.73) 


Consequently, the difference between two arbitrary solutions for k < 0 is always of 
the form 


ACS Te xX) *W(X))y = At! ‘u(t, x;2—k), (7.74) 


where w(x) is an arbitrary function or distribution belonging to S’ 
the solution of the Cauchy problem 


u(t, x; 2 —k) is 


ev? 


[(Ay)x — (Brn): Ju = c7u, 
u(x,0;2—k)=wW(r), u(x, 0;2—k) =0, 


and G?-*(t, x) is the corresponding fundamental solution. 

Finally we consider the case k = —1, —3, —5, .... In this case the solution will be 
of a different character than the solutions for other values of k and will always contain 
a term 


1-k 


k-1 
wots Ik 
On=T ah! (oe : Yin (VIE? +07 a]. 


sys 1k 
aay (vee) Hi, Vlé|? +c? | 


and 


Gk(t,x) = TH (vier ig ye H2 Ger +e | 
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will also be a fundamental solution of our problem. Then using (4.102) and (4.103) 
we obtain 


i —k+1 
etatmip (mtlyf as ) k=-n-|y|-1 
2 


a t1-F ag? — |x|? —c? + i0), 
arr (454) Tr (444) 
i=l 


Since (t? — Fea has its support in the interior of the part of the sphere 


Gk(t,x)= 


Si(a) when x; > 0,...,X, => 0, we may conclude that in the case k 4 —1, —3, —5,... 
the generalized convolutions exist for arbitrary g(x) € S/,,. However, in the case 
k = —1, —3, —5, ... the fundamental solution is no longer concentrated within the part 


of the sphere Sy (n). 


Corollary 1. The solution u € S’,,,(R".) x c (0, 00) of 
[(Ay)x — (Be)t | u=0, 
u(x,O;k)= f(x),  u(x,0;k)=0, u=u(x,t;k) 


fork €—1, —3, —5, ... is unique and defined by the formula 


Wet) =CH)y,® GaGa ana 4 0) . 


¥ 


where 


Cin, y,k) = . 


In the case when k < 0 of (7.62)-(7.63) is not unique, when k <0 and kk 4 
—1,—3,—5, ..., the difference between two arbitrary solutions is always of the form 


At!*u(t,x;2—k), A=const, (7.75) 
where u(t, x; 2 — k) is solution of the Cauchy problem 


[As — (Bo-x)t | u=O0, 
u(x,0;2—k)=w(x), u;(x,0;2—k) =0, 


where w(x) is an arbitrary function or distribution belonging to Si. When k = 
—1,—3,—5,..., a nonunique solution of the Cauchy problem (7.62)-(7.63) will con- 
tain terms (7.75) and 


1 : 
+5mni n+ly|—k+1 
am (i) 


pi-k (« 
or (a8) fin) 


2 
i 


k=n-|y|=1 


1? —|x|?+i0), 7 « Fo) 


Y 
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Corollary 2. The solution u € S/,,(R'.) x C2.(0, 00) of the initial value problem for 
the singular Klein—Gordon equation 


a2 
[ns — 53 | e= ee, c>0, v=v@,t), xeERi, t>0, (7.76) 


v(x, 0) = f(x), vu; (x, 0) =0, f@eS., (7.77) 


On Sg . 
P(e) fr (ap) 


2 2 _ntly|+1 5 1 
( mF Maye © J_nstlyl+ (« =(al Ie -c) * f(s) 


v(x, t)= 


y 
This solution was obtained by letting k tend to O in (7.64). 
The Klein—Gordon equation 
a? 2 N 
2 v=C*Dv, v=ov(z,t), zeER", (7.78) 


is the most frequently used wave equation for the description of particle dynamics 
in relativistic quantum mechanics. When function v is radially symmetric by some 
groups of variables z\,...,zN in (7.78), we obtain (7.76) with a smaller number of 
spatial variables. In this case numbers yj, i = 1, ..,n, in (7.76) will be integer. 


Corollary 3. In the case k >n-+|y|— 1 the integral in (7.64) converges in the usual 
sense and we obtain the unique classical solution of (7.62)-(7.63) 


u(x,t;k)= 


t 
k—n—|y|-1 
A(n, y,k) mG py Fkncyit (ev? = 7?) r'tyvl-l MYT f(x) ]dr, 
0 


or ($4) 
A(n,y,k) = : 
@ys%) r (44) r (oe) 


Proof. Fork >n-+|y|— 1, passing to spherical coordinates, we obtain 


u(x, tik) =C(n, y, k)t!* x 


k=-n-l|y|-1 | 1 
fH jeeps (@ = Pye) TCO yay = 


By (n) 


k-n-ly| 


Cin, yk) rf (= Ly? facies (C= LyP)4 te) *EP F@) y"ay= 


By (n) 
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k—n—|y|-1 


1 
Cin, y,k) [a eT eee eee (a — 2 tc) ritlyl—lap x 
2 


/ ery? f(@)0" dS = gales, 


x x 
p(s) r (s n— it) 
Sf(n) 


1 
| (172) jugs (U—r2)# te) et MEF Golde = 


k+1 1—k t 
27 (4) t fe = 
r 


nt+ly\ k-n—ly|+1 
a Gaara 


eI MELA) dr 


Jk-n=ly|-1 (? — r2)2 -c) x 
—— po 


Corollary 4. In the casek >n+|y|—1, the solution of 


[(Ay)x — (Ba): ]u =0, kKEeR, u=u(x,t;k), xeRi, t>0, (7.79) 
u(x,0;k) = f(x), u;(x,0;k) =0 (7.80) 


is unique and is given by 


k—n-|y|-1 
ey 7 


t 
u(x,t: k) = A(n, y, k)t!—* fe = rtlyl-l iY f(@)|dr, (7.81) 


or (42) 
+lyl k=n—ly|+1)\’ 
re) rae) 


which coincides with (7.6). 


A(n, y,k) = 


Example 1. Let us consider the Cauchy problem fork >n+|y|— 1, 


[(Ay)x — (Ber Ju =c7u, 
u(x,0;k)=jy(x:&), r(x, 0; k) =0 


In this case the solution is unique and is gives by 


u(x,t: k) = A(n, y, k)t!*x 


i k-n-ly|=1 — A 
fer ~~ 2 Jicnstyi- (cv 2 — 7?) rrtlyl ' MY jy (x; €)dr, 
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k+l 
ar ($4) 
r (=) r (get) 


For M? jy @; €) we have formula (3.190), so we get 


or ($+) 
1—k 


u(x,t;k)= t 


r (pt) r (Eee) Jy 3 &) x 


A(n, y,k) = 


‘a —n— a 1 ag ; 
fer pH| je ait (cv? =r?) jms, 16 Dar = 


or (34) 
oF lk (es &) x 
k-n-|y|-1 ntlyl_ 4 Jy ’ 
= 2 |e =a 


lé| 
t 
k-n-|y|-1 nly 
Je ee ae a ee (ev? - 7?) Insivi_ (rE )dr. 
fy 2 


0 


Applying formula (2.12.35.2) from [456] of the form 


t 
Je = x22 Pt 142 7 (oy/ 72 — x2) J, (hx)dx = 
0 


co 
t>0, Rev >-—/—-1, Rew >—-—m-—1, 


ee 0 m 0 _ etvtm+l+1 
ore Horn (2) ( a )ue HE Sutvtmsipi ve? +h?)], 


atly| 
2 


we havek =m=0, v= 1p =e n= lel, and 


t 


k-n-|y|-1 n+ly| 
fea rod Front! (cv? = 7?) Inagel_(rI6 dr = 


0 
k-1 k-n-ly|-1 nil 
2 2 


gl 
Juss (ty? + IEP). 
(J+ER ET 7 


Therefore, 


u(x,t; k) = jy (3 €) jig yc + 161). 
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7.2.2 Iterated ultrahyperbolic equation with Bessel operator 
The classical ultrahyperbolic equation has the form 
A,u= Ayu, u=u(x,y), xeER?, yeR?. (7.82) 


Eq. (7.82) was studied by many authors (see [23,29,30,76,156,271,272,435,466]). For 
p=1orgq=1, (7.82) is the usual wave equation describing the dynamic develop- 
ment of many processes of classical and quantum physics. To equations of the form 
(7.82) for p = gq = 2 lead, for example, the Hilbert problems of determining in a three- 
dimensional Cartesian space all metrics whose geodesics are straight lines (see [436]); 
the inverse diffraction problem in the study of the heterogeneity of the distribution 
of grains of polycrystalline materials; and the hyperspherical X-ray transformation, 
namely, the density functions of the crystallographic poles satisfy the ultrahyperbolic 
equation with the Laplace—Beltrami operator (see [418]). The case when in (7.82) 
p > 2 and qg > 2 is important from a mathematical point of view thanks to the As- 
geirsson theorem about the spherical mean (see [9], [75], p. 475, [155], p. 84, [162], 
p. 318, [170] I, p. 183). This theorem is a generalization of the mean value theorem 
for harmonic functions, as well as a generalization of the Green formula for a linear 
wave equation with constant coefficients. 

Generally speaking, the initial problem for the ultrahyperbolic equation (7.82) is 
incorrect. In particular, in the general case, the solution of the initial problem for it ei- 
ther does not exist or is not unique, and if it is possible to find some solution, then the 
solution is unstable. However, in the article [76] it was shown that the initial problem 
for an ultrahyperbolic equation with a nonlocal constraint on codimensional hyper- 
spaces has a unique global solution in the Sobolev space H”™. Thus, in this case, the 
initial problem for (7.82) is correct. 

We will consider a generalization of Eq. (7.82) to the case when instead of every 
second derivative with respect to each variable the Bessel operator acts. 

Let n=p+q, p and gq are natural, y = (y’,y¥"), vo = (M05 Yp)s 

meee bier): Bet Hla nx = R’, xe Ri, x= (x € Ri, 
Rt = x Rf om 
“The B- -ultrahyperbolic equation or singular ultrahyperbolic equation has the form 


yu=0, u=u(x), (7.83) 


where L1,, is a homogeneous linear differential operator of the form 


y = (Ay)xt — (Ayn)x = By, +. + By, — Byyyy — = Byp yas 


(Ay ‘)x = LBs (A, Wi) = 53 Bydaj B yi= apes ax?! i=l,..,n. 
j=p+ 
The iterated B-ultrahyperbolic saatibi we will call the equation of the form 


=f, (7.84) 


where kEN and f = f(x) is a suitable function. 
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k 
¥ 


In this subsection we find the fundamental solution to the equation 
the results obtained for weighted generalized functions. 

Letx €Ri,n=p+gq, p,q €N. The fundamental solution to Eq. (7.84) is the 
weighted generalized function u such that 


u= f using 


iy: (7.85) 


Note that the fundamental solutions for the hyperbolic and ultrahyperbolic equa- 
tions with the Bessel operator applied only by one variable are obtained in [246,247]. 


Theorem 84. Except whenn + |y| = 2,4, 6,... and k > yl the weighted general- 
ized function 


Ai ? Tr (2 =— k) tH ag 
:) (P270)y 7 (7.86) 


is the fundamental solution to the equation ba = f in the sense (7.85). If 


u=(—1)* 


4k (k — ISP (n)|yP (4 


n+ |y| = 2,4,6,... and k > at lyl, then the weighted generalized function 


_ tind ntl sg 
(P + i0), ~ ere _ iy. is a solution to a homogeneous equation 
k 
u=0. 
y 


Proof. Using (4.61) we obtain 


KP +i0ys =a At). oti) (oe a1) +i0y, 


Tending to the limit at A > — mtr in the last equality and using formula (4.74) for 
k =0, we obtain 
atly| 
k Lae EK 
y(P + 10), 2 = 
i, ig eas dis ain (P +i0)% = 
2 2 j= eel 
Va eed de emcee | mi? +0 
2 2; 
4 ‘| 
#(1-78M) ¢- @ Dei *|Sf (an) ly by (x). 
2 2: 
Ifn+|y| is even and k > “vl then among the multipliers (1 sp). mG “il 
—ntlyl ax +ly ntlyl 4g 
there is a zero and therefore V(P+i0), 2" =0 and u=(P+i0), 7 is a so- 


lution to a homogeneous equation ru = 0. For all other values n + |y| and k the 
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weighted generalized function 


mat") | (nt 
fp (242! — &) ia 


u=(—-1)* (PID, 7 (7.87) 


4k (k — DISH (n)|yP (5 = 1) 


is the fundamental solution in the sense (7.85) to Eq. (7.84). In (7.87) it was used that 


(1-374) _.(; sail) = ¢ p ( 1) .. (41) 
2 2 2 2 
-1) 
(“yr —x) 
n+ly | 


Similarly, using (4.75) it can be shown that if the number n + |y| is even and k > —5—, 
_ntlyl ag 
then u=(P —i0), ” ** is a solution to a homogeneous equation vu = 0. For all 


other values n + |y| and k the weighted generalized function 


_j tty”) 
e! 2 r (254! — x) nt+lyl 


(P—i0), ” 


T 
=(-1)* 
T 


+k 


u=(—1)* 


ark — Sf oy|/P (24 - 1) 


is the fundamental solution in the sense (7.85) to Eq. (7.84). 


7.2.3. Generalization of the Asgeirsson theorem 


In this subsection we present the results generalizing the Asgeirsson theorem to the 
case of the B-ultrahyperbolic equation (7.83) (see [349,354]). 

Let u(x, y) € C2,(R"), X = (X1, -+-,Xm')s Y = (1, «+s Yn"). Consider the spherical 
weighted means (3.183) taken on parts of surfaces of unit spheres S is (m') and S} (m") 


in RR” and ie by each of the groups and variables x and y centered at y € R”™ and 
zeR™’, respectively. For these weighted spherical means we introduce the notation 


(MY u)(x, 7; y) = MY (x,r3y) = / YT x" u(x, y) &”' dSe, 
Sim’) 
/ Y" Ty u(x, y) oY" dSr. 


Shim’) 


[Sim yr 


(MY"u)(x; y, 8) = MY" (x; y,s) = ———— 
5 y. u J [SF (myn 


So M/ (x,r; y) is the weighted spherical mean of the function u in Rv at constant 
y=(1,---, Yn") € ae and MY (x; y,s) is the weighted spherical mean of the 
function u in Rm” at constant x = (x],...,Xm’) € ae 
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Let us define also the general weighted spherical mean of function u by (x, y) of 
the form 


(MY MY u)(x,r: y,s) =U(,riy.s) = 


[Si (m’)|," aon / a) | "Tey ule, YET gT dS). 
Sf (m") St (m') 
It is obvious that 
M2 (x,r:y)=UCa,rsy,0), M2 (xs y,s) = U(x, 05 9,5). (7.88) 
Theorem 85. /f 
m' +\y'|=m" +1y" (7.89) 


and the function u(x’, x’) satisfies the singular ultrahyperbolic equation 


yu=O0, (7.90) 


then 
MY MY u=MY MY'u. (7.91) 


Proof. Each of the weighted spherical means j1,/(y, z; 7) and vy" (y, z; 7) of u satis- 
fies Eq. (7.83). This gives two equalities for wy y(y, z; 17, 5): 


m! 2 ip / 
0 Wy! y" m+ lv | — 1 Wy! yy" 


Ay @y!,y" = d, By, @y!,y" = 5 . oe (7.92) 
and 
Ayroyy" = 3 By yy" = a pm a eer (7.93) 
By virtue of property 5 of the weighted spherical average we get 
Ay @y!,y" = (A,Mi Mu) (y,73Z,5)= (MY AM?" u) (y,173Z,5). 
(7.94) 


In (7.94) operator A, and M . . are also permutable, since they act on different (non- 
intersecting) groups of variables. Therefore, 


Ay Oy! ,y" = (m? MY Ayu) (y,r3Z,5). 
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Similarly, we find 
Ayredy! yn = (MP MY" Ayne) (9,73 2,8); 
According to (7.90), 
Ayu= Ayu. 


This implies the equality of the right parts in (7.92) and (7.93) are equal. Consequently, 
the double weighted spherical mean of the solution of a B-ultrahyperbolic equation 
satisfies the singular differential equation 


I @y y! ¥ m + ly’ | -—1 I@y!,y" _ wy y # m” + ly” —1 I@y! yy" 
as? s as ar2 r or 


(7.95) 
Eq. (7.95) is Eq. (3.145). Besides, 


Oy y"(¥, 257, S)is—0 = by (y, 37) = f(r) 


and 

a . 

55 Oi, Z37, S) _ = 0. 
That gives 


Wy yr(y, zr, 8) = MYT Ts py) = Mtl TT £5) = oy yy, B85"), 
(7.96) 


m+|y|-1 TS f(r) _ 


(m+ |y|— 1) 
gm+|y|-3p2 (eye) 1 


a —2rscosy +s?) sin” t!’!-? pdg. 


The equality "*!”!-' Ts f(r) = ™*+Iv|-! T° f(s) follows from property 5 of the gener- 
alized translation. That gives wy’) (y, 23 7, 8) = @y',y"(Z, ys 8,1) or (7.91). 


Corollary 5. The weighted spherical mean of the function u taken at constant y by 
z by the part of a sphere of radius r is equal to the weighted spherical mean of the 
function u taken at constant z by y by the part of a sphere of radius r: 


My (y, 2,1) = vy (y, Z,1). 
Proof. Since 


My (¥, 2,7) =@y(y,257,0), vy, 2,7) =@y(y, 75 0,7), 


the equality w,(y, z,r) = vy(y, 2,1) follows from (7.91). 
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As a corollary of Theorem 85 follows a generalization of the classical Asgeirsson 
theorem (see [9,75,155] on the B-ultrahyperbolic equation (7.90)). 


Theorem 86. Let the function u = u(x, y) € C2,, (2 =m! +m") be a solution of 


the B-ultrahyperbolic equation (7.90) and let the condition (7.59) be valid. Then the 
weighted spherical mean of the function u(x, y) taken at constant xen in ee 
by the part of the sphere of radius r is equal to the weighted spherical mean of the 
function u(x, y) taken at constant yeR a in R™ by the part of the sphere of radius r: 


(MY) x(x, yr) = (MY Jy (x,y. r). (7.97) 


The inverse statement to this theorem is also true. It is the inverse Asgeirsson the- 
orem for the B-ultrahyperbolic equation. 


Theorem 87. Let u(x, y)€C?, (R”” xR”), n=m'+m" and let for every point 
(x, yeR” xRm and for any nonnegative r and s condition (7.97) be true. Then if 
(7.89) is valid, then the function u(x, y) satisfies the B-ultrahyperbolic equation (7.53) 
inR’ xR’. 

In [170], p. 222, a clarification of the Asgeirsson theorem is given. This clarification 
is generalized to the case of the B-ultrahyperbolic equation. 


Theorem 88. Let xeR™, yeR”’, let u=u(x, y)é Coy RY xR”") be a continuous 
in some neighborhood of the set K={OER" , wER" :|0|+|@|=r} solution of the B- 


ultrahyperbolic equation (A,)<u = (Ayn)yu, and let m' + |y'| =m" + |y"| > 3. 
Then 


/ 
m 
1 


1 m"” 
—__—_. u(ré; 0) 6” dSg = ———— / u(0; rw) ow! dSy. 
[Sim l, i [194% = Sy, I] ie 


Sim’) = ston") 


7.2.4 Descent method for the general Euler-Poisson—Darboux 
equation 


Using the generalized Asgeirsson relations (7.97) found in the previous subsection, 
the method of descent of the solution of the general Euler—Poisson—Darboux equation 
is presented. 


Theorem 89. Let 0 <6 <n+ |y|, and consider the natural number m > 1 and the 
multi-index (75, ..., Vn), Yj > 0, such that 


nt+lyl=m+o+y3+...+y), 


exist. Then u € Cc (Rt) is the solution to the problem 


( ad 660 ) 
—+-— )utx,t)h=Ay,yu(x,t), 6>0, (7.98) 
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u(x,0)= f(x), ur(x, 0) =0, (7.99) 


where f € Cey(R;*) is given by the formula 


t 


eae 2 1 al 2 epi 
eee B (sie, Sacto a ~~’ “ 
2 3 2 0 
AY 
ors MY f (x)dr. (7.100) 


0 


Proof. We use the traditional “descent method,” appealing to a singular ultrahyper- 
bolic equation. Namely, if the function u(x,t) satisfies Eq. (7.98), then the func- 
tion u(x, y), extended from u(x,t) as a constant in the direction f,...t,, where 
y = (t,t, ...tm) obviously, also satisfies the equation 


(Ay )yu(x, y) = (Ay )xux, y) ’ y = (t, to, cen tm) € Rt ’ (7.101) 


where y’ = (5, 75, .., Yn)» Yj > 0. 
Let m and y’ = (6, v5, ..., ¥») such that n + |y| =m + |y’|, where |y’| =6+ y; + 
+ yj. Then for u(x, y) we have (7.97) 


fasta [ Prien? 

TyFii(x, y) 8 dSE)=——— |] Tye, y) 67 aS), 

ISS ly aaa a 
Sf (n) Sy (m) 

(7.102) 


where Sj (n) = {€ € Rt : |€| = 1} and S/(m) = {¢ € Rf: |¢| = 1}. Since the func- 


™ 


tion u(x, y) (y = (t, fo, ...,tm)) is a function u(x, t) extended as a constant by vari- 
ables f2,..., tm, we have 
T(x, y) = OTH, t, 2, + tm) = OT ue, #) > 1 «.. 5 fm). 
We agree to write further ST u(x, t) instead of oe u(x,t) - 1(t2 ... , tm). Tak- 


ing into account that Thulx, 0) = Tu(x, t) = u(x, t), we obtain 
UTE ae, yl s0= Tal, 91) ya = Ura): 


Therefore, setting t = 0 in (7.102) and using the first condition in (7.85), we obtain 


1 ' 
on YTS Fx) &” dS = ———— / (x,ro1) 6” dS. 
ISf ly / ET aii 

Ss 


1 (n) Sf (m) 
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Therefore, to find the unknown function vu = u(x, t) it remains to solve the integral 
equation 
1 


Y dS=M’ 
SF (m)ly" / u(x,re,) 6” dS=M, f(x). (7.103) 


Sim) 
Multiplying both sides of equality (7.103) by r”+!”!"! and integrating over r from 
0 to s, we obtain 


AY Ss 


pee i u(x,r¢1) et i MI f (x)dr. 


0 Sif (m) 0 


1 
IS @m)|y" 


Consider the left side of this equality, which we denote by J. Returning to the rectan- 
gular Cartesian coordinates by the formula z =r, we obtain 


Ss 


/ u(x,z1) 2” dz, = ft My poner 


By (m) 0 


1 
|S n)I 


where B (m) is a part of a ball of radius s with center in the origin belonging to Ry. 
Given the continuity of the integrand, we can write it in the repetitive form 


Ss 


1 ! , 
l= fucnd dz, f cif... 2 dz2...dZm, 
|S} (mn) y 
0 at 


where 9 ={(, snargtan) & (d+. </e—al ert, 


The integral by the (m — 1)-dimensional domain Q* can be easily calculated by 


transition to spherical coordinates z2= 01, ... , Zm= Om—1. We have 
2 
s—Zt 
/ y , / 
y. ! Jess’ Y. 
i 2 nik MEizelGg= / pratima g ‘ Grae taas. 
Qr 0 Sf (m-1) 


(7.104) 


The inner integral on the right side of equality (7.104) can be calculated by formula 
(1.107): 


y+ yi +1 
gi gg. 1 Ca) tH") 
0; On dS = 


; (7.105) 
a m—I|+y. eet ya 
2m-2p (See ) 


Sf (m-1) 
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The external integral on the right side of equality (7.104) is easily found by the formula 


2 
il MAY t+Yn =1 


2 2 

! Se 2 

/ pm trast +¥m— 2g = = (7.106) 
mt+ys+..+y},-1 

0 


s2—z 


Sincem+y35+...+y;, =n+\|y|—6, formulas (7.105) and (7.106) can be rewritten 
in the forms 


yy+1 Yint1 
Y3 Yh r( 2 )r( 2 ) 
O,°..0 dS = (7.107) 
am-2p (a) 
Sf (m-1) 
and 
Vv s?—2f ( 2 SS 
mtyj+tYy—2gg — 8 TDF 7.108 
/ p Pe ee yled=1 
0 


Substituting (7.107) and (7.108) into (7.104), we get 


yt] Yntl 
1 a 3 Jah ( 2 ) 4 9, wHy|-d=1 
(s zy) 7 : 


n+l|y|—6-1 gmap (at*1) 


/ / 
YY, 
dy ie OZ = 


Qtr 
(7.109) 
Using formula (1.107), we obtain [sv (m)| yr: 
541 yy+1 Yint1 
tomy PEE Ae) PE) 
IS} (mn) = (7.110) 


= atly| 
Qm ir ( 5 ) 


Applying (7.109) and (7.110), we get 


1 
ISf (m)|y" 


/ u(x, 21) 2” dt = 


Bs (m) 


or (ap) 


2 fo 
n+ly|—68 pr ($4) r (ee) J 


So we obtain 


n+|y|—6-1 
zi)? u(x, zi)z4dz1. 


AY 
n+ly|—é—-1 
foe-2 T u(x, zadzidz = 
0 
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é6+1 n+ly|—d+1 s 
eg aa ea i 
natly| 

ry) Gg 


In (7.111) the formula zl (z) = (z + 1) was used. 
Equality (7.111) is the Abel equation with bo to u(x, t) (see [494]). Multiply- 


ing both parts of (7.111) by 2s(t2 — 52) > 


rrtivl-l MY f(x)ar. (7.111) 


and integrating by s from 0 to rt, we 


obtain 
t 
= F 
fue-% — ta foes : u(x, zi)2bdz = 
0 
é+1 n+|y|—d+1 t Ss 
20 ( 2 )r( 2 ) B. ., 2g, eatalvlst, ntly|-1l qv 
s(t“—s*)” 2 ds [ r M,. f (x)dr. 
r() 
2 0 0 


In the left part, we change the order of integration: 


t 


t 
b—n-|y|-1 n+l 6-1 
[uc zzidz Je = 57) 2 (= z) ; 2sds = 


0 
or (31) r (au) t s 
2 5—n—-|y|—-1 
J: (22 — 92) 2 as ie MY f(x)dr. 
p (etl! 
2 0 0 
(7.112) 
In the inner integral on the left side of (7.112) replacing s? by h, we get 
t 
fe-2 (s?=22)" 2 Isds= G =A) oP hye ah. 


zi 


In the resulting integral, we introduce a new variable t by the formula h = ey et 


a): 


dh=(?—02)dt, ?-h=U—1)(¢?-¢), a—-G=ree?—cp, 
h=t?, t=0; h=??, tH=1, 


We have 


t 1 
d—n—-|y|-1 n+|y|—d6-1 n+ly|—6-1 d—n—|y|-1 
iG —s*)— 2 (s?-zt)” 2 sds = 1 tr 2 (1—t) 2 dt= 


0 
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7 n+l|y|—é6+1 7 d6—n—|y|+1 . 
2 2 


Returning to (7.112), we can write 


t 
n+ —64+1 6—n— +1 
i eed p (CaS) fucnenetae = 
2, 2 
0 


ar (8 \r Ges 41) ; ; 
sas [tae pear 


remy 1" i 


or 


t 


fuccenetaci = 


0 


ar (244) t s 
6—n—-|y|-1 
pre-e ds f el My Fosdr, 


nt+ly\ d-n—-l|y|+1 
(yr (ee) 


Differentiating both sides of equality (7.113) by t and dividing by t° we get 


(7.113) 


rH) a fo emp | 
; fs@-2! yt =a] om l MY f (x)dr. 
(=H ie pitt) t dt 
2 2 0 0 
(7.114) 


Application in (7.114) of the formula for the Euler beta function (1.9) completes the 
proof. 


7.3 Elliptic equations with Bessel operator 


7.3.1 Weighted homogeneous distributions 


Here, following the approach of Gelfand and Shapiro [178] (see also [170,177]), we 
study weighted homogeneous generalized functions. The research of homogeneous 
distributions is important because the fundamental solutions of many differential op- 
erators are homogeneous distributions. If a differential operator contains a Bessel 
operator, it is natural to use weighted instead of ordinary distributions. We also note 
that when we consider analytic continuation of weighted homogeneous distributions, 
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we thereby give a method for analytic continuation for more general distributions, 
since many functions in the neighborhood of singular points can be approximated by 
homogeneous ones. Further, we will apply these results to finding the fundamental 
solution to elliptic equations with Bessel operator. 

For all a > —1, functions x4 and x“ on R are 


and 


Function x{ is locally integrable with the weight x”, and therefore determines the 
weighted distribution 


oo 
(x4, Py = [ xeex'ax. 
0 
Similarly, 
0 
(x4, @)y =(-D / x4o(x)x? dx. 
oo 


Functions x4 and x“ are connected by the equality 
(x2, py = (4, 9)y, P(x) = g(—x). 


Function x{ is homogeneous of degree a for a > —1, i.e., the following equality for 
t > Ois valid: 


Cc [oe 
(x4, @)y = [ ocyrax =e" f toa’ xax = M04, oy, 
0 0 


g(x) =t!*’ p(tx). 


Let us find (x +i0)?: 


(x + i0)* — eft In(x+i0) —_ ef In(x+i0) ~ ef(in |x£10|-+iarg (x+i0)) = 


= te a 
Hxy +e Xe. 


aide di x<0 


palin |x|-tiarg (x:i0)) _ ae x>0, 
of 


Therefore, 


(x £10)4 = x4 + eH 4x4, (7.115) 
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Definition 42. Let function u € L . i (R‘,) be homogeneous of degree a, i.e., u(tx) = 
t“u(x) for t > 0. The weighted distribution u is homogeneous of degree a in RR". if the 
following equality is valid: 


(u, P)y = 1" (U(X), Gr (*))y, (7.116) 


where 9; (x) =t"t!’|9(tx), g € C2 (Rt). If u is a weighted distribution in R" and 
(7.116) is valid for all g € C %(R;*), then u is said to be homogeneous of degree a in 
ee 

+ 


Let us comment on Definition 42. If the function u € L! 


IR’) is homogeneous 
joie + 
of degree a, i.e., u(tx) = t“u(x), for t > 0, then 


(u(y), 90) = i u(y)o(y" dy = {y =tx,t > 0} 


RY 


= mtirita F y(aypx)aY dx = 1" (uC), 400)y, 


n 
RY 


where ;(x) = t"t!’lg(tx), g € C2(Rt). And vice versa, from the relation 
(u(y), PCY)» = t* (U(X), Gr (X))y it follows that u is homogeneous. If a > —n — |y|, 
then uw is integrable with weight x” in some neighborhood of zero, since in polar 
coordinates x = rw, |w| = 1, we have dx = r"*!”|-!w” drdw and 


& 
/ lu(raylx?aa = f rerrsr-lay / |u(w)|w” dw 
U,(0) 0 {lol=1}+ 


eatntly! 


= i: |u(w)|@” dw < oo. 
at+n-+ly| 


{lo|=1}F 
The problem which we will discuss is the extension of weighted homogeneous dis- 


tributions from R;* to R". First we prove the following theorem about homogeneity 
conditions for weighted homogeneous distributions. 


Theorem 90. The homogeneity conditions for weighted homogeneous distributions u 
of degree a 


(4, —)y =t°U,Gny,y. nye =t"lpex), e@ecr mi 
(7.117) 


and 


(u, v)y =0, wecrRt), from wendr =o (7.118) 
0 
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are equivalent. In addition, for weighted homogeneous distributions u of degree a the 


formula 
n 
ou 
Xk fan =au 
x 
k=1 F 
is valid. 


Proof. Differentiating equality (7.117) by t we get 
at" (u(x), tp (tx))y+ 


do(t 
- (ue, (nt ly pertl pax) + po) a 
Y 


Since 


n 


dp(tx) 
Xk 
OXk 


— “> ee ee 
k=1 k=1 


equality (7.120) can be written in the form 


at*—| (u(x), t? 7g (tx))y+ 


n t 
" (we (n+ ly bert ly (ary + 47-1 Sy PO) <9, 
Y 


Ox 
k=1 k 


Putting t = 1 in (7.121), we obtain 


(a+n+ ly), gy + UA), = 9, 


n 


where 1 = > Rigo 


Let us consider the equation 


n a 
(a+n+ lye) + D5, PO) = v(x) 
k=1 


(7.119) 


(7.120) 


(7.121) 


(F122) 


(7.123) 


and show that it has a solution in Ce peg dl a ). Using in (7.123) spherical coordinates 


Xx =ra, we get 
<tr g(ro)) = Urea enti’, 
r 
Indeed, 


0 
ar o(re)) =(atntlyprert love) +r 


or 


atnt|y| 9PT@) _ 
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Ip(r@) I(rax) _ 
O(r@g) or 


(atnt lyre! loge) + rom De 


dp(r@) _ 
a(rag) 


n 
(a+n-+ly|)r@ n+l|y| lO(rw) + r4 n+ly| ‘re 


ee eterno Sou 0] ON a): 


Consequently, for 
p=(atntly)e +g, (7.124) 


the equality 


[o,@) Co 
a CO 
promt voandr = J apf Myre) dr =rt"+l"lo(r@)| =0 
r 0 
0 0 


is true and w € Ce ea(RT ). So, from (7.124) and (7.122) equality (7.118) follows. 
Now let us prove (7.119). For (u, Ag), we have 


"a 
(u, ivy = (woo. oH se) =f. (xy PO 
Y 


k= IR 


lee) 
0 
a ee xy eee He dx. .dNR AXE «Xn _— ot) x axe 
=I pi : 
(7.125) 


We apply the integration formula by parts to the integral over x,: 


[oe 
0 a) 
foo Slay lan — {u — u(x)x}*t! dv = oO ax| = 
Xk 
0 


OXk 


woop" 


-{ Eee ++ nuts) oat dx, = 
0 


Co au (oe) 
- fu o(x)xj{ dx — (1 +n) | weoetostas 
0 


Summing by k from | to n and returning to the integral (7.125), we get 


(u,Ag)y =— (A, 9), —+ lv), @)y- (7.126) 
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Substituting (7.126) in (7.122), we obtain 


n au 
(atn+ly))U(x), g@)y- (Sag eco) —(at+ly|)U@), g(x))y =90 
k=1 y 


or 


n au 
a(u(x), p(x)) ai ago] : 
: e OXk 


Y 


which gives (7.119). O 


7.3.2 Extension of the weighted homogeneous distributions 


Theorem 91. Let u € D/,,,(R',) be weighted homogeneous distributions u of degree a. 
Ifaxk, keZ,k <—n-—|y|, then u has a unique weighted extension u* € D’, y(R4 ) 
homogeneous of degree a. Ifa #1 —n—|y|, then (By,u)* = By,u*. The map u > u* 

is continuous. 


Proof. We first prove the existence of a weighted distribution u* € D/, y(R4 ), homo- 
geneous of degree a, which is an extension of u € D/,,(R‘.). 


If uw is a function and g € Ce 2) (R"_), then using spherical coordinates x = rw we 
get 


lo) 
Woy = f uerocoardx = f ; u(w)p(ra)ret" tl! le’ drda. 
Rt 0 {|ol=1}+ 


Based on this equality, we introduce the one-dimensional distribution 


(Ragy(x) =! pax), — gp EC RR"). (7.127) 
The function Rag is homogeneous of degree —n — |y| — a, ie., (Rgy)(bx) = 
b-"-|7|-4 (Rag) (x). Indeed, 


(oe) 


(Rag)(bx) = ("9 g(btx)) = / ptrtlylo(bex)dt = {bt = y}= 
0 


[o,@) 
poly “fy atntlyI-lo(yy)dy = b"!Y-4 (Rag) (x). 
0 


From [170] it follows that R, is a continuous map from Cx »(K) to Ce oy (R1_) for every 
compact set K CR". 
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We choose a fixed function y € C oy (RE ) such that 
[oe 
dt 
[vent a1, x #0. 
0 


Then W Rav € CX » CR’) and 


CO 


Ra(W Rag)(x) = } trv Lp (tx) (Rag) (tx)dt = 


0 


Po cd 
(Rag)(x) / Wits) = (Rog)(2. 
0 


So, u(W Ra@) is always independent of yw andu(W Rag) =u(¢) if gE cx > (R‘,). Thus 


ua", ~)y =u, WRa®)y; geCr(R” ) 


defines a distribution u* in R" which extends u. The map u > u* is continuous. Since 


1 = 
(RaGny sx) = VT tll o(rtx)) = 1-7 Rag), 


that gives homogeneity of u*. Finally we note that (B,,u)* — By,u* is homogeneous 
of degree a — 2 and supported by 0, so it must be zero. This completes the proof of 
the theorem. 


7.3.3 Weighted fundamental solution of the Laplace-Bessel 
operator 


Weighted fundamental solutions are very important in the study of existence and reg- 

ularity of solutions of differential equations with Bessel operators. 

Definition 43. A distribution E € D’,,(R‘,) is called a weistied fundamental solu- 

tion of the differential operator with Bessel operators L = y aj By, with constant 
i=1 

(complex) coefficients if LE = 6,. 

Theorem 92. Let 1, ...,Un € D,,(R‘.) all be homogeneous of degree 2 —n — |y| in 


n 
IR". and satisfy the condition > By,uj = 0. Then 
j= 
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n 
» Byui = = cy, 
j=l 


where c is some constant. 


n 
Proof. The distribution )~ By, ui is homogeneous of degree —n — |y| and supported 
j=l 


by 0, so 


n 
> Byui = = by 
j=l 


for some constant c. 


Lemma 19. Let x € Ri, n> 1, and 


my inl n+ly|= 


E(x)= 


|x|272 ol” 
(2-n-ly ISP (n)ly 


n+|y|>2, 

where IS (nly is defined by (1.107). Then for |x| > ¢ Ve > 0 
A, E(x) =0 

Proof. Let us consider n + |y| > 2. We have 


a 
A 7B) = By B= vi is i: E(x) = 


j=l J 


n 
a . 1 8B penint 
Q=—n—IDIStly i 

1 1 8 yy @=n-ly) 
Q=n—IDIStly 


1 


= a 

n— — 
+ ae Wi i le 
Sn Y j= 1~ 


Y j=i* 


1 n 


Y j=l 


——[(=n = |y|)|xf-" "+ a + |v x74 =. 
Si y 


-n-lvloy. — 
|x| 2xj = 


Lynd fen=ly) 2 
oa ree a 
2 val p+ ype rif] = 


Dla = lydia + type = 
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We now consider the case n + |y| = 2. We get 


a 


A Bo) = By B= Yo 7 ee a i Rp EO= 
xj 
1 ae a [x [2x — = 
St ly S=] x Fa im xy eau ae : a im 


1 ap Duss . 

— Sisley) x? x] = 
J J Fi 

Sn ly jal Xj 

n 


1 
Yo[-2lal4 x7 + Ut yp lal71= 


Sn x j=l 


[—2|x|-? + + ly DIxI771 = 


Sn ly 


Theorem 93. Let x € Ry, n> 1, and 


: nt+|y|=2 
|S3'ly 
E(x) = 2-n— 
a nt ivl>2 
(2—n=ly ISH ly ; 
Then By jE € Lig, RY ) and 
Ay E=6y. 


Proof. First let us prove that By, E € Bing: y (RYE ). Forge Ce eR ), we have 


(By, E,¢) =[s E(x) poxas= | ome Fae BO) p(x)x"dx = 
Hs oe a x1! ax; “i Ox 
Rs 


Ry 
(oe) 
, 0 . 0 
v1 Yj-1 Vj+l Yn Yj 
ae XG Xp eXn ards dspertisaf (Sa) 20) p(x)dx j. 
0 


Integrating by parts by x; we obtain 


CO 


ra 1 a a 
[ee Berec} as =f Gane Pa) g(x)x;!dxj = 


x Ox; ay 0 
0 J 


er j iE) p(x)dx; = {U=e.av = ax; ae ax a Beas = 
0 
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Oo PF fa a 
- fx) (G20) 5 a = 

0 

0 
fore 
-{ (se), 1 gedr; — 

Xj 

0 


y; O 7] 
{u = x; auf dV= im = 


tf (get 0) E(x)dxj = 
i j 


le) oa . lee) 
eas xv ‘Low) E(x)x;' dx; = [ 000) Bex} dr; 
0 0 


a7 Ox; “i 0 


yj 9 
x; = ee 


0 
=a ‘ao 


Therefore, 


(By, E, py = (E, By, @)y = lim / (By, g(x)) E(x’ dx = 


{lx|>e}* 


iim fos (x)) E(x)x” dx — | (By, 9(x)) E(x)x” dx 
{|x| <e}* 


Using formula (1.99) we obtain 


sa 3. &)x’dS, 


(By, E, y= f (Bye) Box” dx im i 


Rt {lx|=e}* 


where D is the direction of the outer normal to the boundary {|x| = e}* and é; is the 
direction of axis Ox;. Since cos(v, €j) = a we have 


oO Bee 7d yas. 


(By, E, ie E(x)x’dx — 2 / xl 


“lal elt 


Moreover, we have 
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and thus 
(By, E,9)y = ; (By, EQ) px)x" dx, 
a 


i.e., the weighted distribution B,, E defined by a function B,, E(x) locally integrable 
with the weight x”. 
Since for |x| > ¢, Ve > 0, the equality 


A, E(x) =0 


holds, using again formula (1.99) we obtain 


(Ay E.@)y = (E, Ay@)y = lim / E(x)(Ayp(x))x¥ dx = 


{lx|>e}* 

pee ] [E(x)(Ayg(x)) — (Ay E(x) ) g(a) x" dx = 

{lx|>e}F 

0 JE 

lim BG ge \ ras aww). 
e>0 ov Ov 

{|x|=e}+ 

This result also follows from Theorem 92. im 


7.3.4 The Dirichlet problem for an elliptic singular equation 


In this subsection we consider the second order singular elliptic equations of the form 


n 2 : 
(54 na) = pu. (7.128) 
=I Ox; Xj OX; 
For b > 0 we find an analytical solution to the Dirichlet problem for this equation. A 
procedure for obtaining its solution is proposed based on the use of a modified Bessel 
function of the second kind. 

Elliptic equations with the Bessel operator occur in modern models of mathemati- 
cal physics. Methods for solving problems for elliptic equations with the Bessel oper- 
ator have been sufficiently developed by A. Weinstein [592,594] and I. A. Kipriyanov 
[242]. In the paper of M. B. Kapilevic [217] the theory of degenerate elliptic dif- 
ferential equations of Bessel class were considered. Here following [216] we obtain 
the solution to the Dirichlet problem for Eq. (7.128) and get some properties of that 
solution. 


Theorem 94. Let t(x’)=t(x1, ty, erg = One be a bounded function, Yn < 1. The 
solution to the Dirichlet problem 


(Ay) xu = b7u, b>0, (7.129) 
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U(X], X2, «6, Xn—1, 0) = T(X1, X2, «+ Xn—1), Ux; (x)|x;=0 = 0 (7.130) 


! / | ~ / 
u(x)=C(n,y) y [YT] K nay OXnVI-+ly D0)” dy’, 
nity ya 


Rv! 
(7.131) 


where (y' yy’ = = i ne , 


gn-Ip (ation ) al-v 
C(n, y= ’ Ky) = 


rCayireey T° 


such that K,(0) = 1 when v > 0. 


Proof. Let us show that a solution to Eq. (7.129) is 
1— n 
Uu=Xn " Kntty!\-m (b|x|) = 


ntly'|-yn n+ _ = m—n—|y'| 
a (eS) Po K aon OLE) = 
nevi 


2 


ntly!|=yn \ = n—n—ly'| 
a v1 r(At 41). Yo? 4 4x2)” y 


K nsty/i-r (oy/s3 asi +x) ‘ 


Taking into account that (see [591], p. 96, formula (6)) 


—z 'K,(z)=—z ’Ky41(2), 
az 


we can easily check that u is a solution to (7.129). When i = 1, ..., — 1, we have for 
dou Yi Ou and a u 


OX; ? Xj OX;’ 
ou l-Yn /_2 Yn a loa 
—— =—bxiC(n, y)xn "(ap + FX 2) 2 Kntiy'i-yn 4 X 
OX; Sal 
(o/s +... +) ‘ 
yi ou l-yn 2 = pad 
——— =—byC(n,y)xXn "(xT +. +X 2 Knsty-m , , X 
Xj OX; a +1 


(o/s +... +) ; 
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a7u 1-Yn 2 2 yn—n—ly"| 
rey (ap +...+x7) 4 
i 


(o/s +... +33) + 
1- m Yyn—n-ly/| 
b?x?C(n, y) xn s (re eres oo) 4 'K nsty!t-o ro) (6/3 +. +38) : 


Considering that B,,u = oe + eae a and summing by i from | to n — 1, we obtain 


1 
2 Kasiyy- x 
y'l=y 
zo tl 


n—-1 


Y> By, u = bn - 1+ |y')C@, y)x 
i=] 


m—n—| tai 
ae? ee 2a Y — see 
OR ie Yn 4. » (oy +492). 


b> |x/PC(n, yan ™ (2 +... #2)" 


Now let us find pu, Yn ou 4 nd 24, 
OXn’ Xn OXn ax; 


ou _ ya—n-ly’| 

ae COE NAH Yn din OTF etn) EK nsty'inn (o/s +38) - 
n 

—1 
?K nsiy/inm 4 (o/s ++ 3) ; 


Cin, y)bxa (x2 4. x2) 


Yn OU 


Xn OXn 


1-yp Yn an Pal 
Cn, v)yn(l — Yn)xn Gr +. +X ay K ntty'imm (oy/s3+ a3 +39) _ 
—Yn 2) mone pPAbaee 2 > 
C(n, Y)bYnXn (x? +... +x?) K sty 4 OO i et a oe 


a7u 


2 
Ox, 


CO, YY —YndL=Yndtn MP a baR) EK ayn (os? #3) 
C(n, y)b(L — Yn) Xn" (x? + ee a ae 2 K wei 4 (o x34 +2) 
C(n, y)b(2 — yn) xn" (XP + x2) 4 ele EK sate gy (By E+ tai) 
C(n, y)b2x2 ny 2 4 alias 2 Karten ga Byatt ta). 
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ee — uy Yn Ou : 
Considering that By, u = ax? + x, Ox,? We obtain 


By,u = 


1-Yp, yn—n-ly'|_ 1 / 
(Vn —3)C(a, V)bXp : (x? + goes) 4 2 K ntiy'-mm +1 (+ xt+ tah )+ 
C 2x37 (x2 2) mma’ b.| x2 2 
(n,y)b°xn "(xy +... + Xf) mylyn 4.9 Xp +... +xXq )- 


Using the recurrence formula K,+1(z) — °K, (z) = Ky_1(z) (see [591]), we get 


n—-1 
Ayu=)- Byu+ By,u=—b(n + ly'|— yn + DCH, y) xn” X 
i=l 


n—n-ly'|_1 es 
(xf +o. +x)" 7 : 2K ntiy'i-yn 4 4 (+ xj +o. +33) . 
2 

ing yn=n=ly'| Co - ae 

C(n, y)b7 xp v (x? +... +x?) 4 K nti! 49 (+ p++) = 
ely ee 

1-Yp, yn—n—ly"| 

B’C(n, y)xn “(O +..+22)° 7 K nsiy/icn (oy/s3 ae +x) = 
1— n 

b’x, ” Kntiylinn (ost +422). 


Sou= ae ae (br) is a solution to (7.129). 
tly lea 


Since YD, (Ay)x = (Ay)x a tae xe LY TD knsiytn 1|z) is also a solu- 
nt lyt iY 


tion to (7.129). Moreover, if g(x’) = g(x1,...,X,—1) iS a twice continuously dif- 
ferentiable, bounded function such that g,, (x’ Ylx.-0 = 0 for i = 1,...,n — 1, then 


xn ™ BOY Dy Kyo lblxl)o” is also a solution to (7.129). Integrating by 


y’, the function 


1-—ypn / , , 
uaa) ; oy LY T Knsiyon WORD)” dy’ = 


n-1 
Ry 


i= n u i 
a i [TH gl(a'knsyan Oy ly +xD 0" dy! 


Rv! 
satisfies Eq. (7.129). Changing variables y’ > x,y’, we get 


/ / Yn—n-ly'| ~ ! 
u(x) = / Pr 1@) a+ iy 2 K nent btny 1+ ly PQ" dy’. 


n—-1 
Ry 


13%) 
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Putting x, = 0, we obtain 


! ! ! amnly"| at, ! 
T(x") = gv’) i (+l) 2 (y)"dy' =(y' = ap} = 
Ri! 


analy | 


g(x’) (1+ 2) prtlr'-2dp / ods = 


Sf(n- 
n—1 
TT (#*) ra y Iv’| 
! i= Q) er ntly'|-2,7, 
1+ 2 d, 
A mes (ese | p°) p p= Ca, — als x’) 


ia 


CT) 


the expression for g(x’) into equality (7.132) gives (7. 13 1). 
Since K,(r) is exponentially decaying when r +> on, the integral (7.131) is uni- 
formly and absolutely convergent. 


or g(x’) = C(n, y)t(x’), where C(n, y) = , Yn < 1. Substituting 


Theorem 95. Let t(x') = T(x), ..., Xn—-1) € ce be a bounded function, yy, < 1, 


gn-Ip (sae) 7 gl-v 
Ky) =r’ Ky). 


Cin, y)= ; 
7(58) Tr) a 


The function 


u(x)=C(n, ft vpn] 


Ri! 


K nein (bxnV1+ ly") dy" 


(7.133) 


is a function from ae bounded at the orthant IR". and vanishes when xj — 00. 
Proof. Let |t(x’)| < M for 0 < x; < 00, i =1,...,n — 1. Then using property (3.149) 


of generalized translation, we obtain 


yn—n—|y"| ~ , 
eh 2 Cha / + Ly DE Rasim Otay TF LYDON” dy. 


n—1 
Ry 
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Passing to spherical coordinates y’ = ap, we get 


aa ! 
| (1+ ly’ Keyl m (bxny 1+ ly?" dy’ = 


Ri 1 
Yn a ly’ a4 
Jose Rasim Btn 1+ pr)" Aadp 
Sf (n-1) 
nl F n+ly!l=yn 
r (ae 
pu (bs ae yn . 
2p (a=1+ly'| n+ly'l=yn \ >” 
anap (saiplel) p (sa) 
(oe) 
Yyn—n—ly"| ne 
/ 1+ 07) Karyn any + p20" Aap, 
Let us find the integral using formula (2.13.1.2) from [456]: 
[oe 
Yn—n-ly"| a 
oe i (+p) 8 Kasintm Oxny 1+ p?)0"™ "dp = 
+y/I-3 
2 


CO 
ya—n-ly'| n 
{ 1+ p2=z}= fz 2 KR nein (bxnz)(z7 — 1) 
1 
(=3 


ea "ntly/I- —1 ‘ 
(bxy) 22 (ae ) Ks (bxn). 
2 


So 

n—1 vee 
0G ee 
i=1 


n— US 1 (stem ) 
2 
Mn)" =. Ki- pe (bin) = M Kin Yn (bxn), 
rz) 


which gives 


lu(x)|<M-C(n, y) 


Yn +1 


|u(x)| <M 


since K t-yn (bX) < 1 for x; > 0. Considering that 
2 


Kyo= [Ze + O(r')] 


o’ dS= 


leyn 
(bxn) 2 K1-m (bXn) = 
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for large r, we get u(x) > 0 when x, — oo. The fact that wu € C2, follows from the 
properties of integral (7.133) and from the fact that t(x’) € Cc. . So the theorem is 
proved. 


A classical solution to the Dirichlet problem for a singular second order linear 
elliptic partial differential equation has been obtained. This equation contains, for 
example, the Tricomi equation in the upper half-plane, which arises in the study of 
aerodynamics (see [385]). The Keldysh equation arising in modeling weak shock re- 
flection at a wedge is a particular case of the studied equation (see [171,434]). One 
more particular case of (7.128) is the equation of Weinstein generalized axially sym- 
metric potential theory, which arises in the study of fluid dynamics and elasticity [592, 
594]. Finally, Eq. (7.128) generalizes the Schrédinger equation with a singular poten- 
tial, which arises in quantum mechanics (see [24]). There are a lot of open problems 
for Eq. (7.128), for example, the principle of extremum, the principle of Hopf, the 
principle of Zaremba—Giraud, and other quality properties of the solution to (7.128). 


Applications of transmutations to 
different problems 


8.1. Inverse problems and applications of 
Buschman-Erdélyi transmutations 


8.1.1 Inverse problems 


In this subsection we would like to pay attention to deep connection of inverse prob- 
lems and transmutation theory. 

From historical perspectives transmutation methods formed a basis to solve ini- 
tial inverse problems for Sturm—Lioville operators (see [322,323,327]). In this case 
the inverse problem by spectral function data or the inverse problem by scattering 
data leads by applying transmutations to similar integral equations, namely famous 
Marchenko and Gelfand—Levitan equations (see [52,60,376]). These are equations for 
transmutation kernels, and after finding them transmutation kernels on diagonals re- 
cover potentials from initial equations by simple formulas. The same technique based 
on transmutations also works for perturbed Bessel equations, Dirac system, and some 
other general problems (see [60,376,567,590]). 

Although Marchenko and Levitan—Gelfand equations lead to many important re- 
sults and applications in different fields these equations have some restrictions which 
were by and by recognized. In short the restrictions are due to 1) computational diffi- 
culties in gathering data and numeric solving of these equations; 2) lower effectiveness 
for multidimensional problems. So for many years another competing methods for 
solving inverse problems for Sturm—Liouville equations were proposed, which avoid 
the direct usage of Marchenko and Levitan—Gelfand equations. Among them are: 


method of M. G. Krein, cf. [296-301]; 

method of A. N. Tikhonov, cf. [8,181,566,567]; 

method of spectral mappings of Z. L. Leybenzon, cf. [3 10-3 12,603,604], 
method of V. V. Kravchenko, cf. [279,280]. 


The above mentioned methods together with Marchenko and Levitan—Gelfand 
equations form a powerful ground for solving different theoretical and applied inverse 
problems. 

For the connection of Riesz potential theory to inverse problem see [162,449]. 
Namely, hyperbolic Riesz potential is the negative real power of the hyperbolic opera- 
tor (10.44). Such operator inversion problem is closely related to the determination of 
a function from its weighted integral over Lorentzian spheres or Lorentzian weighted 
spherical mean (for non-weighted case see [164]). A problem of finding weighted 
spherical mean (My )f (see formula (3.183)) from f is well posed, if it has a unique 
solution and small variations in f lead to small variations in (MJ) jf. Otherwise the 
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problem is ill-posed (see [302]). For the weighted spherical mean (M/) f we have 
very simple formula for finding function f if we know (M/)f. It is f = be (M;) f 
cS 
(see [350]). But for the Lorentzian weighted spherical mean the inverse problem is 
not simple at all. In [164] for the determination of a function from its integral over 
Lorentzian spheres the hyperbolic Riesz potential was used. In this chapter we obtain 
an inverse operator for the mixed hyperbolic Riesz B-potential which generalizes the 
classical, used in [164]. Thus, it will be possible to solve the problem of finding a 
function from its Lorentzian weighted spherical mean. 


8.1.2 Copson lemma 
Consider the partial differential equation with two variables on the plane 


d7u(x, y) % 2a du(x,y)  d°u(x, y) n 2B du(x, y) 
ax? x Ox dy yoy 


(this is the Euler—Poisson—Darboux equation or the B-hyperbolic one in Kipriyanov’s 
terminology) for x>0, y>0, and B>a>0 with boundary conditions on the character- 
istics 


u(x,0)= f(x), uO,y)=s(y), f(0)=8(0). 


It is supposed that the solution u(x, y) is continuously differentiable in the closed 
first quadrant and has second derivatives in this open quadrant, and boundary functions 
F(x), g(y) are differentiable. 

Then if the solution exists, the following formulas hold true: 


ou Ou 
—=0, y=0, — =0, x=0, 8.1 
oe y ax x (8.1) 


1 
vr (6+; 5) f reser ( (1-77) 
0 


1 a-l 
2° (a4) f ens” (1-2) ae ae Bt dt. 
0 


Therefore, 


bol 
* pl Prdt= (8.2) 


ar(p+i : 
( 1) eae ee (8.3) 
s)r@-ay 


FT 


where P,"(z) is the Legendre function of the first kind [532]. 

So the main conclusion from the Copson lemma is that the data on characteris- 
tics cannot be taken arbitrary; these functions must be connected by the Buschman— 
Erdélyi operators of the first kind (for a more detailed consideration, cf. [532]). 
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8.1.3 Norm estimates and embedding theorems in Kipriyanov 
Spaces 


Consider a set of functions D(0, oo) such that if f (x)€D(O, 00), then f(x)EC™ (0, 00) 
and f(x) tends to zero at infinity. On this set, define the seminorms 


II fllng = I D® fllz5(0,00); (8.4) 
1d\°* 
Il Flag = |e" (--<) F\lL20,00); (8.5) 


where D® is the Riemann—Liouville fractional integro-differentiation, the operator in 
(8.5) is defined by 


ba \r a sak 
(--<) =P, x, (8.6) 


i g is the Erdélyi-Kober operator, and a € R. For 6 =n € No expression (8.6) 
reduces to classical derivatives. 


Theorem 96. Let f(x) € D(O, 00). Then the following formulas are valid: 


D® f =1S*%'x* (-=) f (8.7) 
x dx 
x (--<) fai Pe "D8 f. (8.8) 
x dx 


So the Buschman—Erdélyi transmutations of zero order smoothness for a € N link 
differential operators in seminorm definitions (8.4) and (8.5). 


Theorem 97. Let f (x)¢D(0, 00). Then the following inequalities hold true for semi- 
norms: 


Il fllag <max(1, V1 + sinz@)|| fle, (8.9) 


If lax S II Fllas (8.10) 


1 
min(1, /1+ sinza) 
where a is any real number except a # —5 + 2k, k eZ. 


The constants in inequalities (8.9) and (8.10) are not greater than 1, which will be 


used below. If sinta = —1 ora = -5 + 2k, k € Z, then the estimate (8.10) is not 
valid. 
Define on ID(0, co) the Sobolev norm 
Il Fllwe = IF llz2@,00) + Il fllag- (8.11) 


Define one more norm, 


II Flv = WF llz2@,00) + Il Fla (8.12) 
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Define the spaces Ws’, we as closures of D(0, 00) in (8.11) or (8.12), respectively. 
Theorem 98. (a) For alla € R the space we is continuously imbedded in WS ; more- 


over, 


IIfllwe < Ail flips. (8.13) 


with Ay = max(1, /1+sinzq@). 
(b) Let sinta £—loras —5 +2k, k € Z. Then the inverse embedding of W5' in 
Ws is valid; moreover, 


If lle < Aall filws. (8.14) 


with Az = 1/min(1, /1+ sina). 

(c) Let sina # —1. Then the spaces W;' and we are isomorphic with equivalent 
norms. 

(d) The constants in embedding inequalities (8.13) and (8.14) are sharp. 


In fact this theorem is a direct corollary of the results on boundedness and norm 
estimates in L2 of the Buschman—Erdélyi transmutations of zero order smoothness. In 
the same manner, from the unitarity of these operators the following theorem follows. 


Theorem 99. The norms 


I fllwe = SSD! files. (8.15) 
j=0 
Sal af dd 7 

I lling = Do | (--<) fd (8.16) 
j=0 L2 


are equivalent for integer s € Z. Moreover, each term in (8.15) equals an appropriate 
term in (8.16) of the same index j. 


I. Kipriyanov introduced in [243] function spaces which essentially influenced the 
theory of partial differential equations with Bessel operators and, in more general 
sense, the theory of singular and degenerate equations. These spaces are defined in the 
following way. First we consider a subset of even functions in D(0, oo) with all zero 
derivatives of odd orders at x = 0. We denote this set as D,.(0, 00) and equip it with a 
norm 


IF lis, = WA lltoe + Be lio.» (8.17) 


where s is an even natural number and Br! * is an iteration of the Bessel operator. We 
define the Kipriyanov spaces for even s as a closure of D,(0, oo) in the norm (8.17). 
It is a known fact that a norm equivalent to (8.17) may be defined by [243] 
P 1d\°* f 
go fe 
x dx 


If lls, = WF llr, + (8.18) 


Lo 
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So the norm W5 ; may be defined for all s. Essentially this approach is the same as in 
[243]. Another approach is based on usage of the Hankel transform. Below we adopt 
the norm (8.18) for the space We ys 

We define the weighted Sobolev norm by 


I fllws, =U Flltoe + D* fllzo, (8.19) 


and a space W; , as a closure of D,(0, oo) in this norm. 


Theorem 100. (a) Letk 4 —n, n €N. Then the space ws ; is continuously embedded 
into Ws be and there exists a constant A3 > 0 such that 


I fllws, S Aallfllivg, (8.20) 


2,k 


(b) Letk +s 4#-—2m, —1, k—s 4 -—2m2—2, my € No, m2 € No. Then the inverse 
embedding holds true of W3 ,, into Wy yp» and there exists a constant Aq > 0 such that 


IF lls, S Aall fllwg,.- (8.21) 


(c) If the abovementioned conditions are not valid, then the embedding theorems under 
consideration fail. 


Corollary 15. Let the following conditions hold true: k A-n, neN, k+s 4 
2m, — 1, my ENo, k —s 4 —2m2 — 2, m2 E No. Then the Kipriyanov spaces 
may be defined as closure of D.(O, 0) in the weighted Sobolev norm (8.19). 


Corollary 16. The sharp constants in embedding theorems (8.20) and (8.21) are 
A3 = max(1, 115° 'IIz.,), Aa =max(L, [li PS 'II9,)- 


It is obvious that the theorem above and its corollaries are direct consequences 
of estimates for the Buschman-—Erdélyi transmutations. The sharp constants in em- 
bedding theorems (8.20) and (8.21) are also direct consequences of estimates for the 
Buschman-Erdélyi transmutations of zero order smoothness. Estimates in L pq allow 
to consider embedding theorems for the general Sobolev and Kipriyanov spaces. 

So by applying the Buschman-Erdélyi transmutations of zero order smoothness, 
we received an answer to a problem which for a long time was discussed in “folklore”: 
Are the Kipriyanov spaces isomorphic to power weighted Sobolev spaces or not? Of 
course we investigated just the simplest case; the results can be generalized to other 
seminorms, higher dimensions, and bounded domains, but the principal idea is clear. 
All that disparages neither the essential role nor the necessity of applications of the 
Kipriyanov spaces in the theory of partial differential equations in any sense. 
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The importance of Kipriyanov spaces is a special case of the following general 
principle of L. Kudryavtsev: 


“Every equation must be investigated in its own space!” 


The embedding theorems proved in this section may be applied to direct transfer of 
known solution estimates for B-elliptic equations in Kipriyanov spaces (cf. [242,243]) 
to new estimates in weighted Sobolev spaces. It is a direct consequence of bounded- 
ness and transmutation properties of the Buschman—Erdélyi transmutations. 


8.1.4 Other applications of Buschman-Erdélyi operators 


First let us show how to apply Buschman-—Erdélyi operators to the Radon transform. 

It was proved by Ludwig in [342] that the Radon transform in terms of spherical 
harmonics acts in every harmonics at radial components as Buschman—Erdélyi opera- 
tors. Let us formulate this result. 


Theorem 101. (Ludwig theorem, [162,342]) Let the function f (x) be expanded in R" 
by spherical harmonics 


fO=D > fer@)¥er@). (8.22) 


k,l 


Then the Radon transform of this function may be calculated as another series in 
spherical harmonics, 


Rf (x) = 87,0) = >> ge) ¥e 1), (8.23) 
kl 
r x “Dn Ss 
Sk) = aon [ (1 = =) C,* (*) fern" ds, (8.24) 
r r 


n=2 
where A(n) is some known constant and C, * (2) is the Gegenbauer function (see 


[19]). The inverse formula is also valid of representing values fx. 1(r) via gx. (1). 


The Gegenbauer function may be easily reduced to the Legendre function (see 
[19]). So the Ludwig formula (8.24) reduces the Radon transform in terms of spherical 
harmonics series and up to unimportant power and constant terms to Buschman— 
Erdélyi operators of the first kind. 

Exactly, this formula in dimension two was developed by Cormack as the first 
step to the Nobel Prize. Special cases of Ludwig’s formula proved in 1966 are for 
any special spherical harmonics and in the simplest case on pure radial functions; in 


Applications of transmutations to different problems 339 


this case it is reduced to Sonine—Poisson—Delsarte transmutations of Erdélyi-Kober 
type. Besides the fact that such formulas are known for about half a century they 
are rediscovered still... As consequences of the above connections, the results may 
be proved for integral representations, norm estimates, and inversion formulas for the 
Radon transform via Buschman-Erdélyi operators. In particular, it makes clear that 
different kinds of inversion formulas for the Radon transform are at the same time 
inversion formulas for the Buschman—Erdélyi transmutations of the first kind, and 
vice versa. A useful reference for this approach is [80]. 


Now let us consider an application of the Buschman—Erdélyi transmutations for 
estimation of generalized Hardy operators. Unitarity of the shifted Hardy operators 
(5.30) was proved in [305]. It is interesting that the Hardy operators naturally arise 
in transmutation theory. We use Theorem 7 with integer parameter, which guarantees 
the unitarity for finding more unitary in L2(0, oo) integral operators of very simple 
form. 


Theorem 102. The following are pairs of unitary mutually inverse integral operators 
in L2(0, 00): 


x d 1 oo 
wt=r+ fro. ut=s+— f foray. 
0 . x 


rod 3 
Ust=f+3s f FOV. Usf =f | vfordy. 
0 0 


3 dy 
Uf=t+— f sfoddy, Uf =F—3« f £05, 


1 lay? 3 
up=f+35 | (Ap -5) rover. 
: y y 


i; (iy? 3 
ura s3 f (AE -2) rovay. 
x~ Xx 


Next we consider an application of the Buschman—Erdélyi transmutations in the 
works of V. Katrakhov. Namely, he found a new approach for boundary value prob- 
lems for elliptic equations with strong singularities of infinite order. For example, 
for the Poisson equation he studied problems with solutions of arbitrary growth. At 
singular point he proposed a new kind of boundary condition: the K-trace. His re- 
sults are based on the constant usage of Buschman—Erdélyi transmutations of the 
first kind for the definition of norms, solution estimates, and correctness proofs [225, 
227). 
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Finally, we briefly discuss applications of the Buschman—Erdélyi transmutations to 
Dunk] operators. In recent years the Dunk] operators were thoroughly studied. These 
are difference—differentiation operators consisting of combinations of classical deriva- 
tives and finite differences. In higher dimensions, the Dunk] operators are defined by 
symmetry and reflection groups. For this class there are many results on transmuta- 
tions which are of Sonine—Poisson—Delsarte and Buschman—Erdélyi types (cf. [560] 
and references therein). 


8.2 Applications of the transmutation method to 
estimates of the solutions for differential equations 
with variable coefficients and the problem of 
E. M. Landis 


8.2.1 Applications of the transmutations method to the 
perturbed Bessel equation with a potential 


The problem of constructing an integral formula for solutions to the differential equa- 
tion with certain asymptotics is considered, 


Bug (x) — q(x)g(x) =A? g(x), (8.25) 


where By is a Bessel operator, which in this subsection is convenient for us to define 
in the following form: 


Wy 2a / 
Bug = 8 (x) + Ps (x), a > 0. (8.26) 


This problem is solved by the transmutation method. To do this, it is enough to con- 
struct a pair of mutually inverse transformation operators, the first of which is Sy, of 
the form 


oe) 


Sq h(x) = h(x) + / S(x, t)h(t) dt, (8.27) 


x 


which intertwines the operators By — g(x) and By by the formula 
Sa (Ba — q(x))h = By Sqh. (8.28) 


The second operator P,, inverse to the first, should be constructed as integral with the 
kernel P(x, f), 
[o.@) 
Pah(x) = h(x) + P(x, t)h(t) dt, (8.29) 
x 


and act by the formula 
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Py Boh = (Ba — q(x)) Pah, 


where h € C?(0, 00) and such that integrals in (8.27) and (8.28) converge. 

As a result, on solutions to the differential equation (8.25) the function Syu = v 
will be expressed through solutions of the unperturbed equation obtained by discard- 
ing the term with potential in (8.25), that is, in fact, through the Bessel functions. The 
function u = Pyv will be a solution to the initial perturbed equation (8.25). In this 
case, the integral representation will be obtained for the solution (8.29) with an ex- 
plicit kernel description P(x, t). This technique reflects one of the main applications 
of transmutations. It is the expression of solutions of more complex differential equa- 
tions through similar simpler ones, which has already been noted several times. Also 
note that the same pair of mutually inverse transmutations allows one to obtain both 
representations of solutions to the differential equation (8.25) with spectral parameter. 
Besides, we can present the solution in the homogeneous equation case 


Boh(x) — q(x)h(x) = 0. 


Moreover, if we consider the problem of finding a representation for the solutions to 
the perturbed equation (8.25), then we can skip the construction of the direct transmu- 
tation operator and go straight to the construction of the inverse and find the integral 
representation for the desired solution of the form (8.29). 

An original technique for solving such problems was developed by V. V. Sta- 
shevskaya [557,558], which allowed her to include singular potentials with an ex- 
tremely accurate estimate at zero |g(x)| < cx—3/2+® |» > 0, for entire a. This tech- 
nique, based on the application of generalized Paley—Wiener theorems, has been 
widely developed and recognized. The case of continuous g for a > 0 was consid- 
ered in papers of A. S. Sokhin [546-549] and also in the paper [586] of V. Ya. Volk. 
Moreover, Povzner type transformation operators with integration over a finite interval 
were constructed in the works of V. V. Stashevskaya and V. Ya. Volk and Levin types 
with integration over an infinite interval were constructed in the works of A. S. Sokhin. 
Further, we propose a new modified method that allows one to combine both of these 
approaches. 

Among many works on obtaining representations of solutions for the perturbed 
Bessel equation (8.25)-(8.26), we note those in which the solution is sought in the 
form of series of a special form. These are the works of A. Fitouhi et al. [66,145] and 
works of V. V. Kravchenko et al. [45,57,278,28 1,282,285,287-292]. A critical analysis 
of a number of results on this problem was recently presented in [169]. 

However, in many mathematical and physical problems it is necessary to consider 
strongly singular potentials, for example, admitting an arbitrary power singularity at 
zero. Here we formulate results about the integral representation of solutions of equa- 
tions with similar singular potentials. From the potential only a majority is required by 
a certain function summed at infinity. In particular, g = x~? is the singular potential, 
q=x~?-®, « > 0, is the strongly singular potential, and g = e~** /x are the Yukawa 
potentials of the Bargman and Batman—Shadan types [497] and a number of others. 
Moreover, no additional conditions of the type g(x) impose fast oscillations at the 
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origin or constant sign, which allows one to study attractive and repulsive potentials 
using a single method. 

It should be noted that operators constructed in this book are transmutations of 
a special kind that differ from previously known ones in some details. Prior to this, 
only cases of the same limits were considered (both types [0; a] and [a; oo]) in the 
basic integral equation for the kernel of the transmutation operator. Here it is shown 
that the case of various limits in the main integral equation can be considered. It is 
this arrangement of limits that made it possible to cover a wider class of potentials 
with singularities at zero. In addition, in comparison with the arguments on the model 
of the classical work of B. M. Levitan [317], we are making an improvement to this 
scheme. The Green function used in the proofs, as it turned out, can be expressed not 
only through the general Gauss hypergeometric function, but also more specifically 
through the Legendre function, which depends on a smaller number of parameters, 
which allows us to get rid of the indefinite constants in the estimates from previous 
works. 

Due to the limited volume of the book, this subsection only presents the statement 
of the problem, a summary of the main results, and consequences without proof (for a 
detailed exposition, see [233,521,528-530)]). 


8.2.2 The solution of the basic integral equation for the kernel 
of the transmutation operator 


Let us introduce variables and functions by formulas 


t+x t—x 
—/ SS > 0, 
f=—5 S94 ea 


K(x.) =(=) PON, wE) =KE-nE +0), (8.30) 


where P(x, tf) is a kernel from (8.29). Denote v = a — 1. So in order to justify the 
submission (8.29) for solution to Eq. (8.25) it is enough to define a function u(é, 7). It 
is known [546-549] that if a twice continuously differentiable solution u(&, 7) to the 
integral equation 


oo ee) UI 

1 

u(é,n)= =f Rue, 0; &, n)q(s) ds - fas fac + 7) Ris, 7; &, mu(s, t) dt 
g —é 0 

under conditions 0 < tT <7 <é <s exists, then the function P(x, ft) is determined by 


(8.30) through this solution u(&, 7). The function R, = Rg_ is the Riemann function 
that arises when solving a certain Goursat problem for a singular hyperbolic equation 


d-u(é.n) | 4a(a—1 
soy = aoe, DOS TUS t): 
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This function is known explicitly (see [546-—549]) and has a form 


22 ¢2_ 2,” 222 ,2 2 
n= (5% =) ai ( ee ee ie =). (8.31) 


s2—72 €2—72 5292 E272 


where »F) is the hypergeometric function (1.33). This expression is simplified in 
[233], where it is shown that the Riemann function in this case is expressed in terms 
of the Legendre function by the formula 


1 A De 2 2_ ¢2 
= ). i eae Fe | (8.32) 


Rolo. Em =P (74 ~ £2 —q2 52 72 


The main content of this subsection is the following result. 


Theorem 103. Let function q(r) € C!(0, 0) satisfy the condition 
(oe) 
lq(s + t)| <|p(s)|, Vs, Vt, O<t <s, / |p(t)|dt < 00, VE > 0. (8.33) 
é 


Then there exists an integral representation of the form (8.29) whose kernel satisfies 
the estimate 


oO 


ay 972 42) — G2 32 
Pools (4) 5 fea? iA Da at ”) Ipoylayx 


r 2try2 


CO 
t—r\1 yt? +r?) — (? —r?) 
exP|{——]5 } Pet ry? Ip(y)| dy 
t+r 


2 


In this case, the kernel of the transmutation operator P(x, t) and the solution to (8.25) 
are twice continuously differentiable on (O, 00) functions in their arguments. 


We list the classes of potentials for which the conditions in (8.33) are satisfied. 
If |¢(x)| monotonously decreases, then it is possible to accept p(x) = |q(x)|. For 
potentials with an arbitrary singularity at the origin and increasing at 0 < x < M (for 
example, Coulomb potential g = —1/x), which are trimmed by zero at infinity, g(x) = 
0, x > M, we can take p(x) = |q(M)|, x < M, p(x) = 0, x => M. Potentials with 
estimate g(x + T) < clq(x)| =|p(x)| also will satisfies the conditions in (8.33). The 
possibility of such strengthening of Theorem 8.25 was indicated by V. V. Katrakhov. 
In particular, these conditions are satisfied by the following potentials encountered 
in applications: strongly singular potential with a power feature of the form g(x) = 
x~?-©, different Bargman potentials 


—ax 


—ax)2 3 q2(x) = 


e C4 
(1+ Be 


q(x) = RES 


= (x) 
ee 
d+exe’ 
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and Yukawa 


[ee 


wor : e de(t). 


x 


—ax 


e 
q4(x) = — 


(see, for example, [497]). 


Remark 14. In fact, in the proof of the above theorem, an explicit form of the Rie- 
mann function (8.32) is not required. Only the existence of the Riemann function, its 
positivity, and some special property of monotonicity are used. These facts are quite 
general, so the results can be extended to a fairly wide class of differential equations. 


The estimate from Theorem 103 for potentials of a general form can be transformed 
into a grosser, but also more visible one. 


Theorem 104. Let the conditions of Theorem 103 be satisfied. Then the kernel of the 
transmutation operator P(x, t) satisfies the estimate 


PC ee t se t2 + x2 

a ~2X\x at 2tx - 

foe) [o,e) 

fi (Id DS a fi (Id 
P\Y y exp 5) 5) a—l Wx P\Y y 

a x 


Note that for x — 0 the kernel of the integral representation can have an exponen- 
tial singularity. 
For a class of potentials with a power singularity of the form 


q@ax PPO BS, (8.34) 


obtained estimates can be simplified without reducing their accuracy. The restriction 
on f is caused by the condition of summability at infinity. 


Theorem 105. Consider the potential of the form (8.34). Then Theorem 103 per- 
formed with evaluation 


a B-1 2 2 
|P(x,t)| < (<) ee . i (- +x ) 7 


(t2 — x2)B 2tx 
t—x\ T(p)48-! og (1? +x? 
oe ( x ) rae ( rx )] 


where P}' (-) is a Legendre function, B is defined by (8.34), and a is defined by (8.26). 


Note that this estimate is obtained after quite lengthy calculations using the famous 
Slater—Marichev [361] theorem, which helps to calculate the necessary integrals in 
terms of hypergeometric functions after they are reduced to the Mellin convolution. 
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The simplest such estimate was obtained in [233] for the potential g(x) = cx—?, for 
1 


1 = 
which 6 = -. As follows from [20], in this case the Legendre function P, * (z) can be 


expressed through elementary functions. Therefore, the corresponding estimate can be 
expressed in terms of elementary functions. 

Another potential for which the obtained estimate can be simplified and expressed 
in terms of elementary functions is a potential of the form g(x) = x~@8+), when the 
parameters are related by the relation 6 = a — 1. 


Corollary 17. Let the relation between the parameters B = a — | be true. Then the 
estimate from Theorem 103 takes the form 


({) p-2 [cep (=) 2p-2 T 
|P(x,t)| < exp = 
x B 2tx 2 B 2tr 


i to, sof eee ey 
ap peri + 2°) oo B 2 2tx aaa 


Let us note that for a = 0 in (8.25)-(8.29), Theorem 103 reduces to well-known 
estimates for the kernel of the integral representation of Jost solutions for the Sturm— 
Liouville equation. 

The above technique is fully transferred to the problem of constructing nonclas- 
sical operators of generalized translation. This problem is essentially equivalent to 
expressing solutions to the equation 


By,xu(x, y) — q(x)u(x, y) = Bg yu(x, y) (8.36) 


through solutions of the unperturbed Euler—Poisson—Darboux equation (or wave equa- 
tion in the nonsingular case) in the presence of additional conditions ensuring correct- 
ness. Such representations are obtained already from the existence of transmutation 
operators and have been studied for the nonsingular case (a = 6 = 0) in [316,317, 
319] as a consequence of the theory of generalized translation (see also [375]). An in- 
teresting original technique for obtaining such representations was also developed in 
the nonsingular case in the works of A. V. Borovskikh [33,34]. The presented results 
imply the integral representations of a certain subclass of solutions of Eq. (8.36) in the 
general singular case for sufficiently arbitrary potentials with singularities at the ori- 
gin. Moreover, the estimates for the solutions do not contain any indefinite constants, 
and for the kernels of integral representations the integrals are written in explicit form 
equations that they satisfy. 


8.2.3 Application of the method of transmutation operators to 
the problem of E. M. Landis 


In a paper of E. M. Landis [307], the following problem is posed: Prove that the 
solution of the stationary Schrédinger equation with bounded potential of the form 


Au(x) — q(x)u(x) =0, x ER", |x| > Ro > 0, (8.37) 
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Ig(x)| <A7, A> 0, u(x) € C? (|x| > Ro), 


satisfying the estimate 


TOL. 250) 


|u(x)| < const-e 
is identically equal to zero. 

V. Z. Meshkov (see [379,380]) gave a counterexample to this problem. Also the 
existence of counterexamples with solutions that are complex functions was proved. 
Moreover, it was shown that if we strengthen the estimate in the hypothesis of 
E. M. Landis to 

lu(x)| <const-e7 ATOR 6 x0, 

then the answer will be “such nonzero solutions do not exist.” Recently, interest in 
these results has not disappeared. Topics related to the hypothesis of E. M. Landis and 
the results of V. Z. Meshkova are actively developed by leading mathematicians in 
the field of differential equations, such as J. Bourgein, K. Koenig, and several others 
(see [35,79,236,237,481]). The main question remains the study of the hypothesis 
of E. M. Landis for real solutions, and the answer to this question has not yet been 
obtained. In connection with the foregoing, it seems reasonable to name the following 
text the Landis—Meshkov problem. 


Landis—Meshkov problem. /s it true that for given domains D and positive functions 
r(x), 5(x) only the zero classical solution of the stationary Schrodinger equation 


Au(x) — q(x)u(x) =0, x ER", |q@)| <r), (8.38) 
satisfies the estimate 


|u(x)| < s(x)? (8.39) 


Let D be the exterior of some circle, g(x) = 47, s(x) = etl, ¢ > 0. Then 
from the results of V. Z. Meshkov, the negative answer to this problem in the 
case of complex solutions follows. If D is the exterior of some circle, g(x) = A’, 
s(x) =e Gt) Pe € > 0, the positive answer in this problem in the case of com- 
plex solutions has place. For real valued solutions, even in these particular cases, the 
answers are unknown. 

Further, we show that despite the general negative solution of V. Z. Meshkov for 
the initial statement of the problem of E. M. Landis for some classes of potentials, the 
problem is solved positively for real solutions. In this case, the method of transmuta- 
tion operators of a special form is used [518-520]. 

Further, this problem is solved for the case of a potential that depends on only one 
variable: g(x) = q(x;), where 1 <i <n. Further, for definiteness it is considered that 
i = 1. This case is a particular case of Eq. (8.37): 


Au — q(x;)u=0. (8.40) 
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Here the potential g(x) is bounded by an arbitrary nondecreasing function. The solu- 
tion is based on the use of transmutation operators reducing Eq. (8.40) to the Laplace 
equation. 


Let the conditions of the problem (8.37) be satisfied in semispace x; > Ro and 
let the functions in (8.37) be invariant under the change of variables z = x; — Ro. 
Therefore, we will consider the problem (8.37) in the half-space z > 0 or, keeping the 
previous notation for the variable x;, x; > 0. It will be proved that the solution to the 
problem (8.37) is zero in the half-space x; > 0, and then by virtue of Calderon’s the- 
orem on the uniqueness of continuation (see [382], Chapter 6, p. 14), such a solution 
is identically zero in the space R”. 

Denote by T (6) the set of functions satisfying in part of the space R”_ the following 
conditions: 


u(x) €C?(R4), (8.41) 

lu(x)| <cre**!, 8 >0, (8.42) 
a 

~ <me Fl, (8.43) 


Let us construct for functions from T (A + €) the transmutation operator of the form 
(see [518—520]) 


Sux) =u) + f Kea dutt.x!ar (8.44) 


x1 


so that the following equality holds: 
a7u a? ‘ 
S(— -qenu) = Su, gavis, (8.45) 
Oxy Ox] 


where (x1, x)=(x1, xX2,...,%Xy,). Substitution of expression (8.44) into formula (8.45) 
leads to the equalities 


Je es =q(t)K (8.46) 
are ax? =4q , : 
0K (x1, x1) 
3 = (x1), (8.47) 
Ox, 
du(t, x! aK (x1,¢ 
i eC i eee (8.48) 
t+00 ot too ot 
s : t +X] t—X] 
Performing a standard variable change w = , U= >, we reduce the sys- 


tem (8.46)-(8.47) to a simpler (satisfying conditions (8.48) on solutions of the prob- 
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lem (8.37) will be shown later) 


2 


Bs K 8.49 
Orr erie ae : (8.49) 
K(w.0)= 5 f a(s)ds, (8.50) 

0) 


The problem (8.49)—(8.50) is a consequence of the integral equation 


WwW 


K(w,v) = sf aoyas+ [da f qa+p)K a. B)ap. (8.51) 
0 0 0 


Iqi<4?, wev>0. 


Eq. (8.51) differs from that usually used when considering transformation operators on 
an infinite interval of the integral equation by changing the integration region from the 
semiaxis (w, 0o) to the interval (0, w), which implies an exponential kernel growth 
K (x1, ¢). It is further proved that such a kernel exists and a transmutation operator 
with such a kernel (8.44) is defined on the set T (A+ €). The possibility to reduce 
problem (8.46)-(8.48) to nonequivalent integral equations follows from the underde- 
termination of the Cauchy problem (8.49)-(8.50). 

It should be noted that the integral equation (8.51) can be solved in a wider region 
without the limitations of w > v, otherwise the kernel will not be defined under the 
signs of the integrals. The proof of the existence of a solution in this wider field is 
carried out in the same way as the proof below. The nuance in proving the existence of 
a solution to the integral equation (8.51) usually does not pay attention to this (remark 
of A. V. Borovskikh). 


Lemma 20. There is a unique continuous solution to Eq. (8.51), satisfying the in- 
equality 
vA fw 
|K(w, v)| < 2 [—I (20./wv), (8.52) 
v 
where I(x) is a modified Bessel function. Moreover, on the valid potential q(x) = 7 
in (8.52) an equal sign is reached. 


Remark 15. Further, the symbol c denotes an absolute positive constant, the value of 
which does not play a role. 


Proof. We introduce the notation 


WwW 


1 
Ko(w, v) = 5 | asyas. 


0 
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PK(w,v)= f da f qa pK a+ pap. 
0 0 


Then Eq. (8.51) can be written as K = Kg + PK. We are looking for its solution in 
the form of the Neumann series 


K=Ko+PKo+P°Kot.... (8.53) 


For the terms of the series (8.53), taking into account the condition |q(x1)| < 7, we 
get 


wit 


Ga Dian 


|P" Ko(wov)| < ; (2) =0,1,2,.... (8.54) 


Application of the representation of [; (x) as a series 


(oe) 


(jz! 
hi@= >) 5a 
oe 


gives inequality (8.52). 
The estimate (8.52) is exact, since for q(x) = 2, the inequalities in (8.54) turn 
into equalities for all integers n > 0. The lemma is proved. O 


Lemma 21. In terms of the variables x1, t, the estimate 
Mt 
|K(x1,0|<cte 
is valid. 


Proof. Let us consider the inequality 


1 x 
—I(x)|<ce’, x >0. 
x 


To verify the truth of this inequality it is necessary to parse cases (i) x > | and (11) 
0 <x <1 and use the well-known asymptotics of the function [; (x) when x — oo 
and x — +0 (see [21]). Hence, using the obvious inequalities 


t 
ue <t, 2/wv=Jt?—x? <t 


and estimate (8.52) follows the statement of the lemma. im 


It follows from the lemma that expression (8.44) is defined on functions from 
T (A+). We show that expression (8.44) gives the transmutation operator T (A + e). 
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To do this, it remains to check the relation (8.48). From u(x) € T (A+) and from 
Lemma 21 it follows that 


du(t, x!) _ 


0. 
ot 


lim K (x1, ft) 
t>0oo 
Therefore, it remains to prove that if u(x) € T (A +e), then 


. OK (x1,t) 
lim ————u 


t>0o Ot 


(x1,t) =0. 
The last relation follows from the estimate 


aoe <cte, (8.55) 


ot 


To prove inequality (8.55), we need to go over to the variables w, v and, using the al- 
0K 


OK 
ready established estimates for the kernel K (x1, f), estimate the derivatives aa 
w ov 
differentiating Eq. (8.51). Since 
dK 1/d0K de OK 
at 2\ aw av)’ 


we get (8.55). 


8.2.4 The solution to the E. M. Landis problem belongs to 
T (A+e) 


We show that any solution to the problem (8.37) belongs to T (A + €) and, therefore, 
the operator (8.44) is defined on such solutions. To do this, let us verify the condi- 
tion (8.43). 


Lemma 22. Let the function u(x) € C? (|x| > Ro) be a solution to the problem (8.37). 
Then there is a constant c > 0 such that 


ou 


Ox] 


< ceTAtelle . 


Proof. By a priori Schauder estimates, in a closed ball B(x, 1) of unit radius centered 
at x, |x| > Ro + 1, we have (see [384], Theorem 33, IT) 


1 Ay 
uy<c (a MAL. ygtitl +10) : 
where 


uo = lM) Ileo(Bee,1))> uy = lM) Ilei(ee,1)) 
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and uw ,,, is the sum of the Hélder coefficients of the function u(x) and its derivatives 


0 
of the first order _ 1 <i <n. It follows that 
Xj 


u(x) 
Ox] 


1 al 
<c (m2, MAL yg Atl + W) : (8.56) 


Note that since all the conditions (see [384], Statement 33 V) are satisfied, the constant 
c in formula (8.56) does not depend on x. 

From Morrey’s results (see [382], Theorem 39, IV) the following estimate for u1 4, 
follows: 


1a, <¢[llullowe.y) + lla ullesee.) |: (8.57) 
The constant in (8.57) does not depend on x. From the conditions |g(x1)| < 2, using 
the mean value theorem, we obtain from (8.57) 
1/2 
ma se] f WoPdy} scl en @0, 


B(x, 1) 
Substituting the last inequality into (8.56), we obtain 


ou 


0x] 


oll cs 
<c (Goa) TeX T TH + a ge OOF, 


Thus, the required inequality is established for |x;| => Ro + 1. Since the set Ro < 
|x| < Ro + 1 is compact in R”, this inequality is true for |x| > Ro. Lemma 22 is 
proved. O 


Changing the coordinate again z = x; — Ro, we obtain that Lemma 22 is valid in 
the half-space x; > 0 (we will redesignate z by x1). 


We apply the operator S to Eq. (8.40). From the identity (8.45) and the permutation 
2 


; . Oru : . ; 
of S with the derivatives ae 2 <i <n, we obtain that in the half-space Rt 


i 
S (Au — q(x1)u) = ASu =0. 
Denoting Su by v from (8.44), (8.51), we obtain that if u(x) € Cc (Ri), q(x) € 


C (R‘}), then v(x) € C? (IR’.). Let us show that v(x) decreases exponentially in R’ 
when |x| — oo and therefore is equal to zero. 


Lemma 23. Let u(x) € T (A +). Then for x € R' 


|v| =|Su| <cl|x|e*"!, e>0. 
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Proof. From (8.44) and Lemma 22, we obtain 
Cc 
[Sul <b + f rele @HOV RHEE ay 


mal 
oo 


P ee ae 


x] 


Calculating the integral by changing variables y = ./t? + |x!|? with subsequent inte- 
gration in parts, we obtain the required estimate. The lemma is proved. 


So v(x) = 0 in R",. Define on T (A + €) the inverse to S operator P by the formula 


Pu(x) =u(x) + if N(x1,t)u(t, x!) dt. 


xX] 


Then for the kernel N (x1, f), statements of Lemmas 20—22 are valid. In addition, if 
SueéT (A+ 6), then 


PSu(x) =u(x). (8.58) 


Since obviously 0 € T (A + €), applying (8.58) to both parts of Su = 0 we obtain 
that uw = 0 in R". It was shown above that this implies u = 0 in all R”. 


Remark 16. Consideration of the part of space R'. used in the proof is necessary 
because expression (8.44) is not defined in the area obtained by the intersection of the 
ball |x| < Ro and the infinite half cylinder {|x} < Ro, |x1| < Ro}. 


The above reasoning leads to a theorem. 


Theorem 106. Any solution u(x) € C? (|x| > Ro) to the stationary Schrédinger equa- 
tion with bounded potential 


Au(x) — q(x1)u =0, x ER”, |x| > Ro > 0, 
q(x1) €C (|x| = Ro), gal <7, 24>, 
satisfying the estimate 


“eres e> 0, 


|u(x)| < conste 
is the identity zero. 


The used technique of transmutation operators allows us to strengthen the result. 
We denote by Lo joc (x1 = Ro) the set of functions for which for any x; > Ro the 
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x} 
integral [ w?(s) ds is finite. Suppose further that a nonnegative function g(x) is given. 
Ro 


[oe 

Let for g(x) the integral i t g(t, x))dt= p(x) be finite for any x; > Ro and for some 
xX] 

constant a > 0 


|p(x)| <c-exp(—a|x|*), 6 >0. 


Then, according to the scheme of proof of the previous theorem, the following fact 
can be established. 


Theorem 107. Let (x1) € Lo, loc (41 => Ro), let w(x1) be a nondecreasing function, 
and let function g(x) satisfy the above requirements. Then any solution to the equation 


Au(x) — q(x1)u =0, x ER", |x| > Ro > 0, 
lg) < W71), 

for which 
w(x1)|u(x)| < conste“Y SP Pl a(x), g(x) = 0, 


is the identity zero. 


Under the conditions of Theorem 106 we need to set g(x) = e~®*!, An example 
of another suitable function g(x) is the function g(x) = exp (—elx|°), 0 <6 <1. This 
case is also an example of the generalized Landis—Meshkov problem (8.38)—(8.39). 

In a similar way, the case of potential depending only on the radial variable can be 
considered. The answer in the original statement of the E. M. Landis problem after 
passing to spherical coordinates is also positive (see [5 18—520]). 

It is possible to consider generalizations of the E. M. Landis problem to the case of 
more general differential equations and the corresponding estimates of the growth of 
solutions. For example, it is of interest to study the questions posed for the nonlinear 
p-Laplacian equation [113,329]. 


8.3 Applications of transmutations to perturbed Bessel 
and one-dimensional Schrodinger equations 


The integral representations of solutions of one differential equation with singularities 
in the coefficients containing a Bessel operator perturbed by some potential are con- 
sidered in this section. The existence of integral representations of a certain type for 
the indicated solutions is proved by the method of successive approximations using 
transmutation operators. In this case, potentials with strong singularities at the origin 
are allowed. The Riemann function is expressed not through the general hypergeo- 
metric function, but more specifically through the Legendre function, which avoids 
unknown constants in the estimates. 
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8.3.1 Formulation of the problem 


Consider the problem of constructing an integral representation of a certain kind for 
solutions of a differential equation 


Byu(x) — q(x)u(x) = 0, (8.59) 


where By, is the Bessel operator (9.1) of the form 
" 2a / 
Byu=u (x) + —u (x), a>0. (8.60) 
x 


This problem is solved by the method of transmutation operators. To do this, it 
suffices to construct a transmutation operator P, of Poisson type (see (3.120)) of the 
form 


[ee 


Pau(x) =u(x) + f Ple.u(nyd, (8.61) 


x 


with a kernel P(x, t) which intertwines the operators By and By — q(x) by the formula 
Bg Py = Py (Ba — q(x))u, (8.62) 


where u € C*(0,00). As a result, we obtain a formula expressing solutions of 
Eq. (8.59) with a spectral parameter of the form 


Buu(x) — q(x)u(x) = u(x) 


through solutions of the unperturbed equation, that is, through Bessel functions. In 
this case, the spectral parameter A does not affect the form of the linear transmuta- 
tion operators whose kernels are independent of it. This approach reflects one of the 
applications of transmutation operators, that is, the expression of solutions of more 
complex differential equations through similar simpler ones. 

The theory of transmutation operators is an important branch of modern mathemat- 
ics that has numerous applications (see [5 1—53,234,323,376,537]). The possibility of 
representing the form (8.61) with a sufficiently “good” kernel P for a wide class of 
potentials g(x) lies at the heart of classical methods for solving inverse problems of 
the quantum theory of scattering [172,497]. For the Sturm—Liouville equations, trans- 
formation operators of the form (8.61) were first constructed by B. Ya. Levin (see 
[313,314]). 

The transmutation operators for the Bessel operator of the Sonine and Poisson type 
were introduced by Delsarte [83]. In Russian their theory was firstly presented and 
developed in the famous work of B. M. Levitan [317]. Then, in a number of pa- 
pers, transmutation operators with the property (8.62) for variable potentials were 
also considered (see [284,291]). Moreover, the inverse to (8.61) Sonine type trans- 
mutation operators S,, which satisfy the intertwining relation, is simultaneously con- 
sidered, 
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Su(Ba — q(x))u = BaSau, 


on suitable functions. 

An original method for constructing transmutation operators for the perturbed 
Bessel equation on the semiaxis was developed by V. V. Stashevskaya [557,558], 
which allowed it to include singular potentials with an estimate of zero |g(x)| < 
cx3/*+®, ¢ > 0, for integer a. This technique was further widely developed. The 
case of continuous g,a > 0 was considered in detail in the works of A. S. Sokhin 
[546-549], as well as a number of other authors (see for more details [234,537]). 
Transmutation operators with “bad” potentials, such distributions from a certain class 
were considered in [172]. V. V. Kravchenko developed a special method for repre- 
senting the kernels of transformation operators in the form of series (the Spectral 
Parameter Power Series method, SPPS) [276,283]. This method turned out to be well 
adapted for numerical solution of applied problems and computer modeling, includ- 
ing direct and inverse spectral problems [279,280]. Results for some special cases of 
the considered problem of constructing transformation operators (8.61)—(8.62) were 
published in [233,526]. 

In many mathematical and physical problems, it is necessary to consider strongly 
singular potentials, for example, admitting an arbitrary power singularity at zero. In 
this section, we formulate results on the integral representation of solutions of equa- 
tions with similar singular potentials. From the potential only a majority by a certain 
function summed at infinity is required. In particular, the class of admissible potentials 
includes the singular potential g = x~7, the strongly singular potential with a power 
singularity g = x~7~®, ¢ > 0, the potentials of Yukawa type q = e~°* /x, Bargman 
and Batman—Shadan potentials [497], and a number of others. Moreover, it is not nec- 
essary to require any additional conditions for a g(x) such as fast oscillations at the 
origin or constant sign. This allows us to study attractive and repulsive potentials us- 
ing a single method. Exemption from limiting conditions at zero is the advantage of 
considering Levin type transmutation operators (8.61). 

In this section, the main object of study is the integral equation for the kernel of 
the transformation operator (8.61). After reducing the problem to an integral equa- 
tion, the existence and uniqueness of the solution and its necessary smoothness are 
proved. Estimates of the solution are obtained in terms of the parameter and potential 
of the original equation (8.59). Such estimates are expressed using special Legendre 
functions. For a particular class of potential type potentials, simpler estimates are ob- 
tained. Here a technique based on the application of the Riemann function for the 
Euler—Poisson—Darboux equation was used. Estimates of integrals were obtained us- 
ing the Mellin transform and the Slater—Marichev theorem. 

It should be noted that a special kind of transmutation operators are constructed in 
this section. These operators differ from previously known operators by some details. 
Prior to this, only cases of identical limits (both types of [0; a] and [a; o0]) in the main 
integral equation for the kernel of the transmutation operator were considered. Here it 
is shown that cases of various limits can be considered in the main integral equation. 
This arrangement of limits made it possible to cover a wider class of potentials with 
singularities at zero. In addition, in comparison with the arguments on the model of 
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the classical work of B. M. Levitan [317], we are making some improvements to this 
scheme. As it turned out, the Riemann function used in the proof can be expressed not 
only in terms of the general Gaussian hypergeometric function with three parameters, 
but also more specifically in terms of the Legendre function with two parameters, 
which allows one to get rid of the indefinite constants in the estimates from previous 
papers. 


8.3.2 Solution of the basic integral equation for the kernel of a 
transmutation operator 


We introduce new variables and functions using the following formulas: 


+ —, 
—— n= >, f2n>0, 
K(x.) =(=) PO, wE.n)=KE- 0. +0). (8.63) 


Let vy = a — 1. In order to justify the representation (8.61) for solution to (8.59) it is 
sufficient to define the function w(é, 7). It is known (see [233,526]) that if there exists 
a twice continuously differentiable solution w(é, 7) of the integral equation 


ee) (oe) n 

1 

we a= =5 | RvG.0 &, nq(s)ds - fas favs LO Rileese nwls, Dar, 
g g 0 


for 0 <t <7» <é&<~s, then the function P(x,f) is determined by the formulas in 
(8.63) using w(&,7). The function R, = Ry—, is the Riemann function that arises 
when solving a certain Goursat problem for a singular inhomogeneous hyperbolic 
equation of the form (one of the forms of the Euler—Poisson—Darboux equation) 


aw, n) 4a(a _ én _ 
0€dn = (£2 — 2)? wn) = fn), 


which in our case is converted to the form 


a>w(E,n) , 4o(@ — én 7 
dédn (€2 — 122 w(&,n) =q(E + nw, n). 


This Riemann function is known explicitly and has a form (see [317]) 


2,2 ¢2 a, 222 42 29 
n= (5-55 5) ai ( rey ae 5). (8.64) 


s2—q? g2— st—y? F2— 72 


This expression is simplified in [526], where it is shown that the Riemann function in 
this case is expressed in terms of the Legendre function by the formula 


**) Pv s* — & 


R 9 '5S>5 = P, ap ae = . . 
v(s, tT, €,) (4 2 — 72 eae 


(8.65) 
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Theorem 108. Let function q(r) € C!(0, 00) satisfy the conditions 
lo) 
lq(s +T)| <|p(s)|, Vs, Vt, O< t <s, / |p(t)|dt < oo, VE > 0. (8) 
& 


Then there exists an integral representation of the form (8.61) whose kernel satisfies 
the estimate 


[o.@) 


ay Qe 1 2) 42 2 
Peni s(~) 5 f ma(2 Tc ”) Ipontay: 


tr 
2 


CO 
t—r\1 y(t? +r?) — (t? —r?) 
exp] (5 } 5 J Fe-1 ary Ip(y)ldy 
t+r 
rae 


Moreover, the kernel of the transmutation operator P(x,t) and the solution of 
Eq. (8.59) are functions that are twice continuously differentiable on (0, 00) with re- 
spect to their arguments. 


We break the proof of Theorem 108 into some lemmas. 
Let us introduce the notation 


ee) 


1 

1n(€.m) = 5 f RG.0:8.m1PODIdy= 

é 
i; dete ee 

Py dy, 8.66 

a ( eran) Ip(yl dy (8.66) 

1 [o.e) 
wo. =—5 f Ro(s.0:8. MIpdLab. 

é 


oo 0 
Awo(é.m =~ f ds f q(o-+ 1 Rvs, 1: &. mols, 2) dr, 
é 0 
Let us prove the uniform convergence of the operator Neumann series 


y > A‘ wolE, y) (8.67) 


k=0 


and the possibility of its double differentiation. 
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Lemma 24. The estimate 


|wo(§, m)| < 1y(€.) 
is valid 
The proof follows immediately from the definition (8.66). 
Lemma 25. Let 0 <t <1 <& <s. Then the inequality 
Ig(s,t) <Iq(&.n) (8.68) 


is valid. 


Proof. By the statement of the lemma we have 0 < t <7 <& <s < y. We show that 
then 


ce Ores) a = 6) 
oa © Cee os MA ae Oe 


Indeed, this inequality is equivalent to 


(< 1). 


1°&*(y? — s*)(y* =) < 0757 (y? — &)(y? — 77), 


which is obvious, since each of the factors on the left does not exceed the correspond- 
ing factor on the right. Further, we consider for 0 < x < 1 the function 


ae £0) 2 0.0 1 
4 => m5 > Y,—" < <= bs 
i= Or (ime . 


Therefore, this function increases in x. Therefore, 


fx) = 


ea) ? | =?) 
ale: (y?=17) a & (y?=n?) 
joe OS ye oe 

s? (2-1?) &2  (y?=n?) 


The Legendre function P, (x) for x € (1, 00), v > —1, monotonously increases, and in 
addition, P,(x) > 1. So 


2 2.2 2 2_ 2 

14: — : a. eae v2 

P s cia a) © & Qt") 
"hg Oe PN ee Pe) 
s? (y?—1?) &?  (y?=n?) 


The last inequality can be written differently, i.e., 
yrs" abe tT?) = I5272 ye + 1”) = 2&7? 
Py 2 (2a 2 Shy 2(£2 _ 2 : 
y*(s* —T*) eo =) 


Note that we have actually proved the inequality for the Riemann function 
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R,(y, 0; 5,7) < Ry(y, 0; &, 0), (12) 


when0<t<n<&<s<y. 
From the calculations we obtain the estimate 


[o.e) [o.e) 
1 1 
L@o= 5 | R000: s DIPODdy <5 / ROO. aieoiay, 
s g 


Replacing the lower limit of integration of s by € < s, we can only increase the value 
of the integral, since the Riemann function is positive, R, > 0. As a result, we arrive 


at the estimate (8.68). L] 


Lemma 26. For the n-th member of the Neumann series (8.67), the estimate 


[nly 1" 


lwn(€,)| < Ig, n)- ar el (8.69) 


is valid. 


Proof. We apply the method of mathematical induction. For n = 0, inequality (8.69) 
reduces to the already proved inequality from Lemma 24. Let (8.69) be valid for some 
n =k. Then for the next member of the Neumann series we get 


ee) UT] 
lwr+i(&,n)| < [fas f Rolo, 8, mux(o,)g(s-+ tae < 
é 0 


[n a ON 


fas f x (s,t; &, nlq(s + t)|[Lq(s, T) 
é 0 


Repeating the arguments of the previous lemma, we obtain 
R,(s, 7; &,) < Ry(s, 0; €, 0), (8.70) 


since 


1+A Pa ee 
Rls. 6 =P (TZ), ee ae 


and the maximum value for A is achieved when t = 0. Taking into account inequal- 
ity (8.70) and the alleged inequality (8.69), we arrive at the estimate 


[t ui n)| 


(oe) n 
leer En) <Iq(E,n) _f R6s,0:8. [6s + oie deds. 
0 


g 
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We consider potentials for which the inequality |g(s-+t)| <|p(s)|, 0<t <s. Finally 
we get 


gE. mit! yt 
ki! (k+1)’ 


|we4i1(&,7)| < Ig (&,n) 


which gives estimate (8.69) for all n. 


Now we complete the proof of Theorem 108. Summarizing the estimates in (8.69), 
we obtain that the Neumann series converges uniformly in the domain 0 < n < & and 
its sum is some continuous function satisfying the inequality 


|w(&,7)| < Ig, n) expin - IgE, )1. (8.71) 
It follows from (8.71) that we could prove the convergence of series (8.67) for the 


integrable potential g, which can be approximated by continuous potentials. 
Returning to the functions K and P, we obtain the inequalities 


t+x t-x t-—x t+x t-x 
K(x, t)| <1 : I , ; 
eon ols (*,5*) ee (S*) a(S. 5*)| 
t\* t+x t-x t-—x t+x t-x 
P(x,t)|<|{- I, | —. — _}/ ; j 
reno (2) 4 (S* 5") el (S*)4(S*5*)| 


We convert the value J, included in the estimates 


(ee) 


t+x t—x 1 we ay ae) 
I — Py dy. 
( a ) >| ; i( ae Ip@ldy 


t+x 
2 


Thus, we arrive at estimate (8.66). 

To complete the proof of Theorem 108, it remains to justify the existence of second 
continuous derivatives of the function P(x,t) with respect to the variables x and t 
under the condition g € C!(x > 0). Obviously, this is equivalent to the existence of 
second continuous derivatives of the function u(&,7) with respect to the variables 
&,1. The proof of the last statement is carried out according to the above model by 
the method of successive approximations and completely repeats the corresponding 
fragment of the proof from [526]. 

The theorem is proved. 


We list the classes of potentials for which conditions (10.18) are satisfied. If |g(x)| 
is monotonically decreasing, then we can take p(x) = |q(x)|. For potentials with 
an arbitrary singularity at the origin and increasing for 0 < x < M (for example, 
Coulomb potential g = —1), which are cut off by zero at infinity, g(x) =0,x > M, 
we can take p(x) = lg(M)\, x <M, p(x) =0, x eqM. Potentials with the estimate 
q(x +T) <clq(x)| = |p(x)| will also satisfy condition (10.18). V. V. Katrakhov drew 
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the attention of one of the authors to the possibility of a similar strengthening of The- 
orem 108. 

In particular, the following potentials, encountered in applications, satisfy the above 
conditions: a strongly singular potential with a power-law singularity of the form 
q(x) =x~?~®, various Bargman potentials 


—ax 


fSee— ==, pee, ee 
(1 + Be~4*)? (1 +c3x)? ch?(c5x) 
and Yukawa 
ew me 
w@=-—,  gs)= i e- de(t) 


x 
(see, for example, [497]). 


Remark 17. In fact, in the proof of the above theorem, an explicit form of the Riemann 
function (8.65) is not needed. We use only the existence of the Riemann function, its 
positivity, and some special property of monotonicity (&.70). These facts are quite 
general, so the results can be extended to a fairly wide class of differential equations. 


The estimate from Theorem 108 for potentials of a general form can be transformed 
into a less accurate, but more visible one. 


Theorem 109. Let the conditions of Theorem 108 be satisfied. Then the kernel of the 
transmutation operator P(x, t) satisfies the estimate 


CO 
Pepe (2) palo fi (y)|d 
=(- = x 
Xx, a) x a-—l tx P\Y y 
x 
[o,e) 
1 /t-x Pp tr? +x? fi (yd 
ex = = 
p 2 2 a—l tx D\Y y 
4 


Note that for x — 0 the kernel of the integral representation can have an exponen- 
tial singularity. 


8.3.3 Estimates for the case of a power singular at zero potential 
For a class of potentials with a power singularity of the form 
g(x)=x CPD, B>0, (8.72) 


obtained estimates can be simplified without reducing their accuracy. The restriction 
on f is caused by the condition of integrability at infinity. 


362 Transmutations, Singular and Fractional Differential Equations 


Theorem 110. Consider a potential of the form (8.72). Then Theorem 108 holds with 
the estimate 


a p-1 2 2 
Penis (=) aap PAE aia )x 
x 


(t2 — x2)B 2tx 


(=) r(p)48-! pb () 
exp | x (t2—x2)B 1 \ Ore |. 


where P!'(-) is the Legendre function (1.42), the value B is determined from (8.72), 
and the value a is determined from (8.60). 


Anticipating the proof, we note that this estimate is obtained after rather lengthy 
calculations using the famous Slater—-Marichev theorem [361], which helps to calcu- 
late the necessary integrals in terms of hypergeometric functions after they are reduced 
to the Mellin convolution. 

For this class of potentials, we simplify estimate (8.71), which constitutes the con- 
tent of Theorem 108, without reducing its accuracy. For this, the value J, included in 
estimate (8.71) will be calculated explicitly. We divide the proof of Theorem | 10 into 
two lemmas. 


Lemma 27. For a potential of the form (8.72), we have the relation 


1 
: P,(2az + 1)(1 — 2)?! dz, (8.73) 
0 


1 
1g (€,) = 428 


where P, is the Legendre function, a = n*/(E? — n?). 


Proof. Let us consider 


Lf. (12(62 +2) — 2&2?) dt 
ie m=5 f Po( ) eer 
é 


1?(&2 — n?) 


We carry out the change of variables, denoting the argument of the Legendre function 
by x, 


PE +m) — 26 46? 


PEP) 7 (2 — 9) 


With such a change of variables, the numbers of integration become new limits 


and the variable ¢ will have the form 


Nie 


2 
t=89( poo =) 
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This leads to the following expression for J: 


B 
I r(g?—n°) dt 
I en=5 | MOG aE = 


B Bs 
1 —9) [e+ -x@—r) PP" 
~ | P(x) . dx. 
2 = 2 2&2? 
1 
In the last integral, we make another change of variables by the formula 
2. yd 2 ap 
eG. (ae ee 
2n? 7 


Then we obtain 


1 


E2 nr 
Ig, n=3 (Sas ) f ronc+ res ae 


0 
24 92 — (62 (ge >< +1) pa 
28242 dz= 
1 
1 p-1 
au | Po (2Qaz+1)(1 —z) dz, 


0 


where a = n?/(E7 — n”). We get (8.73). 


Lemma 28. Let the conditions a > 0, B > 0 be satisfied. Then the following formula 
is valid: 


1 B 
i P,Qax +1)(1 —x)?~! dx =I (p) |=*] : PF (2a +1). (8.74) 
0 


Proof. In the proof we will use notation and a technique based on the Slater-Marichev 


theorem [361]. 
In the integral from (8.74), we change the variables t = 1/x. We get 


1 
: P,Qax +1) —x)8 dx = 
0 


dt 
P, (2= +1)@- pe PS = 
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a elt 
P, (2= 4 1) — 18 tai — (a), 


where the notation for the truncated power function is used, oe = x* when x > 0, and 
a = 0 when x < 0. We apply the Mellin transform (see Definition 11) with respect 
to the variable a, (a > 0) to the function J (@). Using the Mellin convolution theorem 
(see [361]), we obtain 


MUI (a)\(s) = M[P,(2x + I)I(s)- M[xP (x — DAs). 
Using formulas (6)(1), (4), and (2)(4) from [361], we obtain 


sinzv T(s)P(—v —s) TU +v—s)P(~rd—s) _ 
rd—srd+B-s) ~ 
sin7zv v—s, heres) 


— 
- rer] a 


where the Slater designation is used for the ratio of the products of gamma functions. 
In the notation of the Slater-Marichev theorem, we have 


M{I(a)\(s) = 


’ 


(a)=(0), (0) =(-v, 1+), Q=9, @=1+8), 
A=1, B=2, C=0, D=1. 


Using the Slater—Marichev theorem, we obtain formulas for J (@) 
forO<a <1: 
sinzv (1+ v)P(-v) 
T = F\(-—v, l+v;1+ B;-a)= 
(a) = rats) 2 i¢ B; —@) 


P(B)o7 2 (1+ w)2 PrA(1 + 2a), (8.75) 


where formula (3) from [19], p. 126, and the identity for gamma functions (see [19]) 


a 


p= vI'(v)sinzv 


are used. For a > | we get another expression: 


I(@)=- r(B)x 
voljltv+tv, —v 4 

{« sree 2F,(-v,l1—-1—B-v;l1—-1—v—-vp; , + 
—l-v —v-l-v, I+ os i 7 

: i (Praeats Joni (149.1 Lapep leery aay ~)}= 


sinzv pr Qv+)DP(-v) ; ol 
= rep): {a Td +B +0) afi ( v, —B — v; —20; ~)+ 
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_y_yp P(-1- 2v)P + v) ; sate 
a r@—w) Fi (14 v1 ty Bilt =}. 


But from [19], p. 131, formula (19), it follows that equality is obtained for J (@) when 
0<a <1 anda > 1 coincide. 

From (8.75) it follows that we obtained the desired formula (1.101); however, its 
conclusion is not completely rigorous, since we did not check the legality of apply- 
ing the Mellin transform and the validity conditions of the Slater—Marichev theorem 
(which is, in our case, rather complicated). However, now we can apply the Mellin 
transform to both sides of the obtained formal equality (1.101). As a result, we prove 
that for a > 0, 6 > 0, relation (1.101) is an identity. C] 


As a consequence, we now obtain the necessary estimate and we prove Theo- 
rem 110. 
The simplest similar estimate was obtained in [526] for the potential g(x) = ce, 
1 


for which B = 5. As follows from [19], in this case the Legendre function P, 7 (z) can 
be expressed in terms of elementary functions. Therefore, the corresponding estimate 
can be expressed in terms of elementary functions. 

Another potential for which the obtained estimate can be simplified and expressed 
in terms of elementary functions is a potential of the form g(x) = x~@8+), when the 
parameters are related by the relation 6 = a — 1. 


Corollary 18. Let the relation between the parameters B = a — 1. Then the estimate 
of Theorem 110 has a form 


p\ B+! 26-2 [72 4 427° t—x\ 28-2 7724427? 
|P(x,t)|< "exp = 

x B 2tx 2 B 2tr 

= B 
_ a 28-2 (t—x\ (17 +x? 
4p meer + 2°)" exp B 2 tx ee 
Proof. In this case, we transform the estimate from Theorem | 10 as follows: 
B 

re 6 /P ie) Tea) 2? 2 4x2)" ; a 
(t2 —x2)B B 2rx J (t2—x2)B T(B+1) 2tx ~ 


2p-2 1 (12 — x?)B (1? +.x2)6 7 QB-2 7 424. x2 B 
B (t2—x2)6 (2tx)6 ~ £B 2tx 


where the transformations used the formula (see [19]) 


PO’(z)= se _ 1)? z>l1 
rw+l) , : 


Therefore, the inequality for the kernel with 8 = a — | takes the form (8.76). O 


366 Transmutations, Singular and Fractional Differential Equations 


Note that for w = 0 in formulas (8.59)—(8.60), Theorem 108 reduces to well-known 
estimates for the kernel of the Levin type integral representation for the Sturm— 
Liouville equation. 

The above technique is fully transferred to the problem of constructing nonclas- 
sical operators of generalized translation. This problem is essentially equivalent to 
expressing solutions to the equation 


Ba,xu(x, y) — q(x)u(x, y) = Bg yu(x, y) (8.77) 


through solutions of the unperturbed Euler—Poisson—Darboux equation with Bessel 
operators in each variable (in the nonsingular case, the wave) in the presence of addi- 
tional conditions that ensure correctness. 

Such representations are obtained already from the fact of the existence of transmu- 
tation operators and were studied for the nonsingular case (a = 6 = 0) in [316,321] as 
a consequence of the generalized translation theory. An interesting original technique 
for obtaining such representations was also developed in the nonsingular case in the 
papers of A. V. Borovskikh [34]. From the results of this subsection, integral represen- 
tations of a certain subclass of solutions of Eq. (8.77) in the general singular case for 
sufficiently arbitrary potentials with singularities at the origin of coordinates follow. 
Moreover, the estimates for the solutions do not contain any indefinite constants, and 
for the kernels of integral representations the integral equations are written in explicit 
form, which they satisfy. 


8.3.4 Asymptotically exact inequalities for Legendre functions 


In this subsection we show how one can use formula (1.101) to establish an asymptot- 
ically exact lower bound for Legendre functions. This assessment, in our opinion, is 
of independent interest. 

Consider the obvious inequalities (a > 0) 


1 1 
[ pat2ana—xrtdes f Rd +2anx bd xt dx s 


0 0 
1 


P\( +20) [xa —x)-2 dx. 
0 


The second integral is known, and, as follows, for example, from [19], p. 225, it is 
calculated by the formula 


1 2 
f=n°° (5) [Pov1 +a) 
Therefore, the inequality 


fmt 8 (e+ 17} PS FQ0 4 l)<x {pwIre)} 
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is valid. Expressing the Legendre function in elementary functions, we finally get 
2 
[P, G/T a)| = 


at 1)./x { (ve+ vei)" 7 (ve+vert) 


The proved inequality gives the correct asymptotics for all parameters included in 
it, as follows from the asymptotic formula given in [448], p. 107, 


1 (/x+ ely 
wv af K 


The second of the considered integral inequalities also leads to an interesting esti- 
mate 


[pwira] ~ 5 


{pire} < P,(1 +20). 


In connection with the last inequalities presented, we note that the Legendre func- 
tions are associated with complete and incomplete elliptic Legendre integrals of three 
kinds; these two classes of special functions are expressed through each other at cer- 
tain values. On the other hand, Legendre functions are particular cases of the Gauss 
hypergeometric function. Various inequalities for elliptic Legendre integrals are con- 
sidered in [221,222], and inequalities for hypergeometric functions are considered in 
[223,224]. 


8.4 Iterated spherical mean in the computed tomography 
problem 


Spherical means have numerous applications in theoretical mathematics and its ap- 
plications. In the classic books [75,155,170], various applications of spherical means 
to the theory of partial differential equations, including elliptic, hyperbolic, and ul- 
trahyperbolic types, are given. In addition, spherical means are the object of study 
of integral geometry with the application of research results to tomography [163], 
for example photoacoustics [95] and diffraction tomography [18]. The close connec- 
tion of spherical means with the Fourier transform and Riesz potentials is also known 
(see [162]). Representation of solutions of various partial differential equations using 
spherical means is also related to the theory of transmutation operators [234]. 

In this section we consider the weighted spherical mean (3.183) and obtain identi- 
ties for iterated weighted spherical means, which are necessary to obtain explicit for- 
mulas when restoring a function from its weighted spherical means. In addition, using 
weighted spherical means we give the formula for representing the function through 
the generalized translation operators (3.144) and the Hankel transform (12). Such for- 
mulas are used in various applied problems of tomography and integral geometry. 
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8.4.1. Iterated weighted spherical mean and its properties 


The iterated weighted spherical mean has the form (see [536]) 
a ae ca 


Or? | [ oeerrevon YEY dS(E)dS(6), 


 s*(n) Sf (n) 


where M. i and M i are weighted spherical means (3.183). 


Using the permutation property of the generalized translation (3.150), we obtain 


that the iterated weighted spherical mean is symmetric with respect to 
Tp 3A, w= 1} (3 WA). 

It is clear that 
Tf (x; 2,0) = Tf: 0, A) = MY f(x) 

and 


1} @; 0,0) = f(@). 


Following [155], p. 73, we prove the equality expressing the iterated spherical mean 
I } (x; A, 2) through a single integral from the weighted spherical mean M} [ f (x)]. 


Theorem 111. Let f € LY. Then 
IGA = "TM Gay), 


where v=n+|y|—1. The following formulas are also true: 


ar (pt) , 


Veins = 

I; (x;A, Ww) = Jar (iin) (2Ap)tlyl-2 x 

Ath at+ly|-3 

/ (0? -@- mG +H*-») © MY [f(x)Irdr, 
A-U 

B-a Bra 
W(t) 
P( ps) gntly|-1 ; ntly|=3 


a 


am ') (B2 — a2)"tlyi-2 


(8.78) 


(8.79) 


[(@ =P 0? 02) Mri roorar. 


(8.80) 
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Proof. Let g(s) be an arbitrary continuous finite function of one variable. Consider 
the integral 


[o,e) 
p= fxr tgag} oid, waa = 
0 


1 


son " e(ayda / } a ac | [f(x] 1¢’é”dS(é)dS(C). 


SPM) Sta) 


Using the property (3.150) of generalized translation and formula (1.104), we can 
write 


=e fort] for eana, [7 1reonerase|ease= 
SOO. 


Sy (n) 0 Sf(n) 


R 

1 

a verre | i pe dh / yp 7 

IST (n) FF | BN ae g(a)d 2ST F(x)]C dS(6) | x 
Sf (n) 0 st (n) 


E’dS(E) = 


1 . 
if we / "TES | lim fe TL g(edz" dz | £dSE) = 
stn) Bh(n) 


1 


ype js Vd YdS(é). 
Or / 1 Ef (x)le(lzl)z”dz | E”aS(E) 


Sf (n) Ri 


Now, applying the properties of associativity (3.151) and self-adjointness (3.157), we 
obtain 
1 


aca i Bay Ba Ydz &’dS(é)= 
COP i] J “STL FCI) gllelde?dz dS) 


sha) RY 
1 


Teta! YT* ay Mas y y _ 
IST @)I2 i / TeLF@I Tele ziiz dz €" dS) 


SP) RY 
n 


C 8 rs 
or / ge f@)] [fT] siento 
0 0! 


St ny RY = 
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oy n28? $$ 2 + ef +... +22 — 2wk1z1 cosay — ... — 2MEnZn COSAp) x 
day...ddty 2” dz €” dS(é). 


Passing to the spherical coordinates z = rn, |n| = 1, r > O in the integral by z and 
taking into account that || = 1, we obtain 


inf Joe J om 


spn) 0 Sf (n) 


(§, n cosa) = &171 cosa +... + EnNn COSAn. 


Using the multi-dimensional Poisson operator (3.137) we can write the integral J in 
the form 


+00 

— ff ntti / yerrn y 

= stm J: dr T. "Lf @)]n” dS(m) x 
0 Sf (n) 

i PY g(y/r2 + u2 — 2rulé, n)) &7dS(E). 


Sf(n) 


Applying to the integral f P} g(/r? + uw? — 2rp(é, n)) €’dS(é) the formula (see 
Si) 
[247]) 


+lvi=3 


ee oe 2) ap 


Sf (n) 


and noting that |7| = 1, we obtain 


Hr (244) . 
= i= ] ee / YT! £ (x)|n’ dS(n)x 
Jm2"-IP (ze) IST @)|2 : = 


1 
_ 2, mtlyl=3 Zz 
(l—p*)” 2 gG/r? + uw? —2rup) dp= 
—1 


St (n) 
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vit 00 
mr ‘ 1 [ete mr trooidrs 
Jm2-IP (wit) IST @ly J . 


1 
ntly|=3 
[a —p) 2 g(r? +? —2rup) dp. 
4 


Now, instead of the variable p, we introduce the following formula associating the 
variable A associated with p: 


r+ a — 2rup= i. 


We get 


2 2_ 42 a: 2 _ 2 2_ 42 
nes +h Ape dh. ps rw Vr +) 5 
2ru re (2r)? 


and for p = —1,A4 = |r+yl], and for p = 1,4 = |r — p|. Then using (1.107) we obtain 


n+lyl 


Go A+ H| n+ly|=3 
i garda - (0? =@ = WG +u?-%)) 7 MYLF@)I rar. 
0 [Au 


Since g(A) is an arbitrary function, from the equality 


n+ly| 
les 


ANTI N BOIL? (03 2, Wedd = (py! x 
Tee 
Jat (oo ) 


ioe) 

0) 

lee) A+ 
0 


atly|=3 
eoyndn f (02 — wr +w?- 2) © MILFOordr 
A—b 
it follows that 
op (lvl 
Tf G54, w= Rica ae 
Weae (vey) 
A+bm 
1 5 ; 5 ; ntiyl-3 : 
appre | (= -w)Ur+?-2) * MILFooirar 
Ab 


(8.81) 
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We removed the modules within the integration due to the fact that the integrand is 
odd by r. 
Now taking into account (3.154) for v=n+|y|—1, we get 


Tp (a5, w) = TMs 1). 


If in (8.81) we puta =A-— pw, B=A+ pW, (B > a), then we obtain 


I; (» a ee) - 
2 2 


T nt+ly| antlyl-1 B er 
yy ee oy ly-2 / (6° = ?)0?= 0%) * MP LPG) Iran, 
4 


The theorem is proved. 


We give a corollary of the proved theorem expressing the action of iterated 
weighted averages on Bessel functions. 


Corollary 19. For the function j, (x, &), the following equality is true: 


r (=p) gntly| ‘iQ, €) : 
Jar (uy) (B2 — a?)r+lyl-2 


Tha pyady §y= 


: ty |=3 
[(@-re- a)  juspa(r)rar. (8.82) 


a 


Proof. In Theorem 111, let us choose f(x) = jy (x, €). Using formula (3.190) of the 
form 


Mpiy &, &) = dy @, &) Jasiyi-2 (H), 


we get 


Ti dy © 8) = by (©, 8) Jntiyica (HW) jnsiyi-a A). 


Applying (8.80), we obtain (8.82). We can rewrite (8.82) in the form 


: B-a\ . pre, | 
Jntlyl-2 5) Jntlyl-2 5) ae 


2 (4p) artlyi-l nlyl-3 


2 22y\7.2— »2 ae 
Jar (Wit in +) (B? senna (8 ry — a )) Jnsiyi-2 (Y)rdr. 
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If for TY dy (x, €) we write equality (8.78), we get the known formula (3.152): 


TAO = fa) pW,  vantlyl—1. O 


8.4.2 Application of identity for an iterated spherical mean to 
the task of computed tomography 


Consider one application of formula (8.79) from Theorem | 11 to computed tomogra- 
phy. In problems of diffraction tomography and backscattering, the Hankel transform 
is the measured data (see, for example, [168], [302], p. 126, and [3], p. 90). Similar 
formulas are used to restore function. 

Let us prove a formula expressing a function through its Hankel transform and a 
generalized translation. This is a generalization of the well-known formula for a sim- 
pler problem, which uses the representation of a function through its Fourier transform 
and the usual shift. In this form, similar representations are used to restore functions 
in the indicated problems of tomography and integral geometry. 

In the theory of scattering, the surface of a ball |x| < 2A, where A is the given wave- 
length and x is the space vector called the Ewald sphere (see [129]). The Ewald sphere 
can be used to find the maximum resolution available for a given X-ray wavelength 
and the unit cell dimensions. 


Theorem 112. Let F be a function with support inside part of the ball 
By (n) = {x ERY: |x| < 2A}. 


The equality 
JAE | FAE)iy OE, y) 
F(y)=C(n, y) i | aie ee > ES YE’ dS(E)dS(C), 
SH (n) St (n) ~ 16 
(8.83) 
where 
afm 220-3)2n42ly|-4 Pp (vi) 
Cin, y)= ; 
2 (ntl) ¢ Yit]\ ote) 12 
PP) fire) stg 
is true. 
Proof. Let us put w = A in (8.79). Then 
TP (5 4,A) = 
27 (ap) 1 24 ntly|=3 


4y2—p? |} * pm tlyl-2 MYT F(a) Ide. 
Jar (w=!) aan || 


(8.84) 
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Let us consider the function 


fy) = Fae - ap = F (x)jy (x, y), x, yeR. 


We now find the weighted spherical mean of f,(x) when x = 0: 


EOS ij [7 Tf, (x) x02” dS(2) = 
OE eS ey ses eas 


Si (n) 
1 ‘id |x| 
isto J qa cp OO | aS@= 
1 Yt (4A2 — |x|?) 2 x=0 
= F(r2)jy (rz, yz" dS(z) = 
+ ntly|=3 Y _ 
Sy (My he (422 — r|z|2) y 
: : ix iy (rz, yz" dS(2) 
7 Paty rZz)jy (rz, y)Z Z). 
SF @ly (402 — PP) +yI-3 ; y 
Sy (n) 
Using (8.84) we get 
1,0; AAN= 
2r (4p) n+ly|=3 


1 2 2 2 n+|y|—2 azyv _ 
ar (Ze) (2a2)n+ly|—2 /[» -7?| r M;(0,r)dr = 
0 


2 
set) IST ly (442— 2) 2 — 


ar (=H) 2a ntly|=3 
CD mls, il 3 HS r 
var (i [4% r | r ———_ ae 


/ F(rz)jy (rz, yz” dS(z) = 


Sf(n) 


n+ 2h 
7a 1) (2a2)2-"-WWh a 
- fe dr / F(rz)jy (rz, y)z” dS(z). 

var (HE) IST My 


Sf (n) 


Applying (1.104) we can write 


ar (444) (22)2-#-I7| 
var (ee) IST Oy 


1. O;4,2) = | Foye. ne"ae= 
+ 


2r 
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ar (#4 nr) (222)2-"-I7! 
Jae (wea ist) ISf@)ly 


ar (=u) (22)2-"-I7 | , 
yar (Wi! i=!) On alvI- re (4 ~) Fy j= 
me) fhe ae) 


2n—3 4 2n+2\y|—4 ly|tn-1 
Jen-sy2nvini-ap (hn) 


/ Fiy@, y)z"dz= 
R” 


+ 


F(y). 


Therefore, 


2n—3  2n+2|y|—4 vi) 
ae re) oy 
F(y)= 7 = 1, (0; 4, A). 

re(es) fie (22) 


j=l 


From the other side, 


IX (O;A0,A 
a Se 2 
” st (n) St (n) 


From (8.85) and (8.86) we get 


JH -3 tly 4p (ui) 
F(y)= x 


2 (“4!) ql r()iston 


Xr 
/ i ni a mag 5 FAE)I, OE, ») g° EY AdS(E)dS(6). 


4)2 — |té|2 
SH (a) Sf) ( Palate 


_ / YTS Lf UES’ EY dS(E)dS(6). 


(8.85) 


(8.86) 


Fractional powers of Bessel 
operators 


In this chapter we study the fractional powers (B,,)*, a € R, of the differential Bessel 
operator in the form 


Lp >, gee pa (9.1) 
x dx 

Of course fractional powers of the Bessel operator (9.1) were studied in many papers. 
But in most of them fractional powers were defined implicitly as a power function 
multiplication under Hankel transform. This definition via integral transforms leads 
to many restrictions. Just imagine that for the classical Riemann—Liouville fractional 
integrals we have to work only with its definitions via Laplace or Mellin transforms 
and nothing more without explicit integral representations. If it would be true, then 
99% of the classical “Bible” [494] and other books on fractional calculus would be 
empty as they mostly use explicit integral definitions! But for fractional powers of the 
Bessel operator in most papers implicit definitions via Hankel transform are still used. 
Such situation is not natural and in some papers different approaches to step closer 
to explicit formulas were studied. Let us mention that in [367] explicit formulas were 
derived as compositions of Erdélyi—Kober fractional integrals [494] on distribution 
spaces; in this monograph results on fractional powers of Bessel and related opera- 
tors are gathered from McBride’s and earlier papers. An important step was made in 
[555] in which explicit definitions were derived in terms of the Gauss hypergeomet- 
ric functions with different applications to partial differential equations; we also use 
basic formulas from [555] in this chapter. The most general study was carried out by 
I. Dimovski and V. Kiryakova [90—92,252] for the more general class of hyper-Bessel 
differential operators related to the Obrechkoff integral transform. They constructed 
explicit integral representations of the fractional powers of these operators by using 
Meijer G-functions as kernels, and also intensively and successfully used for this the 
theory of transmutations. Note that in this and other fields of theoretical and applied 
mathematics, the methods of transmutation theory are very useful and productive and 
for some problems are even irreplaceable (see, e.g., [89]). In [527,531] simplified rep- 
resentations for fractional powers of the Bessel operator were derived with Legendre 
functions as kernels, and based on them general definitions were simplified and unified 
with standard fractional calculus notation as in [494], and also important generalized 
Taylor formulas were proved which mix integer powers of Bessel operators (instead 
of derivatives in the classical Taylor formula) with fractional powers of the Bessel 
operator as integral remainder term (cf. also [268,532]). 


In this chapter we study fractional powers of the Bessel differential operator. The 
fractional powers are defined explicitly in the integral form without the use of integral 
transforms in the definitions. Some general properties of the fractional powers of the 
Transmutations, Singular and Fractional Differential Equations With Applications to Mathematical Physics 
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Bessel differential operator are proved and others are listed. Among them are differ- 
ent variations of definitions, relations with the Mellin and Hankel transforms, group 
properties, the generalized Taylor formula with Bessel operators, and an evaluation 
of the resolvent integral operator in terms of the Wright or generalized Mittag-Leffler 
functions. At the end, some topics are suggested for further study and possible gener- 
alizations. 


9.1. Fractional Bessel integrals and derivatives on a 
segment 


In this section we give the definitions of the fractional Bessel integrals and derivatives 
which correspond of the Riemann—Liouville fractional integrals and fractional deriva- 
tives on a finite interval, and we consider their properties. We also consider fractional 
Bessel derivatives on a finite interval of Gerasimov—Caputo type. 


9.1.1 Definitions 
Let [a, b] (0 <a < b < &) bea finite interval on the real semiaxis [0, 00). 


Definition 44. Let a > 0. The right-sided fractional Bessel integral By }_ On a Seg- 
ment [a, b] for fEL\ (a, b), a, b € [0, oo), is defined by the formula 


(By 5 A) = UT By N@) = 


2a—-1 
1 yx y-l 
mom | ( 2y ) 2Fi (tS. or; 2a; 1-5) F(y)dy. (9.2) 


The left-sided fractional Bessel integral B,, a+ ona segment [a, b] for f €L\ (a, b), 
a,b € (0, &), is defined by the formula 


By ret = = (By a+ A)= 


1 yyy (x2-y2\ 77 : a ee er 
Lie ( 2x ) 2 i (ra a, -*5) rondy. (9.3) 


Definition 45. Let a > 0,n=[a]+1, feLi(a,b), TR. EIB, ef €Ce" @; b). 
The right-sided and left-sided fractional Bessel derivatives on a segment of the 


Riemann-Liouville type for a 40,1, 1, ... are defined, respectively, by the equalities 
pf) = (DBy p_ f)@) = By IBY” f)@), n=[a]+1, (4) 


and 


(By a+ SV) = (DBy a4 A) = By By a4 fA), n=[a]+1. (9.5) 
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When a =n € NU {0}, then 


@.-AO=@) aoa 7o., 
(BY fx) = (BY a F(X) = BY f (x), 


where BY is an iterated Bessel operator (9.1). 


Remark 18. Jn some cases for fractional Bessel integrals on a segment [a, b] it is con- 
venient to use the notations B= and B,, “+ and in other cases IB, p— and IBY ads? 
Similarly, for fractional Bessel integrals on a segment [a, b] sometimes we will use the 


notations BY ,_ and BY ,, and sometimes DBY ,_ and DBY + 


Definition 44 is based on integral representations introduced for special cases a = 
1,b=1 in [555]. 

It was noted in [515,527,531] that Definition 44 may be simplified, as the kernels 
are expressed in a more simple way via Legendre functions (the Legendre functions 
are a two-parameter family but the Gauss hypergeometric functions are in general a 
three-parameter family). These simplifications are based on the formula [457] 


2F\ (a, b; 2b; z) = 


92b-Ip (o+ 5) 22 = 22 (4-8) ae (1 _ =) 1 , (9.6) 


and have forms 


b 
—a 7 Ja 2 2a-h (Y\2 5-a| 1 y 
DO mira [0 xed (=) pet[s(=+ 2 Tronay, 


a-i (¥ 5a 1 (x Bs 
ByarNO=z Tae tral y) (2) Pets (= +2) [rovay, 


Now we would like to have another explicit formula for BY when a > 0. For ap- 
plications it is better to use the generalization of the Gerasimov—Caputo fractional 
derivative (2.30). 


Nps 


Definition 46. Letn =[a]+ 1, fEL[0, 00), IBY, “ f, 1B. Ne aor (0, 00). 
The right-sided fractional Bessel derivatives « on a seement [a, b] of Gerasimov- 
Caputo type fora > 0, a 40, 1,2, ..., is defined by the equality 


(By pf) = IBY" By f(x). 


The left-sided fractional Bessel derivatives on a segment [a, b| of Gerasimov—Caputo 
type fora > 0,a 40, 1,2,..., is defined by the equality 


(By a+ f)&) = By a4 By f)@). 
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Here IBY,” is the right-sided fractional Bessel integral (9.2) on a segment [a, b] 


and IBY “at is the left-sided fractional Bessel integral (9.3) on a segment [a, b]. When 


a=neéeNU {0}, then 


CN -—CidoaTom: 
C5 Ne)= Cre NG) =BF@), 


where By is an iterated Bessel operator (9.1). 


9.1.2 Basic properties of fractional Bessel integrals on a segment 


Lemma 29. For y = 0, f(x)ELi(a, b), a => 0, fractional Bessel integrals on a seg- 
ment [a, b] are 


b 
1 
(B55 D@) = Ta / (y =x)" FO)dy = 2 AO) 
and 


(Bo, NO) = rim | (x =»)! pOdy = 24 f(x), 


nas ) 


where Fa and jest are Riemann-Liouville fractional integrals and derivatives on a 
segment [a, b] defined by (2.11) and (2.12), respectively. 


Proof. Indeed, we have 


(Bo ff) = 


if yay F Seta d 
mon I ( 2y ) : i (aja - -5) fons 


and 


(B52, A) = 
1 i y\y (x?—-y? ae 
aot 2) ( 2x ) 


Using the formula that is obtained from the integral representation of the Gauss hy- 
pergeometric function (1.34) of the form 


=A 


1 
F(a ares 2a; 1— 5) Fonds. 
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1 2 2 2a-—1 
2Fi (a 5.a;2031-4) =| 2 , 
2 y? x+y 


we obtain provable formulas. CO 


Consider now the case when a = 1. 


Lemma 30. The following equalities hold: 


b 
1 Falk 
wh po= + fol (2) 1] foes f(weLi(a,b), a>0, 
and 


BS oe r= (2) "| Foie Li(a,b), a>0 
Br N@)=— f vf1- (2) | tory, Feretia), a2 0. 


Proof. Applying the formula 


1 2 2 2 l-y 
2 (TE 21 5 )- a (=) 1], 
2 y l-y x*—-y y 


which is valid for the Gauss hypergeometric function, we obtain provable statements. 


In the following lemma we indicate the conditions under which the operators By iiss 


and B,, 7 4 will be left inverse to the Bessel differential operator on the segment. 


Lemma 31. Let gé€ C <a; b), f(x) = By g(x), f(x) EL 1 (a, b), a = 0. The equality 
(By, Byg)(x) = g(x) 
is true if 
$0 0) = tin 3G) 9: Pe = 0) le 20) =, 
The equality 


(By 4 By g)(x) = g(x) 
is true if 


g(a+0)= lim g(x)=0, g'(a+0)= lim g’(x)=0. 
x—a+0 x—>a+0 
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Proof. Let us consider Bis Putting f(x) = By g(x) =g"(x) +4 <g'(x), we obtain 


Bo, D@O=G,  Bow= 


(B, 
b ie 
J x\"” ” vor 
reer ee aor —I}(s +80) }dy= 
yodd y y 
1 ; x\lv ; xy? 
a J» (=) =d s"ondy+y f (=) — 1] 8’()dy 
ped y ¥ 
x x 
Twice integrating by parts the first term in (9.7) leads to 
b 
x oe " 
[> = —l]g°Q)dy= 
y 
x 
I-y 
1G) “Jeo 
y 
y=b 


t= 
01 (;) " i}e'@ O)—(yx'-%y¥1— Hey} + 


y=x 


(9.7) 


| (yx!-Y y¥!_1)9'(y)dy = 


b 
v(y — 1x!” if yy’ g(y)dy = 
_ 
»| (=) ” i]s" 0) — (yx!-¥BY-! — 1g —0)+ 
b 
(y — De) + yy — Dat? [> ¥~? o(y)dy. 


x 


Integrating in parts the second term in (9.7) we get 


{[6)">ro-[6)"-}o 


b 


1-— 
1() " 1] ee oy = Dal fy gyay. 


y=b 


ysx 


b 
im 2 
yal fy *g(y)dy= 
x 


Then 


(By, Byg)(x) = 
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b 
y-1 


lG) i]s" 0) — ys YI! — 1) gb 0) + e634 
b 
yxy / y??g(y)dy+ 


x 
b 


1- 
ie 1] ew 0) yl? fy! e(ydy = 


x 


ZENE) 1 GS 0)=ebS0 
e+" (5) ]« )-gb-0). 


From the last equality it is obvious that in order to have (By, bes By g)(x) = g(x) it is 


necessary that g(b — 0) = lim 8) = 0, g’(b—-0)= lim oo =0. 
yob— yob— 


=I 


Similarly, it shows that (By, a4: 


By g)(x) = g(x) is true when lim g(x)=0 and 
x—a+0 _ 


li '(x)=0. Oo 
im of 


xX>at+ 


9.1.3 Fractional Bessel integrals and derivatives on a segment of 
elementary and special functions 


Statement 21. For > —1 the following formulas hold: 


By§_ (6? — x7)" = 
20 p4a+2u 2 2a+m x2\% 
1 2-—=] x 
22¢T (2a) ( =z) ( =z) 


y-l Pe 
oF a, 0 —— + ht et et hI a 


b2 
and 


By at (x7 -—a?)H = 


x2042H (4 +1) (: a () cy 
x 


2eT(2a+u+1) 


at Sp eae te apie go 
3 Spee >, 20 5h ee Sis 
: 2, 2 ee a2 x? 


Proof. Let 4 > —1. Find the fractional Bessel integral By from (b? — x2)": 


Be aa = 
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b 
i 22. 20-1 -1 2 
pe-s aie! oF, G4 —— a a (eel dy. 
T (2a) 2y 2 oe 

x 

i : 2 1 
Replacing variable y by the formula 1 — 2 =t,wegety=x(1—ft) 2,dy= 5x(1 - 
i)" 2dt, y=b,t=1—-4, y=x,1=0, and 

ae aS 


2 
x 
l-a 


2op2u 2 bb 1 

x 2a—-1 === x i 

on t 1-t Mi (j—— })-+ F : —;2a;t ]dt. 

PaT 2a) ami (( =) ) : i(« a ) 
0 


Using formula (2.21.1.21) from [457] of the form 


y 
jer - ey Fy —x)P-!, Fi (a, b; c; wx)dx = 
0 
ytP-1 1 + wy) (1 — wy) Bc, B)2Fi (a,b + B; c+ B; wy), (9.8) 


y, Rec, Re B > 0, | arg(1 — wy)| < z, 


we obtain 


a=a,c=2a, B=u+1,a—c—Bp=a-—2a-—pw-—1l=-a-p-1 


and 
By§_( — x?) = 
420 2H gyn sane 7X Hee 
1 2-—= — x 
2221 (2a) b2 b2 b2 
y-l x 
oF Ot, 8+ —— 4 et A; 2+ +, hg 


2m ptt 2p. genrrre 42" 
1 2-—= 
PAP (2a) ( =) ( 2) ‘. 
y-l x* 
2F\ Ge et eee : 


b2 


Now let us find the fractional Bessel integral By. a 4 from aw, w>-t: 


a (,2_ 2 
By a4 a yh = 


* 2a—1 
1 y\y (x?-y? y-1 y\ 2 9 
: F —.,a; 2a; 1-- —a*)'d 
aa flO a aia amar Cam a 
a 
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Replacing the variable y by the formula 1 — x =f, we obtain y = x(1 — )?, 
dy =—4x(1—1)"?dt, y=a,t=1-4, y=x,1=0, and 


By4 02 — a)! = 


1-5 
2a+2u - 2 LM -] 
Xx 20—1 y-l a Y 
oo t 1—ft) 2 1—— )-t F —— .,a;2a;t } dt. 
PT Qa) \ (( =) ) : v(t al ) 
0) 


Using formula (2.21.1.20) from [457] of the form 


y 


[oa ~ zx)?(y — x)P! 4 Fy (a, b; c; wx)dx = 
0 
yt B- 1 


oe, 
Bec, Dae yor 7 Fs (pa Bibve+ Bi 309), 


y, Rec, ReB > 0, |arg(1 — wy)], jarg(. — z)| < z, 
we get 


— 2 2 
By alk -a j= 


x20F2UD (yy a1) ; a2 2a+m (°) l-y 
— x 
2207 (2a + +1) x2 a 


l-y y-l a a 
ri ( 5 cia ee a a a ae a) ’ 


9.1.4 Fractional Bessel derivatives on a segment as inverse to 
integrals 


Theorem 113. Jf f(x) € Li(a, b). Then DBy p_ $s a left inverse operator to IBY b> 
and DBY, ,, is a left inverse operator to I BY 44 


(DB, (IBS, f)(y)) (x) = FQ), 
(DBy a4 IBY a4 AIO) = fF). 


Proof. Let us find first Ce ere 64 BY »_f)(y)) (x). We obtain 


(BB, AONG)= 


b 
1 TB" / ry? 
T(2a) vee 2t 
y 


2a—1 


oF (tS a2: 1-72) food (x) = 
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1 
T(2a)l (n — 20) * 


/ le ei F PN is on —20;1-7-\a 
n-@ in > 2n — 2a; x 
2y 2f 1 5 a y2 y 
ae 
b : 
| ry 2a—1 a sl 4 y? spi= 
F 2Fy ( a+——, a; 2a; 1-5 = 
y 


I b t y—x? 2n—2a—1 Py? 2a—1 
/ f(t)dt : ( ) ( ) x 
TP (2a@)P (2n — 2a) 2y OY 


y-1 ca y-l y? 
2F\(n-at+ ,n—a; 2n—2a; | 5 2F\|a+—,a; ae dy= 
y 


2 2 
b t 
52 Oana fore peers fy 241 G2 22920-21220. 
x x 
y-l a y-1 y? 
2F (: a+ 5 ,n—a; 2n—2a; 1 =) 2F (a 2a; 1-25 Jay. 


(9.9) 


Let us denote the internal integral in (9.9) by J. Replacing variables by the formulas 
y? =n, x? =€, t? =t in the internal integral in (9.9) we get 


T 


1 
T= ; / na 8 lame (al x 


g 


-—1 —l 
2F\ (» we »n—a;2n—2a;1 =) 2F (a 2a; 1-7) dn. 
n T 


2 


Now, introducing a new variable substitution 7 = t — w(t — &), we can write 


n=t—w(t—é), n=t>w=0, n=ESwe=l, dn=—-(t—&)du, 


n? "= (t—w(t—é))* "= 1%" (- (1-2) w) ; : 


@=fy _ (Tt >, pyr ery = ny 
(r—n)*7! = (tT _ ey ae, 

1—£)(a—w) 
: e_( ) 1 t=(1 2) w, 


a oe 
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and 


1 


I — Lan _ | eae / wel = wer ot (1 _ (: _ =) w) 7 x 
2 T 


0 


—l 
Fy (a+ ai2a: (1 — *) w) x 
2 T 


For the product of two Gauss hypergeometric functions (see [19]), we have 


(a)m (ae (b)n (Be x” y* 
(c)m(e De m! kl" 


CO 
2F (a,b; c,x)2Fi@’,b';c;y)= >> 
m,k=0 


Therefore, 


ioe) 
rai Da a—n—m— Kip = ey I+k+m y 
2 


m,k=0 
(at n(n — a4 *)(@)m(n — ee 11 
(2a) m(2n — 2a), m! k! 


; a—n—k 
jo _ ia (1 _ (1 = =) w) dw= 
3 T 
1 
2 


fore 
a penn k ee = alain a x 
n,k= 


(at n(n — 04+) (@)n(n—a@)e 11 


(i), n= 20, mil” 
TQQa +m) Qn+k — 2a) é 
F k—a,2 32 k ;l--+ 

hoe ohy {n+ a,2a+m;2n+kK+m : 

l lee) £ 2n—1+k+m 
n+a—1 

3 > T (1-5) x 
m,k=0 


(0+ n(n — ot Demin — ae 11 
(200) m(2n — 200) m! k! 


(2a + m)P(2n +k — 2a) ( *) 
2Fi . 


k—a,2 22; k ;sl--= 
[Ont tem n+ a,2a+m;2n+kK+m : 
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Consider the expression 


x 


e508 at )(n ren tha 28) (, 2 ee 


(2n — 2a), T (2n +k +m) k! T 


2F\ (1 kc, 2am; 2n km 1-8). 
T 


Noting that 
T(2n +k — 2a) _ T(2n +k — 2a) (2n — 2a) 
(2n—2a), T(2n — 2a +k) 
T(2Qn+k+m)=(Qn+m),0Qn+m), 


=T(Qn — 2a), 


we obtain 


_ PQn— 2a) (: “yn Lm 2 (n-a)e(n—at%>*) 1 F 
~ FQn+m) r Gnams al - 


k=0 


Fy (nce hme dn tm +k 1- *). 
ie 
Using formula (6.7.1.7) from [457] of the form 


pos k oF (a +k, b; ct+k; x)= 2F\(a, b+bd'; Gs x), 
toy MOK 


we obtain 


_ Tn — 2a) i vo 
— TOAtw r ‘ 


yet. ; a 
2F\ Rh @.0 m+ nt) ont 1-—-). 
v 
Returning to variables x and ¢ by the formulas € = x2, t =t7, we can write 


T= 


[Qn = 20) nto >S PQa+ mate )m(@)m 1 


2 (2a) I (2n + m) m! 
m=0 


2n—1+m 
-—1 
(1-4) ase aan 
T t 


I (2n — 2a) nto 1) 3 Qa +m)(a+%+ )m(@)m 1 
2 (2a) (2n +m) m! 


m=0 


2\ 2n—l+m 2 

x y-l x 
1-— oF, (n-—a,a+m+n+——;32n+m;,1-—}. 

12 2 t2 
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Taking into account the form of /, let us write 


BY IBY» DON@)= 


1 T(2n — 2a) 3 P2Qa+ mate )\m(@m I 


22n-27 (2) (2n — 2er) 71 
m=0 


b 2\ 2n—l+m 
| ek ale i= ~ - 
t 
x 


(201)mI(2n + m) 


-—1 
2Fi (nana m- m4? ;2n+m;1— *) fod = 


lee) y-l b 
PQa+ m)(a+ 3) (@)m 1 nn 
/ t 


ose 
22n—-11 (2a) come (2a) mT (2n + m) m! 


x 


1 
oF (na, at+m+nto—; 2n +m; 1— ;) f@dt. 
Since 
T(2 
POOP) pay, 
(20) m 
we have 


(a+=- yt )m()m 1 


2 


1 XxX 
Ce 


m! 


2n—1+m 
) : 


(1B Fu UB gs NONW=s5- » FOn+m) 


pro =1 a 
2F\(n-a, atm nth, 2n+m; ioe 


Now we show that 
(By )x BY BY pO) = f). 


Let 


It is obvious that 


M(x, x)=0, m= 1.2.35: 


“ft 


=) f (t)dt. 


2 


Let us find (By),M, applying formula (15.2.4) from [2] of the form 


d 
—[z°! 5 Fi (a, b; ¢; D) = (ce — Dz 2G, bye - 1; 


dz 


Z)s 


2 


XxX 
t2 }° 


x2 2n—1+m | 
Ma(s.= (1-75) 2Fy (n-ne mt m4 2S an 1-— 
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We obtain 


a) Fy 42 2n—1+m 
_ Y 
(By )xMn = x’ x Ox ( =) 


y-1 x 
aFi A— oO, +m +n+— —; dn +m; LF = 


2n+m—2 

214 x 

a oP oe Pcie 
(2n+m l) 2 ae (1 =) x 


y-l x? 
oF 0 OE ne ed ae — 


art 1g (x2\"F eer 
—(2n+m-—1) 7 aE) (1-5) x 


y-1 x 
2F a a ra : 


2 
Using formula (15.2.9) from [2] of the form 


d 
ne! — zt Fy (a, bc; = 


(c— 1)2°7(1 — 2)??? 4 @—-1,b-1:¢-1;2), 


we can find 
(By)xMn = 
2rvt! 1 2x x? Sn x? <2 
y-l ae 
2Fi (n= 1—a.aem tn 1425220 m— 21-5) = 


2 2 x2 2n+m—3 
(Qn+m—1)2Qn+m »(7) (: =) x 


y-l ra 
oF ale a eer al a aa | = 
2 2 

(2n +m — 1)Qn+m-— 2) (;) Mn-1- 


That gives 


2 
(By)xMn = (2n+m— 1)\Qn+m-— 2) (*) Mn-1. (9.10) 
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Applying (9.10) (n — 1) times, we obtain 


2(n—1) 
(By)? 1M, = (Qn -+m— 12n-+m —2)...2 +m) (2) M,= 


2(n—1) 
(2n +m — 1)Qn+m-— 2)...(2+m) (=) x 
2\ ltm 2 
x yt+1 
(1-5) 2Fi(I—a, Pir) 2+m;1— =)= 


T(Qn+m) (2\28-) 
Ton +2) (7) - 


wy y+ x 
1-—= 2F\ | 1l1—a,a +m+—;2+m;1-— }. 
t2 2 t2 
So 


(at) m(@)m 1 PQntm) 
T(2n+m) m! roe) 


1 
(By) BY 5! IBY, NW O=_ » 


b 
2(n—1 2\ lt+m 
(B,) 2" 2nd a x 
yee t t2 
x 


1 
oF eee amp 24m: 1-3) f@dt = 


1 (onan (Q)m 1 
ee, 


r(2+m)~ Mm! 
n=0 


b ae l+m 41 
(8): {(1- 5) Fi(1-a, w+ m+ 2+m; 1-5) soar 
x 


Applying formula (15.3.3) from [2] of the form 

F(a, b; ez) =(1—2)** °F(c—a,c—b; 32), 
we obtain 

2F (1 —a,a¢m4 FE, 24+m;1— *) = 


x2 oi l-y x2 
= 2Fi (a+tmt+1,l—a+ ——;24+m;1-— }. 
t2 2 t2 
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a 
Ox 
r) 
Ox 


= 


2 
2 


L 


m+1 
)ani( 


Y 


ON (4% a re ea ee x 
=> -=> a+m+1,l—a+———; m;l—-—). 
t? t? oe 2 t? 


Using formula (15.2.9) from [2] of the form 


1 2 
i-wadpe yi = 
2 ie 


d 
—[2° 1d =—z)*t? aK G, b; ez) = 


dz 


(=)? =p | Ae =1. b= hea hd, 


we obtain 


m+1 
2Fi( 


1 2 
(ow iwe oii = 
2 1? 


1 
: a2 m+ 


l—-y 


2 
2F\ ete, —— pepe — 
2 


(m+ 1) (- 


2 ( 


=)() 


2 


i 
=a 1 gon 
1—-—) x 


l-y a 
GH, Or aed : 


Returning to the series, we write 


(BY) (1B 2 (BS y_ f(y) (x)= 


[ee 


(at %>")\m(@)m 1 


>> 


m=0 


b 
(By)x / ( 


CO 


r(2+m) 


2 


m! 


2 


2\ lt+m 
x y+ x 
) 2F (1-aatm+?2t;24+m:1-%) f@dt= 


Fi (acne 


1 
pe 


m=0 


r(2+m) 


y+1. ; x 
ret a+m1-%) f(t)dt = 


= b 
(a+? )m(@m 1 1 ay a f(s)" 


m!xY 0x Ox 


2 
x 
2 
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1 (a+ ")m(o)m 1 
> mit mi” 


l-y < 
Fy BSI tare Bah f@dt= 


2 2 
~ (at in (Om 1 - 
et m! m! 
b 
me tY i a a+m, a f@)dt. 
x’ Ox t2 2 
x 


Applying formula (6.7.1.7) from [457] of the form 


pee kK Fi(atk, bic +k: x) = 2Fi(a,b+b'sc; x), 
k=0 MC) 


we sum up the row: 


a+%5! - 1 a.m _ 2 
ee nl Jin 1 x oF (a+m,—a+ Foon P= = 
i 72 2 a 


! m! 
m=0 


x2 
2F\ (a0: 1l,1- == 1. 
t 


So 


b 
1 a 
(By) BY 5 IBY, NONO=- Se | fd = 


1 
—x! f(x) = f(a). 
Xx 


It is similarly proved that (DBy at TC By at O))@) = f(x). O 


9.2 Fractional Bessel integral and derivatives on a 
semiaxis 


The fractional powers (B,,)*,a@ € R, in the case of a semiaxis were not studied in 
[555] as they require more delicate considerations and estimates when applied. But 
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they seem to be very important as in most applications boundary conditions for differ- 
ential equations are given exactly at zero or infinity. So we introduce fractional Bessel 
integrals and derivatives for these special values. 


9.2.1 Definitions 


Definition 47. Let a > 0. The right-sided fractional Bessel integral on a semiaxis 
B® for f (x)eC?#! (0, +00) is defined by the formula 


(By f(x) = IBY _ f)(x) = 


tf F EEE tai d 9.11 
aoa = Fi (at XS, a: 20: 3 fordy. OL) 


The left-sided fractional Bessel integral on a semiaxis By, 6 , for f (x)EeC PalHlQ 400) 
is defined by the formula 


(By o4 SA) = IBY 94 I) = 


l yyy y2-y? 2a—1 
l(a) | .) ( 2x ) 
0 


yal y 
oF, | a+—— 5 , a; 2a; 1— SO )dy. 


(9.12) 
Using (9.6), we can write 
—a Vt fo jeu pyys tae L fe. ¥ 
Bi NO= st | o ora cs 5 (5+2) | ror 


and 


Me 
2 


1 

it E (=+2) |rovgy. 
2 y x 

The expression of the fractional Bessel integrals through the Legendre functions is 
useful and is a simplification of the original definition, since the Gauss hypergeometric 
function depends on three parameters, and the Legendre function depends only on two 
parameters. 


(By 6, AQ) = se ae ra [ yy? (2) 


Definition 48. Let a > 0,n=[a]+ 1, feLi(a,b), LB, ee, IBY on FeCeO, oo). 
The right-sided and left-sided fractional Bessel dervaiives on bs ceniiavis of the 
Riemann-Liouville type for a 4 0, 1,1, ... are defined, respectively, by the equalities 


(By — f)(x) = (DBy_ f) (x) = By I By f)(x), n=[a)+1, (9.13) 
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and 

(Be 9, f(x) = (DBS g, f(x) = BRUIB’ f\@),  n=la]t+1. @.14) 
When a =n € N U {0}, then 

BNO B un. N@O=f@); 

(BAe = Ch. NG= 8) Fa), 


where By is an iterated Bessel operator (9.1). 


In [367] spaces adapted to work with operators of the form By o , and BY _,a ER, 
were introduced: 


d‘p 


Fr=|0 EC (0, 0) sie es € L?(0, o©) fork=0, 1, 2, a 1<p<o, 
x 


dé 
Fao={ EC™(0, 0): He —>Oasx >0+ andasx — oo fork= 0, 1, 2, a 
x 


and 
Fia= {pix “o@) e Fp}. 1<p<o™, wecC. 
We present here two theorems that are special cases of theorems from [367]. 
Theorem 114. Let a € R. For all p,p, and y > 0 such that ux —2m, 


vAZ—M—Im4+1, m=1, 2..., the operator By o+ is a continuous linear mapping from 


Fy, into Fp p20. If also 2a # pw — ; + 2m and y — 2a 4 ' a—2m+1, 
m = 1,2..., then By o+ is a homeomorphism from Fp, 4 onto Fy ,—2% with inverse 


—a 
By 04 


Theorem 115. Let a € R. For all p,j, and y > 0 such that u~L—2m + 1, 
v#5—M—2m, m=1,2..., the operator By _ is a continuous linear mapping from 
Fg,-p42a into Fg, where ; =1]-— a Tf also 2a A hw — ; +2m—landy+2a4 
pb ; + 2m, m =1,?2..., then By is a homeomorphism from Fg,—y+2a onto Fyn 


with inverse Bees 


Definition 49. Let n =[a] +1, f€L[0, 00), 1B? f, 1B" 44 feC2" (0, 00). 


The right-sided fractional Bessel derivatives on a semiaxis of Gerasimov—Caputo 
type fora > 0, a £0, 1, 2, ... is defined by the equality 
= n—-a 
(BY _ f)(x) = (IB BY fy(a). 


The left-sided fractional Bessel derivatives on a semiaxis of Gerasimov—Caputo type 
fora>0, a0, 1,2, ... is defined by the equality 


(Be os f(x) = (BY of BY f(x). 
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Here I Bee is the right-sided fractional Bessel integral (9.11) on a semiaxis, and 


IBY oy is the left-sided fractional Bessel integral (9.12) on a semiaxis. When a =n € 
NU {0}, then 


C.-C eDO=7e). 
BGC eG) = 8 Fe): 


where By is an iterated Bessel operator (9.1). 


9.2.2 Basic properties of fractional Bessel integrals on a semiaxis 


Lemma 32. For y = 0, f € L1(0, 00) the following formulas are valid: 
1 Cc 
BT” = 2 a \2a=1 dy= [2% 
(BENG) = To for Fondy = (2 AU) 
x 
and 
1 x 
= 2a-1 2 
(B58. NW) = so i (x — "1 fo)dy = RZ OO, 
0 
where I2” and ie are right-sided (2.25) and left-sided (2.26) fractional Bessel inte- 


grals on a semiaxis, respectively. 


Proof. Indeed, we have 


(Bo A) = 


00 7 
(SE) L nani, ) FoNa 
d— — 020 1 — 
T (2a) 2y — 2° eye 
x 


Cam 


1 i ay — 1 y? 
aaa I a, ) 2F| (o- 5.0520 1-3) f(y)dy. 
0 


Using the formula that is obtained from the integral representation of the Gauss hy- 
pergeometric function (1.34) 


1 x? 2y oa 
2Fi (a= 5.052011) =[ : 
2 y2 x+y 


we obtain provable formulas. 


and 
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Let us now consider the connection of fractional Bessel integrals By and By O4 
with corresponding fractional Saigo integrals (2.41) and (2.42). 


Lemma 33. Let f€L)(0, 00). The following equalities hold: 


=! ga yr-1 
BE NW= phe h(E FWD), (9.15) 
hoe Ol yol_y —a eS 
(B, 6, /)@) = ata (x2 f(/2)), (9.16) 


where J, 8: is the fractional Saigo integral (2.41) and pen is the fractional Saigo 
integral (2.42). Here y > 0, B, 6 are real numbers. 


Proof, Replacing the variable y? = t in the Bessel fractional integral on the semiaxis 
(9.11), we get 


(BF AG) = 


CO 
1 Lp an 
maray | 0-2 Me" oF (a+ 
7) 


2 
Lge “) fi/ndt. 


Comparing the resulting expression with (2.41), we obtain 


y = 2a, p= a, Y p= Qa ’ 1 = —aQ, 


Which gives (9.15). Similarly, we obtain (9.16). O 


We consider now the case when a = 1. 


Lemma 34. The following equalities hold: 


17 iy 
w.nw= 4 | +|(%) -1] foes, f(x)EL1(0, 00), 


1 
Beh.) = IE [1-( (2) "| Foe. f(x)€L1(0, 00). 


Proof. Applying the formula 


which is valid for the Gauss hypergeometric function, we obtain provable state- 
ments. [ 
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Lemma 35. Let g € Cc. (0,00), f(x) = By g(x), f(x)eL1(0 
: _ : ae 

lime) =0, tim.) =0, 
we have 

(By! By g)(x) = g(x). 
When 

lim g(x)=0, lim g’(x)=0, 

x—>0+ x—>0+ 

we have 


(By 04 By g)(x) = g(x). 
Proof. Let f (x) = Byg(x) = g8"(x) + ¥ g!(x). Then 


@ NWS, 2H0S 


17 x\lv y 
Sorte (=) =1 (s'0+%e'0) ay= 
yale y y 

1 7 x Iny ‘is is x l-y 
| J» (<) “1/8 ody +y | (=) 
y-l J y J y 


Twice integrating by parts the first term in (9.17), we obtain 


[o[G)" a] Pow 
1G) a] 
1G) "=e 


ee) 


ie =e? i: ye) dy. 


x 


y=00 


— (yx'"’y¥! — 1g(y) 


y=x 


Integrating by parts the second term in (9.17), we obtain 


Il" Jeo 


, 00). When 


| g'(y)dy 


(9.17) 


y=oo 2 
2 : (yx!-Yy?1 1p! (yay = 
y=x 
x 


y=0o0 
+ 


rx 
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y=00 


("= 


y=x 


1 CO 
/ y’9(y)dy. 
x. 


xv-l 


Then, obviously, when am | 8 O=9, Rue 8 '(x) = O leads to Ci By g)(x)=g(x). 
Similarly, when padi oe 0 and slim g ne 0, we have (Bye O4 By g)(x) = g(x). 


Lemma 36. Let f(x)€L (0, co). Fractional Bessel integrals on the semiaxis are re- 
lated by the equality 


[ee 


J rem, Seevenra’de = f g(oy(By% Ay(arx”de. (9.18) 


0 


Proof. Let us consider (By o4/)(*) using its kernel representation as a Legendre 
function: 


J room 98) (x)x" dx = 


2y\a—4 5 pz l1/x y : 

oe frees fee y’) (=)*P ¥ = E € + *) Jeonay= 
r(a+3) P _17y\% t-afl f(x y 
OF Foon for z (2)’ Pz E (=+ 2) | Frew” ar= 

0 y 
T(at+ a CS Y 
PO+Y) Fryyras fee (=) 5(=+ | renae= 

y 2 2\y x 
0 y 


T(2a) 
l/x y 
Pa) “Aa +) |fordr= 


r(a+4) ra 7 ae 

ao | senna f oad (2)% PE 
0 x 

[o,e) 


/ g(x)(B® fy(x)x"dx. 


0 


This proves the lemma. O 


9.2.3 Factorization 


Following [555] and [367] we present the following results. 
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Let Re(2n + “) +2>1/p and f € Fy,,. For Rea > 0, we define 1;’° f by the 
formula 


2 


iy f= wey 


x 
poem kG ey ie aida: (9.19) 
0 
Let Re (2n — yp) > —1/p and f € F,,,. For Rea > 0, we define i Cae by the 
formula 


2 "fae — x20 1 yl -2040) FW) du. (9.20) 
T'(a) 


Ke" f@Q= 


The definitions are extended to Rea < 0 by means of the formulas 


1 d 

I f=(ntat+ ge pe oo (9.21) 
and 

1 d 

Ky" faMtayKy f—SKy ne (9.22) 

Theorem 116. The following factorizations of (9.11) and (9.12) are valid: 
l-y 

Bo far eK Ko Tw (9.23) 

and 
Z x\20 yo. 

(Br A@=(5) L7H F@), (9.24) 

where 
> foe) 
KE" Fa) = fw = 22a Fada, 


K,?“f@)= a / (u? = 2°) TW f (udu, 


BY f@)= am ae / (x? =u?) lu f (w)du, 
0 
ses Fas a fo —u?)*"uY f (udu. 


0 
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Proof. We have 


Boe f — god KP Oe 20 — 


q1-2a ly y 
rey | Neti 


ae 2 a1. y—2 f 2 %e-1 

T2(a) + fo = yr “dy —y uf udu = 
x y 

92-20 


Fay? i] uf (udu / (u? — YT? — x2 Ny? dy, 


x 


For the inner integral we have 
for- ay" Ge = 9 ay 


12 ae Joel 2a—1 -1 : 
Ta) (w? e) Dalen ica a (e+ E :2a;1-= ) 


2 T(«+3) 


21- —2a Q1- 40 eV (ee) gist 
x 
~ T2(@) r (a + 5) 


[oe 
2-1 =| 2 
[(e-2) gag oF (wa4+% 52a; 1 v3) ftusdu = 
u 


and 


ioe) 
q1-2a0 
Ta) 

x 


oo = 
1 / ue — x2 a F ya 
T(2a) Qu sss 
x 


This coincides with formula (9.23). 
Now we proof (9.24). We have 


Bro, NG) = 


2\ 2a-1 
/@ (CH) on(etG 
7 at 


2a-1 —1 2 
(w? — a) ul—22, Fy («. a+ y 5 ; 2a; 1 =) f(u)du= 
u 


— 2a; 1-5) f(u)du. 


! ,a; 2a; 1 — ) fudu = 
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y-l y 
pat as Pall Mee = 
q1-2a 5.20 y-l 


y 
faye a Hy eee 
0 


22- 20 y. 2a 


Tow? gov tl- Dice yy 1 yy’ va Jot uw)?" uf (u)du = 


92-20 


ay | uf (udu | QP uy? = ye Ty dy: 
0 u 


Let us find 


Jor u?)*1 (x? — y?)* Ty dy = (y= t} = 


so wy 1? —t)*— 1-0 — 


r 2a-1 1— 2 
vi mm (2? uw?) ane sae 2F\ (« + 5) ut ,a; 2a; 1— =) . 
207 (a+ 3) 


Using the formula 


2F\ (a,b; c;z)=(1—z) 7 2Fy («. c—b;c¢; =) , 
z 


we obtain 


i eee 
Fy {at 


and 
fo = Teo) vail 6 “ea = yr yeo ty? dy = JaT (a) x 
‘ 2207 (« + 4) 


2-1 2\-e 7 2 
(x? - u?) eke dae (5) 2F\ (2. ays ;2a;1 a ) = 
u 


2 x2 
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r 2a-1 =| 
whit oo (x? uw?) u¥ 1779 5 Fy (2.0 + is > 2a; 1 2 ) : 
207 (a+ 5) 


Finally, 


2(1—2a) 
2 ‘ Jt xl-y—2a y, 
rr (a + 3) 


x 
20-1 a | 
[ (@-) ? wahi(at , a; 200; 1-5) fondu. 
0 


(Bo8, AG) = 


Applying the duplication formula (1.7), we obtain 
1—2e@ 


P(2a) 


Xx 
2a—1 a 
ae wrhi(ar? 
0) 
1 x 2 ap 2a—1 
aan | ( 2x ) 
0 


which gives (9.24). The proof is complete. O 


1l—y—2a 


Xx x 


Bt AG) = 


: , a; 2a; 1-5) peau = 


uU\Y y-1 u2 
(=) 27 (a+ ot; 2a; 1 — S) flupdu, 
x 2 


9.2.4 Fractional Bessel integrals on semiaxes of elementary and 
special functions 


Statement 22. Let f(x) =x", x > 0, mR. Then the integrals B,* and B 0+ Of 
the power function are defined by the formulas 


-1 
—a Mm 2a+m 5-20 a an GB a 7 
By x =x 2 T y= = , mt+2at+y <1, 
2°? 2 
digs 3 mty+l m4 
Bot x = y2a+m 9-20 pp ) 2 ; 
y,0+ a+ m 441, at miytt 


Proof. We have 


y =x 2a—1 west x2 
Bo“ x F; ,a; 2a; 1—-— ) y"dy= 
aa = ran! 8 -) : i(a+ aaa sx) ? 
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1 


2a—1 
aif ) ane 
21 
a ses 


0 


1 as _3 
, a; 2a; 1—t | (xt72)"xt~2dt= 


2 +m 
2207 (20) 
0 


-1 
ee ee (a+4 va 205 10) ar, 


Using the following formula (2.21.1.11) from [457], p. 265, 


z 


jane —x)° 15 («. b;c; 1— *) dx = 
z 


0 

ete Ip C, HM, c-a—b+up 
c-—at+hn, c—b+u : 

z>0, Rec>0, Re(c—a—b+ ym) >0, 


we have 


m y-l 
a maa ae an a 


i a a a a | >0 
and 
Bot x= aoe r| 2a, a ae i ” > — 
ue Vera) | Ee — 
2arm g-2a r 2 ; yo ie x . 
ee ae =a 


4 —a ms 
Now let us consider By 4x 


= 2 
,a; 2a; 1 — 5) y"dy= 
x 


y? 2a—1 y 
an [0 "(CS “) 2Fi (a+ 


1 
an y=xt2, dy = =xt~ Ddt y=0,t=0,y=x,t=H= 
x 2 


ral x t) 2a—1 ie 
Tae | al Go ) en («+ 


1 m 
,a; 20; 1— ) xt? dt= 
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x2atm 


2247 (2a) 
0 


miyrt 


a4 
a oat ee tari (a+ va 2a; 10) ar, 


Using the following formula (2.21.1.11) from [457], p. 265, 


Zz 
[ore =x)" aFi (e. c1l- *) dx = 
z 


0 

= 7¢th—-Ip Cc, Lb, c-a—b+u 
c-—at+h, c—b+u , 

z>0, Rec>0, Re(c—a—b+ ym) >0, 


we have 

m+yt+l1 y-l 

z=l, = ——— ,a=a+ — ,b=a, 
i 2 2 
m 

fete a6 Eb ae 
yet he Zar . 2a, me may _ 
y0t* “BerQe) | at%+i, a+ mt 


mty+l ma 
2atm Q72e p 2 , 2 F ; Ol 
at %+1, g+ 


Corollary 20. The operator ote By, © is of the so-called Dzhrbashyan—Gelfond- 
Leontiev type (see [252,494]) when . +2a+y <1. This means that it acts on power 
series by the rule 


aa (> ac = > c(a, bac! ‘ 
k=0 


k=0 


‘ a—k Weed aap a 
c(a,k) =2°>° T ie a 21, a, ER. 
2 2 


Corollary 21. The operator = BES 
type: 


yO is also of Dzhrbashyan—Gelfond—Leontiev 


Bote are, (Soa = (Ya. 


k=0 
m+y+l 


—2a 2 yl 1 
d(a,k)=2 I . » aQeR. 
( ) m 1, m+y+l k 
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Statement 23. Let f(x) = ky-1 (x&))(x), defined by (1.21), x > 0, y > 0. Then the 
= 
integral (Bye J)(x) is defined by the formula 


(By keys (XE))() = kya (28). 


Proof. Using the factorization (9.23), we get 


l ey y2—x? 2a—1 ps I 2 
Bo =S —— — = F a 2 in aa 
(By f@) aan | ( By ) 2 i(« +1 5 2os fe 3) Foydy= 
x 
=Y. 
2 KS ae eT a 


92(2-a) ~ “ 
ae why fara eytwr du fe ey swat. 
a 
C u 


Applying formula (2.16.3.7) from [456] of the form 


pe —a?)P'K ,(cx)dx = 2?-'a*"cPP(B)K p4.g (ac), 


where a,c, B > 0 and K, is the modified Bessel function of the second kind (1.17), 


we obtain 


(By 2 kya (X8))(X) = 


921-a) 
lo foe ae ly mae fe Ww)" thy (t8)dt = 


r2(a) ~ 
wel yt+l 
92(1-a) 227 =) Poll, 
l-y ae-tgeaf earl 7 “VKy1_(ub)du= 
x 


XxX 
(a) er 
-1 


a*rr (44) 
aia a een eel V) g—2a yy is Ky- y-1 (48) = 


5 


é 
arr (4) 
gM a Ry 8) = 8 hey (28). 
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9.3 Integral transforms of fractional powers of Bessel 
operators 


An integral transform maps the original space into or onto the image space. Usually 
difficult operations in the original space are converted into simple operations in the 
image space. For example, the Fourier transform converts a derivative of order into 
multiplication by the power 7 of the variable with some constant. This is the reason 
why the Fourier transform is beneficial to use for solution to differential equations. 
Since the Hankel transform applied to a Bessel operator of order n gives multipli- 
cation of a Hankel image of a function by the power 2n of the variable with some 
constant, this transform is used instead of the Fourier transform when a differential 
equation with Bessel operator is solved. The action of the Hankel transform on frac- 
tional Bessel derivatives of order a on semiaxes has the next property: it does not 
involve multiplication by some power in the dual variable under the Hankel transform 
(see Theorem 119). In this section we collect some integral transforms which can be 
used to solve differential equations with fractional Bessel derivatives on semiaxes. 


9.3.1. The Mellin transform 


Using formula (2.21.1.11) from [457], p. 265, of the form 


[-ie-or hn (0 cjl- *) dx = 
Zz 


0 


cta—1 Cc a, c-a—b+a 
= Aes ue c—b+a [F >) 
z>0, Rec>0, Re(c—a—b+a)>0, 


we prove the following theorems. 


Theorem 117. Let a > 0. Mellin transforms of I By _ and IBY o4 are 


MIB _ f(s) = 3 r| |rewto (0.26) 


wheres >y—1,1B7 f € P?, 


yostl 1 


1 S 
MIB) o,f (8) = zal ee = f*Qe+), (9.27) 


where IBY yi f € P?, 2a+s <2. 
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Proof. Let us start from the definitions 


(oe) 


(IBY _ f)()) ‘y= fas _ pods = 


(oe) +00 20-1 
1 s-l y?—x? ‘ ye 
x’ dx 2Fif{at+ 
l(a) 2y 
0 x 


lee) y 
—l1 x? 
2 a) 2, 2yto= 1, pe Y wie 1 lag 
rows | 70% y) s! ey aFipee 5 ee yx yas 


1 a 
,a; 2a; 1— — | f(y)dy 
y 


Using (9.25), let us find the inner integral for s > y — 1: 


x 


a | 2 
fo’ = x7)9 | oF; (« + Ee gs 2a; 1 — =) xo ldx = 
2 y2 


0 

4a+s—2 -l 

yee fa. ge! 

2 a+5—4-, +s 
We obtain 
1 5 ie 2a+s—1 
(IBY _ f(xy)" ()= maP ae a [son “dy = 
eg eS 


1 s s_ youl 

——T 2? 2 2 *(2 : 

22a pas a+ 5 peers) 
Similarly, we have 


CO 


(BE Ner(s)= fx (Bo, @)ax = 


[oe x 
l Oo 0: 2a-—1 
footac f (2) aie x 
I (2a) x 2x 
0 0 


yi y? 
oF are a; 2a; In55 fO)dy= 


1 if : yea =a 
tx f ros av { (5) ( Dx ) 
0 y 


-] 2 
2F\ at — ae x®—!dx. 
2 x2 
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Let us find the inner integral: 


[o.@) 

1\’ (x2=y?2\"*! y-l i gt 
IG) ( 7x ) Fi (att , a; 20; 1-35) dx = 
y 


= 
z= 
ot 


j 2a—-1 =] 
gta f g7-2e-(—12y2) oF («+2 , a; 20; 1-1°y?) a= ty =2) = 
0 


1 
, 2a—1 —1 
Qh ae ee tf sa * (1-2) Fi (aS ,a; 2a; 1-2) dz= 
0 


s—l 


—1 
o (iO) eal oF, (a 2a; I-s) ds. 


| 
wl — 
Rg 
i) 
g 
2 
— 
ny 
me 
Sey 


Using (9.25), for 2a + 5 < 2 we get 


1 
oo —l 
Le 2 *—a =<" 2F\ (ata 2a; 1-s) ds = 


mere 2a, ¥ = a, 1 ; a 


22a _ 5, yostt 
and 
—a x 1 vest a 1 s Qa i 2a+s—1 
(B64, AGN = zF| Fs ey / fy2tldy = 
2° 2 
0 


1 vst _a, 1-S-a 
x" | i s yet f*Qa+s). 
—§, et 


This completes the proof. O 


In order to obtain formulas for Mellin transform of fractional Bessel derivatives on 
semiaxes we should proof the next statement. 
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Lemma 37. Let By f € P?. Then forn €N 


—s  lesty 
MB f(s) =2"T iss ! 2 Fe . f*(s —2n). (9.28) 
—3 oo 


Proof. Using formulas for Mellin transform from [94], we obtain 
‘ 1 
Mfi(s)=A-y)M f(s —1), M~fs=Miss—D, 


1 
M- f(s) =(M f(t —1)6)=2-s)M f(s —2), 


Mf"(s) = (2-5) —s)M f(s — 2), 
MB, f(s)=(2-—s)\U—s)f*(s —2) + y2—s)f*(s -2= 
(2—s)\1—st+y)f*(s—2). 


So 
MBy f)(s)=(2—s)\1—st+y)f*(s — 2). (9.29) 
Applying formula (9.29) n times, we obtain 


MB; f(s) =(2-—s)4-s)...Qn-—s)\1—-st+ty)G-—s+y)...x 
(Q2n-1—s+y)f*(s —2n). 


Since 
KY KY Ss 
(2-s)(4—s)..2n—s)=2" (1 5) (2 =) (n 5)= 
n pens 
a *) _2T (n+l 5) 
and 
d-s+y)G-s+y)...Qn—-l-s+y)= 
nfi-sty l-s+y l-s+y a 
zien ecto Cece 
l=st+ 
w (Loser) _ vr ( Sst +n) 
2 ‘ r(¥) 
we have 


MB 7) =2" 


r(n+1—$)r (5% +n) 
S 
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2,18 l—s+y 
ver 7) hee ]ronae. 


This completes the proof. O 


Theorem 118. Let a > 0, n =[a] + 1. Mellin transforms of DB _ and DB, 04 are 


s s_ ycl 
moB,_s0)=2r| re ee ]re-20 (9.30) 
2 2% ge 
wheres —2n>y—1, IB, “fe P?, and 
1 ta, 2-2 ag 
MDB¥ 4, f(s) =2°T 72 : Fut” | f—20), 9.31) 
2? 2 


where 2a —2n+s <2, IBY y. fe P. 


Proof. Applying (9.26) and (9.28), we obtain 
a aaa = ((By By * f (x))"(s) = 


—_s ls 
ar ig 2 a carl ((1B"— f (x))*(s — 2n) = 
2 


2 
k l-s+y s Ss yul 
2 n+1-% +n > —n, > —n— 
mel Ea ||, ats FPF [rea 
(9.32) 


Using the formula 


rd-2T@= > zEéZ, 


in the numerator, we obtain 
Ss Ss IT (-1)” 
P(ita-=)r(o-n)= - 
2 2 sin(> —n)x — sin(5)2 
1- _ 1 
r ey r et ee — 
2 2 
1- 1- 
ry{l ae n)- a +n)= 
2 2 


1 (- 1)" 


sin(3tv +n)1 ging ore SHY ay” 
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So 


(—1)"x 7 (“*) 
=(-1)"T ; 
r (5) sin(I=stv \x 2, 


(-1)"x ae. 
Tr (1 — §)sin($)z = CG) 


Substituting the obtained expressions in (9.32), we obtain (9.30). 
Similarly, using (9.27) and (9.28) we have 


(DBS y, fy(a))*(s) = (BRIBY Ge f ())*(5) = 


92np ea 5 atv +n 


(IBY 9 f(x)" (8 — 2n) = 


l—s+ 
1-3 Eye 
(elo. 2h aa (ate. 2 '2y 
oer *. ee, r : ne) f*(s —2a)= 
1-5 2 L>oe8; oy oe 


a iy ee 
2? 2 


1—s y—-stl f*(s — 2a). 


9.3.2. The Hankel transform 


Theorem 119. Let BO, f, By, * fELt (Ry). Then 


F/UB 4, fl) = 67 fo f )|cos(arr) jt (G1) —sin(ar) yy 0) |1%dr, 


(9.33) 
where 4a —2 < y <4— 2a and 
Fy [(Bl% fle) =§- / jy C8) fOr dt, (9.34) 
‘| 2 
where 
y-l 
27 Pia 
jy (&)=—} ) ae 
2 (We) 2 2 


‘ae 


1 _< (-1)" té 
Jia C8) = x (F 


P@tn+pr(% +a+n 
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Proof. Using the factorization formula (9.24) and denoting g(x) = Fs *” F(x), we ob- 
tain 


(Bo, PIE " ft @E) (BE%, A @)x" dx = 
0 


CO 
1 
Qa jvcr x€) Ip? 19 fx) dx = 
2: 
0 
foe) 
1 roa 20+ 
wa f dvgs 8) 17 gx dx = 
0 


1 [o,e) 
mina | 3 pao [oe —u?)*"!u” g(u)du= 


2 


= feed f 02 12) jy 8) xa. 
0 u 


Let us consider the inner integral: 


CO 


| (x? = WY" jy (XE) dx = 


fo wy Ty (xg) x!- > dx. 


Using formula (2.12.4.17) from [456] of the form 


[o@) 
ee —a?)P~! 7, (ex)dx = 28-1a?- Pc PTB) J,_g(ac), 
a 


a,c,B>0, (2B — p) < 3/2, 


we obtain for 4a — y < 2 


fee yaa iF dpe es eo "T@) Jy 1_,(ué) 


u 
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and 


ye (== 
27 () 


F/[(Br3, fe) = ——>—* fe VE a us) gwdu = 
0 


2 -ap () [eve] 
yl = 
A fy (ub i 2 — 2)" yf )dy = 
P(g + : 
2 -ap (4 vt) 00 ee) 
a 2 20-1, Ya i 
ii yf (y)dy | ue — yy u Jy-1_,, (us )du. 
Vj = . 
Let us calculate the inner integral using formula (2.12.4.17) from [456] of the form 
(oe) 
jer wae)! Jp (ex)dx = 


2P-haP tc PY (B)[cos( Bx) Jp4p (ac) — sin(Bx)¥p+p(ac)l, 
a,c, B>0, (26 + p) <3/2. 


We obtain 
[o@) 
1 
/ (w= yyy we \du = 
2 


2°-ly'P ET (@)[cos(aar) Jy-1 (Ey) — sin(ar)¥y-1 (Ey)] 
for 2a + y <4 and 


F/B, 9, NOE) = 
27 (4) ra y+! 
aie [°° fonteostan) te (Sy) — sin(ox)¥y-1 Ey) dy = 
7 0 


go 2a / tO [costax) jv. (1) — sin(a)yy-1 | 1’ dt. 
0 


So (9.33) is proved. 
Now let us consider (9.34). Let g(x) = x ao f(x). Using the factoriza- 
tion (9.23), we obtain 


F,[(Be% fy) = 2% [i just (x8) x" K, 
0 


ue 2 


K3"" x?" f (x)dx = 


Fractional powers of Bessel operators 415 


iS) 


qe fi pate? “Aiir2 
0 


ioe 
— / vai (X&) xdx / (u? — x7)*!uY~* e(u)du = 
0 Xi 


u 


lo) 
—__ } g(u)u’—*"du / jraG@biae =27 7" “nde 
T'(a) x" 
0 0 
Using formula (2.12.4.7) from [456] of the form 
a 
_ 2 21-pqgb-p 
iE Pig? — x7)? TJ etexide = “CBF (py Pt BN B-0(A0); 
0 


a>O0, Re > 0, 


we obtain for the inner integral 


i (uv? = x7) jy (x8) nde = 


sp 
. re) 2\a-1 j=! 
7 [oe x7)* Fy (XE) x Zz dx= 
0 


er 

T@) x : yt) 
2r(@+l)- pra(te th 2’ 4/)° 

So 
1 ii 1 we 
FB! NO = sae f(t _— 3 ) etuu”du= 
0 

1 , 1 ure 

zrex | iF (1 Se me ) Ku" panda = 


1-—2a 2g 
raresn| (' aed ve a r) wafer u2)*—| tf (t)dt= 


21- —2a 2 i . pat we 
T@retb) rarern | vou fe aD: (ies. ee aE) wd. 
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Using Wolfram Mathematica, we obtain 
; 1 2¢2 
fe ae eee Sides 
2 4 
0 


2 ) 2a+y—1 ved. ce 
er hee a 
y+l eee 2 4 


and 


F,U(B>% fylé) = 


T ytl 12 y) 
1 
( j[roreran(s aieee Ear 
20P (y+ IT (a+ ut). 2 4 


Since 


2 4 


yt+!\> (=1)" 1g) 
rat yr (a+ 5 pp ( ) 


rao P@+n +P (a+ 4+ +n) 2 


1 t2&2 
(i atat2et, Te) W 


and the Wright function through which the Hankel transform of B® f is expressed 
in [515] is given by 


y-l 
7p > ely oes 
Tyo, 


P@tn+br (4 +a+n) 2 
we obtain 
CB) a Pa 
meee nie= Te Pa fro 7 Jy (06) = 
i jy (t&) f(t de. 
ze 
0 


Thus, (9.34) is proved. 


Since Fy [(By f)(E) = (—1)"€?" FL FI), we obtain for By ort B® _ fel’ (R,) 


(Be 4, NONE) = F/UBRB YY”? PIE) = 


yo y,0+ 
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(—1)"" Fy LB, 9? FONE) = 
(-1)"6 i P(t) [eos((n — a7) jy-1 G1) — sin((n — a) yy EN) | "dr, 
0 


=[a]+1, 4(n-—a)-2<y <4-—2(n—-a) 
and 


F/((B2_ fy) = F/B By "™ faye) = 
(-1)"6"" Fy [By Fay) = 


(-1)"é gm fj ji, (té) f (t)t" dt, n=[a]+1. 
yt nN—-a 
0 


9.3.3 The Meijer transform 


The integral Meijer transform (1.58) plays the same role for the left-sided Bessel frac- 
tional derivative at a semiaxis as the Laplace transform (1.54) plays for the left-sided 
Riemann—Liouville fractional derivative at a semiaxis (compare (2.43) and (9.35)). 


Theorem 120. Let a > 0. The Meijer transform of By 0 04 for proper functions is 
Kyl(Byo4 A@)NE) = Ky f (€). (9.35) 


Proof. Let g(x) = is *” f(x). Then using the factorization (9.24), we obtain 


ee) 


Ky UB, 04 NGNE) = 4 v5 8) (By 04 f)(x)x" dx = 
0 


CO 

I v5! 

we | Fe GE) Lt fax dee 
0 


1 a 2a+y 
a Kyat (x) I, g(x)x dx= 
0 


=e [ke tesyeas fo? wy tw" genidu = 
0 0 


seal fe ecndu f 02 12) ys 8) xe. 
0 


u 
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Let us consider the inner integral. Using formula (2.16.3.7) from [456] of the form 


[sce -a)" Kk lenas = OP gh e PT (BK pup (ac), a,c,B>O0, 


(9.36) 


fo = WP) Nk ya (XE) x dx = 


27 rs 
= 
41) , v=! fo w)°" Kya (xe) x!" dx = 
r (oe a ? 
l-y 
a a—l ue a 
/y41\ vel 2 7 P@)Kya_ UE) 


and 


KB $. NONE) = a a _ fu HE Kya, (ua) (wdu = 
0 


r( car 
3-y ee) u 
22° % Word oy 2 2\a—-1 
se u 2 “Ky ib US du (u“ —t°)” tf (dt = 
rar (Eye | | 
3-y ee) ee) 
22% i Pept lay 
ir tf(t)dt | (ue —t°)* uu 2 Kya_,(us)du. 
r@r (4) ett J 


Using again (9.36), we can write 


(oe) 


(u2 — 22)° ye K d =2¢-!1 yt ap K 
vel _(us) u= tz & “T(@) v51 (15) 


t 


and 


Soe en ee 
0) 
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[o.@) 
ef fk teat =e MK f a 
z 
0 
Lemma 38. Let n € N and let the Meijer transform of By f exist. Then for0 <y <1 
Ky [By FIG) = &" Ky Lf E)— 


l-y i 
2k—-1-y pn—k ny) ; 2k-2,y 4 -pn—k 
Se Y BY* FO+) - — eo x” [By f@O) 


yt+l 
k=1 arr (4+) 7 


(9.37) 
fory=1 
Ky [By FE) = 6 "Ky LPG) — DET” BYE FO4)+ 
k=1 
Noe es 
pe og *Inxé [By f(x)I, (9.38) 


and forl|<y 
Ky [BY f\é) = 8" Ky LAE) 


yet 1- Y Be EROS 


k=1 


Geko 
Sg oe 1x [By FO), 0.39) 


where 
Br FO+) = Jim, BET: 


Proof. Let us find K,, [B;, FIG): 
i 


KBE) = f ka ce lBE fool’ dr = 
0 


i iE) ea BY F(@|dx 


oO 


pei x8)2” — [By 'f(x)] 


x=0 a 


“ofr de a W(x8) I BY! f(x] dx 
0 


peu (x8)2x — [By £2] a 


+( fh ue) | Bee FON 
x=0 
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[2 kegs ee BI" Fe” dx = yea 88)8” SABE FG) + 
x=0 

0 

® f kya @E)LBY! fx” dx =... 

0 


(7 hs «e)) [B"—! f(x)] 
ax ~s a 


aa 
x=0 


n—-1 


Ye( wee 


k=0 


= 8" f ky, yt (@E) fx” dx+ 
0 


kyu (x8) [By Fa) has va (x8) 07 — [By a) 


x=0 


Let 0 < y < 1. Then using (1.27), we obtain 


ee a 


I-y¥. 
Jim, ky vei (8) x” — z [By Ik F(x)] = EG). lim xY “pple ey), 
ov ree pet dx 


For y = | using (1.28) we obtain 
lim. koe) “Bt! f(y} = — tim nxgé 2 pB"—!-* f(xy) 
x04 dx ” x 0+ dx : 


When | < y using (1.26) we obtain 


d 1 d 
Jim, ky 51 @E) x” — [By I-k Fy) = as lim. xg 1 = [ee * Fa, 
Next we have 
d ea ie a 
7 y-1 (x€) = — Ky+i (x€), 
xD ry 2 
and using (1.18) for small x 
2x +13 
2 y+l  3-y 
ky NE aaa OF to 7 § 2 Kyi (x6) ~ 
r() 
= +1 
az yt a T() et I-y 
a GE ee we) =-é x>0+. 
r (4) ae 


Therefore, 


d 
im, (v4 ky (sé)) [Br-'* f(xy} = —81-” BEI £04), 
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and forO<y <1 


n—1 
Ky LB? fME) = 6" Ky LE) — Yo ert” BEI FO4)— 


k=0 


r (5%) = d 
es —l-k _ 
wT (4) i= sé takers dx [B, f@)I ~ 
k= 


E"K,LFIE) — 3 eo a 0) 


k=1 
r(s*) d 
l 2k—2 Pei eaae [Be —k 
wT (+) ig Ds dx FO), 
fory=1 
Ky LB? WE) = EK, Lf1E) — Derk TY BE FOF) 4 


k=1 
fg pe nx“ [8 F(x)], 
and for 1 <y 
Ky LB" fe) = 
eK LF) - Set Bek (Op) 


k=1 


lim ae ae ae — [By K F(x)]. Oo 


—1 eS 


Remark 19. Let n € N, let Bn f(xy] be bounded, let the Meijer transform of 
By f exist, and let y # 1. Then 


Ky LB" FG) = 6", L1G) — > e717 Be £04). (9.40) 
k=1 
If ZLB" f(x)] ~ x?, B > 0, when x > 0+, then (9.40) holds for y = 1. 


Remark 20. Since kt (x) =e *. we have 


Kol fIE) = LIFE), 
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where L[ f | is a Laplace transform of f. It is well known that 


LUA ME) = EP LIFE) — EF O) — f'O). 


From the other side, 


= Dee [Bo Fx) = f(x), 


y=0 y=0,n=1 


and 


Kol Bo fl) = Lf" (€) = &’KoL f1E) — Ef O) — f’O) = LIFE). 
The same situation holds for Ko[Bg f\(). 


Theorem 121. Let n = [a]+ 1 for fractional a and n= «a for a € N and let the 
Meijer transform of the left-sided fractional Bessel derivatives on a semiaxis of the 
Riemann-—Liouville type BY 0 , f exist. Then 

for0<y<l 


Ky BY 4 FE) = 8K, LAME) — DEY BY, FO4)— 


k=l 
r(= ae 
= ON y “ pa-k 
wr (%) ace a ae By ott), (9.41) 
fory=1 
yLBy o4 Ff) (§)= 


EK ine) De BSG or fO+) + lim Degas se. 


(9.42) 
and for 1 <y 
BY 0+ SIE) = 
E“Ky Lf rie) ee BES LOH — I lim Ba : 5 Bor LS), 
(9.43) 
where 


By of O+) = lin lim oBrort (x). 
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Proof. Using (9.40) and (9.35) for 0 < y < 1, we obtain 
Ky [By 04 SIG) = Ky [By BY ot N@NE) = 


£10 [(1B” AO) j= ye 1— Y Be Be Ol -~9- 


k=1 


(= 5t) 
anya [By “By A= 


e*KyL fe) oe TY By oy f O+4)— 


7 4y am ener egies 


where we put 


jim oer. aio = BY 0. f+). 


Similarly, we get (9.45) and (9.43). C 


Theorem 122. Let n = [a]+ 1 for fractional a andn =a for a € N and let the Meijer 
transform of the left-sided fractional Bessel derivatives on a semiaxis of Gerasimov— 
Caputo type Bort exist. Then 


for0<y<l 


n-1 


Ky [Be 94 FUE) = EK LAE) — > 60-1” BE FO+)— 


k=0 


l-y 


n—1 
Ky [Be 94 FE) =F KLE) — > gE” BE FO4)4+ 
k=0 
n—1 


lim ee 7 Ine “1B fa] (9.45) 


ee 
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and forl|<y 


n-1 
Ky [Be 94 FE) = EK, LAE) — D678” BE FOF) 
k=0 
n—-1 


—— lim ye ees ry <[B 7 @k (9.46) 


—1 eOtS 
where 
By oe FO+)= lim, Byoy fF). 
Proof. Using (9.35) and (9.40) for 0 < y < 1, we obtain 
Ky [BY 04 AME) = Ky LU BY 94 By A A)E) = gan k [BY FE) = 


ey llGy= pe Be FOr) 


k=l 
ne) 1 2a-2n+2k—2,.y © d [Bn 
ar (4 my a dx FO= 


n—-1 


E77 LAME) — gy BE FOF) 


k=0 


r(tex 
SG) *) lim ee B25 “BE FGI, 


where we put 
im By or FO) = By. o,f OH). 
Similarly, for y = 1 we have 
Ky [BS 94. FE) = Kyl TB 5% BY fxd) = 622-2" Ky LB? FE) = 


ae Lf) _ D5 ge ant 2k ley Br—k F(O4+)+ 


k=1 
1 2a—2n+2k—2 I [Br = 
lig. nxgt mu ge) 


n—-1 


BA Ky LAME) — EE BY FO) + 


k=0) 
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n—-1 


lim ae In xé “(Bk FOO] 


seas 


and for y > 1 
By, FUE) = Ky LB BY A) E) = 8", [BY FE) = 


n-1 


EY LFME) — > gE Y BY FOL) 


k=0 


—— lim is Bee ee “(Bk f(s) a 


—1 x>0+ 4 


Remark 21. Let k € N, let + (BE f (x)] be bounded, let the Meijer transform of 
BY orf exist, and let y # 1. Then 


n—1 


Ky [Be 94 FIG) = EK, LF) — D> E7871 7 BE £04). (9.47) 


k=0 


If £ (BE f (x)] ~ x8, B > 0, when x — 0+, then (9.47) holds for y = 1. 


9.3.4 Generalized Whittaker transform 


Theorem 123. The generalized Whittaker transform of B. 0 , for proper functions is 


yt yal 
(w, YI ai) G=C(.a, px ™ (w, in vf) (x), 
where 
a a 
Sage. 7 pr ( ae p) 
2207 (G ) r (A ) 
4 p a p 


Proof. We have 


y-l rs = 242 

Wager w= aoe fares W. yi (x7t?)dt x 

Req Oe T (2a) pe 

0 
t 
9, 2 2a—1 2 

VP (ay on ee ee = 

[@) ( x ) F(a 5a Dat | ">) Foddy = 


- ye) 
seas | fovvay [7 —2a+1 , + (12 — y2)29-1 x 
(04 
0 
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= 2 
W. yi (021?) oF (« 4 201 =) dt. 
PF 2 t 


Using the formula 
2F\(a,b;c;2)= Ud —2z) 42h («. c—b;c; =) : 
Z 
we obtain 


y-l y? y 1—y—2a y-1 2 
F — .,a;2a;1- => =(*) F —.,a;2a;1- — 
2 i(a+ 5) a; 2a 7) ; oaFyla+ 5) a; 2a 2 


and 


= [o,@) [o,e) 
Xx 


= : ich 2 ; 
mana | fo! medy ft Ze? (t27—y*)e1x 
0 


y 


Ww 222) 0K ae eee 
pie oar a+ 5 , a; 20; ee t. 


Let us consider the inner integral. We have 


(a aL a 2,2 pol r 

tre 2 (ti — yy) OW y-1(x*t) 2 Fy (at ,a;2a;1—-— )dt= 
p. 2 y? 

y 

{?? >t, y*=p}= 
CO 

1 pol ay 20-1 t 

~|,/t 4 2e2 (t-p) W y-1(x*t)eF, (at ,a;2a;1—— })dt 

2 or p 


Using formula (2.21.8.2) from [457] of the form 


(Ga a a W e ceeen lape i a 
Pp p, DL I 74, b, Pp 
Pp 
Pia a r (c) r (4 p) r (Ect! p) ap 
a r (atiget! _ p) r (=! _ p) p 


3 
p, Rec > 0,Re(c + 2p) < 1 — |Re(a — b)|; larga| < = 
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we obtain 
—1 —1 
a=at+7—, b=a,c=2a, 0 =x’, 20-420 <1- [2] 


and 


y-1 t 
_1 (x? t)oF, | a+ ——,a;2a;1-——)dt= 
2 Pp 


1 ptt? P Qa)r (4 a ; r (= Pe p) we 

2 x2a r (4 -p)r (St -p) p+a, 
1 yar Pr Qa)T (e a p) r av a p) aye 
2 x20 r a p) r (= p) p+a, 


ey 
—2a yet a : 


A(y, a, p)x 


where 


Aly, a, p) = 5 


1 P@ayr (4 a p)r (3 a p) 
v 


Then 
ie 


yp 2a 
Aly, a, P)sta-TGay FG) | fy tet W,, $o,tgi ry dy = 


2-2 
Cty, a, px / FOG) Ee EW, 4 vay? dy = 


yo 
Cy, a, p)x~ (w., af) (x), 
“Fa 
where 
rie —a-p)T (35% -a~») 
Cy, a, p) = . O 
ae) ia, 
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9.4 Further properties of fractional powers of Bessel 
operators 


9.4.1. Resolvent for the right-sided fractional Bessel integral on a 
semiaxis 


We consider resolvents for integral operators at the standard setting (cf. [266]). For 
any linear operator A on some Banach space ®, let us consider the equation 


(A-ADg=f, AEC, fige®, (9.48) 


and its solution as resolvent operator due to the well-known formula from [266] 
-1 -1 1 1 a. 
g=Rif=(A-AD f=-@I-Ay' fa=->(1-54) f= 


ee ae 1 1 [2 A* 
-- (54) foot (5 rf). (9.49) 


k=1 


Note that if integral representations are known for all powers A‘, then an integral 
representation for the resolvent readily follows from (9.48), of course if the series 
are convergent. In this way it is possible to get resolvent operators for the Riemann— 
Liouville fractional integrals, known as the Hille-Tamarkin formula [494] (in fact first 
proved by M. M. Dzhrbashyan in [98]), and also for the Erdélyi—Kober fractional in- 
tegrals, but we omit it here. 


Theorem 124. For a resolvent operator of (B,,—), the following formula is valid: 


1 1 ya 
a f=—rt—z f r0( ) ay feta —9°"x 
x 0 


2y 


-1 
an ae 1/110 —)G? —22\" 
1-{1l-—J]t E dt, 
( ( ) ) ee at y2 = (y2 = x?) ) 


with the Wright or generalized (multi-index) Mittag-Leffler function 


oo k 

& 
E ties =5 9.50 
(1/pi).(ui) 2) og PH + k/p1).--P (in + k/ Pm) ee 


(cf. [252}). 


Proof. Let us consider 
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» 1 vin yax si 
(B 20 = Fam | ( 7 ) : 


y-l x? 
2Fi (a+ , a; 2a; 1— — | f(y)dy. 
2 y?2 


Using the group property or index law, we have 


429 


Gif ss 67. 


Then from (9.49) we obtain 


1 i | 1 ee= 1 
Rf=—zf (Sra) = f (> 


x a \ 24 kT Qak * 
k=1 k=1 e 
+00 er 
y2—x2 2ak—1 vai x2 
oF (ak + ,ak; 2ak;1— — } f(y)dy J= 
2y 2 y? 
Xx 
“+90 oo 2ak—1 
1 1 1 ae 
a d 
cr [ t >| artan ( ) e 
J = 


2y 
y-l1 x? 
Fi ak + ——, ak; 2ak; 1 — — ; 
2 y 


Using the integral representation for the hypergeometric function for c —a —b > 0, 


1 
ee Pr) b-1/q _ ,yc—b-17 __ 45)-a 
Fabien = poo ft (1—1t) (1 —tz)~“ dt, 
0 


we obtain 


x 


ig — 2ak—1 
4. cae (aia 
ea) SO en | 2y ) 
x Oo’ 


x2 —ak—¥>* 
eae (1- (1-5) 7 dt={k=p+l= 


+00 1 a 
-f- f ford 1> oe 
—-f-- x 

RJ OOS Le PHT a(p + D) LO 2y 
x (0) = 


2 —a(pt+1)—%>+ i 1 
Pe Layer (1 - (: - “) ) dt=——f—-— 
‘ 
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+90 2a—1 1 ==>! 

ee 2 2 
fro? 5 : ) ay f tao t(1- (1-5) ) x 

y yy: 

x 0 
00 2_ 12, 2p 2 —ap 

1 = 
» +12 ( = ) t°P (1 — t)%? (1 (1 . )r) dt = 
sao Pe). 4 7 

2a—1 1 < -a—¥51 
) @f0-(-5)) > 
0 


+00 
xf fo) = 
a? 2 BON By 
x 


a ee 1 Heel 
oad ee a 2 Tarap) Re Pa Goa dt. (9.51) 


The function in (9.51) is a special case of the Wright generalized hypergeometric 
function defined above as (9.50). So it follows that 


as 1 1 (1td —1)G2—x2)?\7]" _ 
D Tarap) iG; woe) 7 


1 (1td —DG? —x?)?\* 
Ea,«),(a,0) x\4 y2 _ (y2 = x2)t ’ 


and we finally derive 


N 


2a—1 


+00 1 
1 1 y? — x? wed et 
at=-st-3 f £0( By ) ay ft (l—1)*"x 
x 0 


1 
a ee 1/7 =)G2=2VrVy" 
1-{1l-—]t E dt. 
( ( ) ) sans at y? = (y2 = x?) ) 


9.4.2 The generalized Taylor formula with powers of Bessel 
operators 


Many applications of the Riemann—Liouville fractional integrals are based on the fact 
that they are remainder terms in the Taylor formula. Such formulas exist also with 
powers of Bessel operators — they are the so-called Taylor—Delsarte series (cf. [83, 
317] and especially [139]). But in the Taylor—Delsarte series not a function itself is 
expanded but its generalized translation; these series are in fact just operator versions 
of Bessel function series. But for application to numerical partial differential equation 
solutions, we need the classical form of the Taylor formula f(x + t) = f(x)+..., as 
only with this formula we may calculate partial differential equation solutions layer 
by layer. Such formulas are much harder to prove. With the abovementioned moti- 
vation as a tool for solving singular partial differential equations numerically, a first 
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attempt to construct the generalized Taylor formula with Bessel operators was made in 
[225,227]. But these results were rather vague as neither coefficients nor the integral 
remainder term were found explicitly: For coefficients the recurrent system of equa- 
tions was found and the remainder term was evaluated as a multi-term composition 
of simple integral operators. The solution to the problem of finding the generalized 
Taylor formula with Bessel operators in the explicit form was found in [268] (cf. also 
(234,527,531]). Of course it is based on explicit forms for fractional powers of Bessel 
operators. 


Theorem 125. The following generalized Taylor formula is valid for proper functions: 


k 2_ 42.9) 2 
1 b* —x*\ 2i-2 y-l1 x 
= Fili j—1;2i—1;1 
F@) >| rama 2b ) s i(i+ BE x) * 


i=1 


ep ee alia? passe. 
i ,i;2i;1- — } x 
> Tiy\” 2b aI 2 be? 


war'pu| + By, (Bf). 


Theorem 126. The following generalized Taylor formula is valid for proper functions: 


k 2_ 2.94 2 
1 x* —a*\2i-27a y-1 a 
=) Fy{it ,f;2i-151 
F@) fre - rl 2x ) (>) 2 i( 2, sad <) = 


i=1 


2 


xz —a 2i-1 
i. 


i-1 
GC, dle 0 a 


hi (i4 


| ee a See = 
, i; 2i; 1-5) a (Ox C,, Dif + BrbalC$D. 


B-potentials theory 


10.1 


Definitions of hyperbolic B-potentials, absolute 


convergence, and boundedness 


The theory of fractional powers of elliptic operators with Bessel operator 


d 


BR=p?+"p, p= 
x dx 


acting instead of all or some second derivatives in A is well developed (see [174,206, 


207,343-347,35 1-353,501-504,506,507,511]). 


Fractional powers of hyperbolic operators, with Bessel operators instead of all or 
some second derivatives, are much less studied. Such operators have wide areas of 
application, such as singular differential equations, differential geometry, and random 


walks. 
In this chapter we study real powers of 


a2 


y = By, — By —...— By, 


2 
Ox; 


By == + 


vi 0 


; i=l,...,n. 
Xj OX; 


The composition method (see [229,230,234,523]) was used for the construction of 


(ly 2 a@>0, 


10.1.1 Negative fractional powers of the hyperbolic expression 


with Bessel operators 


We consider fractional powers of the hyperbolic expression with Bessel operators 


y = B,, — By - 


Yn? Yi 


in Sey and is We will call negative real powers of 


Definition 50. Hyperbolic B-potentials Ij, 
formulas 


ti0,y 


nettle 


a = a 
Upsioy T= a ay F 


+ 


where y' = (Y2,- Yn)» V1 = ¥2 ++ + Ye 


.—B B,, = —~ + 


vi oO 


: i=l,... 
Xj OX; 


N, 


y hyperbolic B-potentials. 


fora>n-+ |y| —2 are defined by 


a-n—ly| = y 
[ersio, OTA y"dy,  y?=T] v7, 
i=l 


(10.1) 
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mr (43) r(g) 
Any (@) _ ee 


= +lyl-a)\ * 
Qn ar(? r ) 


For0<a<n+|y|-—2 hyperbolic B-potentials Ip, are defined as 


ti0,y 


(Co pose, a). j@= 


pas / % 
42 l+ly lis 


a+2k—n—-|y| 


Gy (C2, 7 “CL pay ay, (10.2) 


Any (@ + 2k) 


‘a 
_ | atlyi- 
where k= | 4 “|. 


It is well known (see for example [242]) that generalized convolution of weighted 
generalized functions and a regular function is a regular function. 

Using the property of weighted generalized functions (P id), (see [505]) we can 
rewrite (10.1) as 


prolyl 


e 
Tee: = —__. 
( P+i0,y f)() Hn» (@) 


| re—n—lvl (yy TY f(x)’ dy+ 
Kt 


a—n 


ot Sat feat MOT puy’dy , (10.3) 
= 


where 
K* ={x:x eR: P(x) = 0}, K” ={x:x €R{: P(x) <0}, 
ry) = PQ) = yy? — 93 - . — 92 


Function r(y) is a Lorentz distance and K* is a part of a light cone. 
Introducing the notations 


(Up, f(a) = / ro IVl(y) (TY f(x) y" dy, (10.4) 
Kt 
Us f(x) = | Iron" -MCT? Pay" ay, (10.5) 
2. 
we can write 
gett lin eee 
UP si0,y N@ = re [78,.y @) +en 2 Uy Ne)| : 


(10.6) 
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Remark 22. Let y’ = (y2,..., yn), || =./y3 + +2, (y= ya" .Yn". For n> 


3, we have 
18, fay = f vay : (2 = [yr Py" ay’, 
0 {ly’l<y1}* 
(10.7) 
Ut fe) = / yt'dy, i (ly P— 92) Pe PO" ay’, 
0 {ly’l>y1}* 
(10.8) 


where {|y’'| < yi}? ={y ER4: ly'| < yi}, {ly > ni}? ={y ERY: Ly’ > yi}. 
For n= 2, we have 


CO 


Up, Arao= fv on fo — 3) 


0 


OT! Pyayy?dyr, 


(Ip. _peor= fat an fo3 - yi)" SHOT Nwy?dyr. 
oi 


Passing to the spherical coordinates y’ = po in (10.7) and (10.8), we obtain 


Up, , f(a) = (SP — Dlyx 


(oe) YI 

a—n—|y| ne i 
i yi'dy1 i Of- py pM MMT MY) Lf Ga,x do, (10.9) 
0 0 


U$_, f@) =|Sf@— Dlyx 


(oe) foe) 
a—n-ly| nN ’ 
il yt'dy / (ory) pM TY MY Lf Or1.x Ido, (10.10) 


where 


/ 1 / / 
(MY Lf, x)] = ————— / VTP F (x1,x")o' dS 
[S}@—Dly 
Sf(n-D 


is the weighted spherical mean (3.183). 
If f(x) = g(x1) G(x’), then (10.9) and (10.10) have forms 
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8, ISTO Diy x 


| ('T2')fe@a)ly!' dy | (MY) AGO)? = 2) p"*”'2dp, 
(10.11) 
C8 DORIS O—Dlyx 
if (722 )ip@ly/'dy1 / (MY) GMp? = 93) ptr", 
0 YI 
(10.12) 


10.1.2 Absolute convergence and boundedness 


Theorem 127. Let f € Sey anda >n + |y| — 2. Then integrals (15, ;0 wld (x) con- 
verge absolutely for x € R’. 


Proof. Let us prove absolute convergence of each term in (10.3). Passing in (10.3) to 
spherical coordinates y=po, p=|y|, o’=(02, ..., On), we obtain 


r2—"lVl (yy (VT? f) (x) y” dy = 


[o.@) 
/ peldp ; (02 — |o' 2) “FTP? Po AS, 
0 {Sf(n),lo"|<o1} 


where 


{Sf (n), lo’ <o1}={o’ ERY! : 07 +\o'? =1, |o’| < oi}. 
Using the formula ’T} f (x)= ’T) f(y) and the inequality YT? f(x) < lt | f(x)| 
+ 
(see [317], p. 124) and considering that f € Sey, we get 


| ra—nlrl yy Ty f(xy’ dy] < 


Kt 


on a-l 
c [| 4 / (oe — 
- Oper 


Sf (n),lo"|<or 


o’dS <@, 


fora >n+|y|— 2. Similarly, (10.5) converges absolutely for a>n+|y|—2. So for 
a>n+|y|—2 integrals (3 f)(x) converge absolutely. 


+i0,y 


Corollary 22. The integral in (10.2) also converges absolutely. 
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We present here the Marcinkiewicz interpolation theorem in the following form 
(see [25]). 


Thetremd EAE pes aeseede 2) dias seh ae a 


iit a — 5: Ufa linear operator A has simultaneously weak types (p\,q\)y and 
(pa, 4 Qn)y. t hen an operator A has a strong type (p,q) and 


IAF llay < MIIfllpy- (10.13) 
where a constant M = M(y,T,k, P1, p2, 91,42) and does not depend on f and A. 


Theorem 129. Letn + |y|—2<a<n+ly|,l<p< melyl For the estimate 
eso fllay S Cry.pllfllpy> F(X) € Sey (10.14) 


“Joey . (n+ly)pP 
to be valid, it is necessary and sufficient that q = aly lap" Constant Cy,y,p does not 
depend on f. 


arly 


Proof. Necessity. Letn+|y|—2<a<n+|y|, let l<p< , and let for some 


q the inequality 


I bsioy flay < Cry pllfllpy> F(X) € Sey (10.15) 


hold. 
We show that inequality (10.15) is valid only for q= ee Let us obtain the 
required inequality for each term in the representation (10.6). 


Let us consider the extension operator Ts: (ts f)(x) = f (6x), 6 > 0. We have 


1 


P P 


lcs flay = / fP(6x)x"dx | =] oa"! / f? (y)y" dy 


RM RY 


Therefore, 


_atly| 
ts fllpy=6 ? Ilfllpy- (10.16) 


For Up, yf), we obtain 


a—n—|y| , 
Gf al= | bi-yg—- yl?) OTs f(y" dy = 
Kt 
7.9 24 cone 
zee) f Dinos aml FT yay, 
- (xy)’— 


XI+Y1 XntYn n 
f (62) | | ile? — i — yi)? + ys)? — 27) F Naz = 
i=1 


Ix1—yil |Xn—Yn| 
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{6z=s} = 
=n-ly| S(xj+y1) — b(Xn+Yn) 
a by—y3—---— yp)? oy’dy 5 
on Mew | — oar i ie ij f(s)d"x 
Kt Slxi—yi| 8 Xn —Ynl 


my 
“si | ($7 2 2_ sf \t° = 
T15 | gz — @ - 90°] [Git 0? - 5 ds = 
i=l 


7 nes eS a=n-ly| y 
ee oC | DO anh es 
Kt 


(xy)v-1 
Sxity)  SQntYn) i 
Yi 
f(s) [ silts? — 8° Gi — yi?) 6? i + yi)? — 87)]? ds = 


dlxi—yil tan il 
{Sy =t}= 
- 2 2 FasL A 
§22—2lv192n—Iv1C( ) 6etly| “Tt; —t =.=] 2 6” ae 
i 2 b"-lvl(xt)v—! 
K 


bx1+t bxXn ttn 


n 
Yi _ 
f(s) [ silts? — (xi — :)°) (x; + 4)? — 57)]2 "ds = 
|6x1—t| |8xXn—th| rl 


lv bxi+h bxXn ttn 


2_ 42 21> 
saz) f ly 7h) 2 tMdt 
Kt 


f(s)x 


|6x1—t1| |6xXn—tn| 


blvl—n¢(xtyv—! 


sil(s? — (8x; — ;)2)((8x; + 4)? — 82)? "ds = 
i=l 


a—n-ly| 


6-8 fot ron -#-...-17] 


Kt 


dt =8 “tsp, ,, f(x). 


Then 


CB, y f(x) = 8% ts UB, tf). (10.17) 


Next, we have 


es 8, =| fs 108, , PaNx’ax | = 
a 
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qd 
a—-n-ly| x x 
[ot-3-- a" eT} penay) wax] =(F=1)= 
Ri \Kt 
n+ly| 
Se |p, fly. 
Hence, 
Ay y _ ge 4 y 101 
lig teat? «rl. (10.18) 
Using (10.16)-(10.18), we get 
FE oA Navas lee Te setae = 
ntly| nt+ly| 
fr US eet lave Cee! © lef llag= 
atly|_ attyt| 
Cage ele 
or 
we n+lyl_ mtHlyl 4 o 
Tp, yf OD lq.y <Cny,p 4 4 P HF COlIp.y- (10.19) 


If Hy = mY + oy > Oor mle - mY + oy < 0, then passing to the limit at 5 > 0 or 
at 6 — oo in (10.19) accordingly we obtain that for all functions f € Le the equality 


IS, flay =O 


holds, which is wrong. That means that inequality (10.19) is possible only if 


atly| _— atly| on; _— Mtly)p 
z ae +a=0, 1.e., for a= 5 yan 


Sufficiency. Let x’ = (x2, ...,Xn), |x| =, [x2 +...4+22, (x!)Y" = it Without 
loss of generality, we will assume that f(x)=0 and || f||p,y=1. 
Let 0 < 6 < 1. We consider the operators 


. Necessity is proved. 


U2 sf) = / rel (VUES f)(y)y"dy 


dy7=ly’? 
and 
U8 sf@) = / ro—M-INl yy PT (yyy dy. 
yp sdly’|? 
Let jz be some fixed real number. We introduce the notations 


G3, ={y eR: dy7 = ly’?, OS 1 <u}, 
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GE, ={ye Rt: byf Sly’? w< yu, 


ring) ye! 
+ = pL? 
Ko 5(y) | 0 ye RY \ G® 


5p? 
per yy, YeCr, 
epee - 
K250=| 0 yeR'\G%,, 


Hy, ={y RL: pS 4ly’?, ly <a), 


HS, =(y eR: yp <dly’?, w< ly}, 


7 re—n-l7l(y) ye roe ; 
Mp5) = 0 R"\ H? 
VE * \ 30? 
: ro—"lvl(_y) ye HS, 
Myo,5(Y) = | 0 ye R" \ H& 
nat Jy" 


In these notations we have 


(Ib, yf) = (Kos * Ay + Kb5* \y: (10.20) 
Up_y sfx) = (MG 5 * fy + (M3 * Ay: (10.21) 


To apply Marcinkiewicz’s theorem, we should prove that the operators J Py v8 have 


weak types (p1, 91), and (p2, q2)y, where p1, q1, p2, g2 are such that ; = i + = 
1 


ia i + a 0 <t <1. Inorder to do this we will be interested in the estimate of 


sup A(wy (IB, 3 fd)? = 


0<A<oo 


sup A (mes, {x ER 1G a OIE 2}) 


0<A<oo 


Considering (10.20) and (10.21) it is enough to estimate 


mesy{x €R4: |(Kg.5 * f)yl >A}, 
mesy {x €R4: (Ko. 5* Ayl >A}, 


mes,{x €R’: (Mg. 5 * yl >A}, 


mes, {x €R’: (M35 * Pyl > At 


and then to apply the inequality 


mes, {x € R4: |A| > A}+ mes, {x € R41: |B| >A}. 


mes, {x ER: |A+B|>A}< 


To estimate the generalized convolution, we will use Young’s inequality (3.178). 
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We have 
a—n-ly| 
IKgullr= J Kiyoor"ey= [ of-- = r ydy= 
G3 a 
u 
Yq — 
y, ay Oy — ly’? eS 
0 ly/?-<dy? 
-1 
fo af a-tP 
|z'/?<6 
w 
pore he a- 
0 |z/|2<1 
e Bie ‘dz! = Cra ae, 
"<1 
p(s?) iW r(“p 
where CF ny = =2'" oe (Ge does not depend on 4. Therefore, 
PEae tees Orme (10.22) 
+ Y 
and Kos eL}. 
Now let us consider Mo 3: We have 
a a lv| 
Misliny =f Mésor»"ay = as Ya) y’dy = 
Ri HY 
[ova fw -2p yan = 01 =p 21 eR) 
ly’Isu ye<dly’|? 
Aes , a—n—ly| 
ly'|Su zi<6 


Digs / a SE Edy’, 


ly’|Su 
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a—n—ly| P 
where Di. ny = fa- 2 Ace y rat dz, does not depend on 6. Going over to spher- 
isl 


ical coordinates y’ = po, we obtain 


bw 
a 2 1 
IMgslluy Samy f ot dp = De iit ’ 
0 


where D3,,,=5 f oY dS. 
Sf(n-D 
Now we estimate the norm K ak s- Let us take p’ such that ; + 7 = |. First we 
consider 1K3,,sll py . Let p# 1 (ie., p’ #4 co). Then 


1/p' 
Ke slive= [ixisoor y” dy = 
Ri 
1/p’ 
Ily| 
/ QT-lyPy = Py’dy| = 
Cen 
1/p' 
[o,@) 
[> tdy1 i; GF -b’P PCy) ay! ={y =yiz,7 ERY = 
id ly’? <dyz 
ie) 1/p' 
px nlp tatlyl-l gy, / (= |e?) et ey ag! Z 
u |z'? <6 
vitl 1/p’ 
i=2 anny (@-n—|y|)p'+atly|-1 
1-46) 2 d = 
arr (HIE) ) iE oe 
mn 
2 a=n=ly| _ tir! 
Cony l= 9) woe?@, 
n ai 
—n 7 
2" TTT (4) 
C2 J i=2 
a.n,y,p L/p’ n+ly/|+1 : 
(ntly|—a) p!—n—|y[)/PT (= 
Here we take into account that a—n—|y|<0, p’=>5), p < rll and gas. 


Then 
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IKE sllpy SConypd-8) > wo 1, =-+7=1, (10.23) 


and hence Res € Ly p<. 
Passing to the limit as p’ > oo in (10.23), we obtain 


a—n—| 
(Ke slep eel atl) 2 ee (10.24) 


atly’| n 
emia TY r (4) 
_ i=2 
a,n,y,l_ ntly/|+1 
ap (etly’+1 
any (tb, ) 


Let us estimate the norm ILM, sllp.y . Let p’ be such that . + a =landp1l 
(i.e., p’ £00). Then 


1/p! 
[Mealy = feo y’ dy = 
Ry 
1/p' 


1/p' 
, = a—n-ly| 
/ (y')” dy’ / (ly’P—y2) 2 yay, = 
uS\y’| y?<ély’/? 
{v1 =ly'lzi,z1€ RY} = 
1/p! 
, ! a—n— ! | 
f vicrremnoyay fa-b aa! 


wSly’] z7<5 


1/p' 


/ iy ee +y+1 (y’)” dy’ 


wy’ | 


yl 


2 
De ny (1 —6 — 
Going over to spherical coordinates y’ = po, we obtain 


le) 1/p’ 


| peas = 
im 


a a a-n-ly| 


[Mz slliy < Don, —-87) 2 


any 


2 =ly| _atlyl 
Di, (1-8) > wf 
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Here we take into account that w—n—|y|<0, p’=>5), p < ml and q= wee 
Then 
4 ae aa — tly! 1 1 
Moa sllp.y S Deny,p(l — 8) 4, -+—7=1, (10.25) 
PP 
and hence ME; € Liv p' <o. 
Passing to the limit as p’ > oo in (10.25), we obtain 
6 a- as ear _atiy| 
IIMz gllooy < Deny — 8) q. (10.26) 
So we have 
n+lyl i 
( Salle ys Cu 4, l<p <o, 
and 
a+ly| ; 
alee sGu oer 1l<p' <om. 


Then applying (3.179) we can write 


n+ly| n+|y|—a _ atly! 
+ - 
d—64 2 00.8 * Pylloo,y < A—- 4 a w,dllp.y S Cu Z 
and 
+ atlyl 
( Cee ulleg= 00.5 !|p.y <Cu 4 


n+ly| 


If we choose jz such that Cu — A, then 


n+|y|—a 


mesy{x €R4: (1-4) 2 (Ky 3* Ayl>Ab= 
and 


atlyl= 
mes,{x € Ri: d—6 “5 


5 * Dyl > A= 
Considering (10.20) and (10.21) and applying Young’s inequality (3.178), we obtain 
el 


mes, {x €R 
mesy {x € Ri: (1-6 mtiplee 
R 


2 Genz 
oy * Dy l > At 
(1-8)? (Ki, 5% Ayl> A= 
(Ko, * yl > Abs 


Ly Ki. x 
nly a IC 0,5 Pulling _ 
AP ~ 


mes,{x €R’: 


mes, {x € R41: (1 — 8) 


(l=2) 
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nly 
(1-8) 2 PUKE ll? FB, 
< 
rP 7 
n+ly|-—a@ 
(Ch py)? A= 8) EP Pe 
nP 7 
Th cn ntlyl— a | 
c7(1—6) a 
Similarly, 
n |-a@ 1 
mes, {x €R" : (1— (it) sa 


It was shown that the operators [5 _ v5 have a weak type (p, g),, where p and g are 


related by the equality g = be Let 0 <t<l, n=, Pi [!. ml), The 


a n+ly| (n+ly)P1 
operators Tp, 8 have a weak type (1, ee): and a weak type (p1. Ear ae 
Then by Marcinkiewicz’s theorem, Theorem 128, the operators [ Pi) yb 3 have a atione 


type ( D, nee) and the inequality 


ntlyl a nrlyl a 


|. — 3) Cb, ys f Olly <M — 8) IF llp.y 
is true. So 
ow n+ ty 
Np, ys AP Ollay MIF lpr. izpe » at|y|—2<a<n+ly|. 
(10.27) 
Since f(x) => 0, for 0 < 6) <d2 <...< dm <... < 1 we have 
Ct OS UR pe OS EUs og PO Sn 
Due to the fact that 
lim UB, sf) = UB, y AYO), 
passing to the limit as 6 — 1| in (10.27), we obtain 
ow n+ly| 
NUP, y DOldy < MIIFIlp.y- eS area n+|y|—2<a<n+ly|. 


The theorem is proved. 


We will define further operators />, ,, on functions i as continuations of opera- 
tors (10.1) with preservation of boundediess If integral ( 10.1) converges absolutely 
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for f € L’,, then these continuations are representable as 


party’ 


n— 


a e _. aenly| 
Upsio,y DO) = ree (P +i0), Z 
oa 


n 
(TX f)@)y’dy, y’=| [y? 
i=l 


Next we show how hyperbolic B-potentials are connected with the operator ( 
KEN. 


es 
Theorem 130. Jf f € Sey, n+|y|—2 <a, andk EN, then 
( ae vere f = Ipsioy So (10.28) 
n 
where L,=By,— >» By, 
i=2 


Proof. Using representation (10.1) and the property ” Hi (By, )x; = (By,;) ul i (see 
formula (1.8.3) from [242]), we obtain 


OC, as AG = 


ti0,y 
k a+2k—n-|y| 
y) fe + 10), 2 


n 
Ry 


_ ! 
‘=a =} peery | ily im 


lam 


ie wee 7 _ 
Any (@ + 2k) ( Ty f(x)y dy 


n-i+ly’|. 
ex 2. 8 


a+2k—n-y| 
—— a vq? ke(p+ig), 2 V dy. 
Hy.y (@ + 2k) ( ee Pe ey Fy)y"dy 
R” 


+ 


For function (P 4 


t j 0); the following equality is true (see [505]): 


—n-ly| 
a+2k—n-ly| r srl +k 41) p 4k a—n—|y| 
(C,)(P+i0), 2 =2 ( — oe ip +0); re 
== 
r(meei+r) PC) 
(10.29) 
Since 


~n-ly! 
l(t eke) r(g+e) 


1 
P(e) PG Fay @F WW ~ May 


using (10.29) we obtain 


OO, Ue Lio, H) = 


B-potentials theory 447 


n—I+ly’| - 
>? 


("RP kin, = ) FON" dy = UBas0y DO 


ae 


Any (a) 


The proof is complete. 


10.1.3 Semigroup properties 
Theorem 131. /f f € Sey, n+|y|-—2 <a, andk EN, then 


Ik OES = Maroy f (10.30 


where O,=By,— > By, and x?" ae ( vw tao HO mH k= iS Tage 
t=2 

Proof. Using formula (1.8.3) from [242] of the form % Tz" (By,)x, = (By xi Te, we 

get 


4n= nately’ ig 


. a+2k—n—-ly| ‘ 
(82% NO =—— a5 my, pl (Pi), 2 PTOENey"dy= 
n—I+ly’|. 
Sfp tid, * [GMO Ne] yay = 
Yaya 2) PO . ee 


nt nately’ ig 


ex a+2k—n-|y| 
7 (P+i0), 2. x 
Yn,y Yn.y (a +2) + 2) 


0- S60) ip ba yx 


i=2 


NS 
> 


‘709 y’dy= 


analtly’|. 
ee Le 


a+2k—n—|y 


(P£i0), 7? [(By)y, THO, £09] y’dy— 


Yn,y (@ + 2) 
R” 


+ 


ne nately" ig 


e- ot 2k aly ig? pai . 
Vn, Yn,y@ +2) 4 ve +10), [By Ty¢ yx foo] y dy. 


(10.31) 


Integrating by parts at j = 1, ...,7, we obtain 


[o,@) 
ee ee yy k-1 Yi dys = 
(P +i0), (By;)y; | °TxOy)x f$@) | yy dy = 
0 


448 


Transmutations, Singular 


and Fractional Differential Equations 


(oe) 
; a+2k—n-|y| 0 Yj 0 
(P £10), E By s—’Tr Oy) ‘fay; = 
0 
a+2k—n—ly| a , 0 ) 
=(P+i0), 7?  ,dv=—y!—’T{O,)'fe@dy;}= 
{« (P £10), v= 5M gy TO Feds; 
at2k-n-ly| . g = 
(P£i0), 7 yi TNO) 'F@) - 
1 Yj yj=0 
CO 
O ppeg 9 yp k-1 k-1 k-1 Aya 
y! ay; cre i0)y ay; x ( yx ( yx ( yx f(x) oe oe 
(4 J 
eg +2k—n-Wl Tg 
; _ wtk=n=ly| k-1 
- [ge +£i10)y E a, yx fo] dyj= 
0 
a) a+2k—n—|y | 0 
y 0 a a ) 
{Ha} el? iy 2 ig oe a 
; P) ; a+2k—n—|y| , ms 
-y}) lace? +i0)y : ba me "f (x) as 
“Tr 9 9 +$2k—n=ly| 
- i . - 
Ee By) | + i0), Ty f(x)dyj = 
0 
CO 
. a+2k—n-|y| y k-1 Yj 
[ene +0), pm yx S(x)y;'dy;. 
0 
Returning to (10.31), we obtain 
Gains ye = 
ee faye ein ena, 'pay’d 
—————— 7 xl 5 Xx . 
Yn,y (a + 2k) a : ae ade 
R” 


+ 
Consistently applying these actions k times, we get 


lly. 
pncttly'l iy 


2k 
ti0,y 


Gs 


K A@)=- Cae 


Yn, yeas). [ 


Ri 


Now applying (10.29) we obtain the required statement, 


2k 
+i0,y 


Up 


(Gl = Ute Ne. 


+2—. 
Li0), 2 


aneealrl 
™ ete peoray 
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By virtue of the density Sey in ioe equalities (10.28) and (10.30) are valid for 


functions from i forl<p< arly 


y 
for f € Ly. 


when integrals 5, 


Lioy f converge absolutely 


10.1.4 Examples 


Example 1. Let n=3, y,=2, a=4, |y"|=y2+v3<1, f ~)=xfe fy (x", b), |b|=1, 
xeR3. We have 


Ip, gue “IG b)= 


: oe) 

= vitl\_(1-lr'l), -y (279 ) y8 

yr e )r ( ; iy: b) fem Te! Jy ay yjidyi = 
i=2 0 


5-3 v+1 1-ly'|\ CQv2, _, 
HE) S2) Bsc 


CO 
feo (sin(xy + y1) — (x1 + y1) cos(xy + y1)) ypdy1— 
0 
foe) 
‘ie (sin(|x1 — yil) — |x1 — yilcos(\x1 — yi) yedy1 | = 


0 


at Lye 1 6 etl 
Ir wit1\ p (lol jy (sb) WOSISE Df 564, x? 
aay 2 2 4/1 Xi 


ay (ntl) (1-Iv' ‘a 
4 Te _3 i = A : a 
Ip_yXye it b= 2 | [r( 5 )r( 5 Jiro fe Yi 
0 


i=2 


’ . 3 : , = 1 4 
(G: Ji yons?) cos a+ (2m y(n} ) sin aa in) sid = 


=the S29 BE eno 


[o.@) 

[e ~Yy3 (sinQxy + y1) — rr + y1) cos(xy + y1) — sin(lxy — yi |)+ 
0 

|x; — yy| cos(|x1 — y1|)) dyi+ 


and 


P [o-e) 
(1+ 2 
sin ( pl) a fe 13 (cos(xy + y1) + (a1 + yi) sine) + y)— 
0 
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cos(|x1 — yil) — [x1 — yi | sin(jx1 — vibdyr) = 
Pe of l-ly'l\ 1 
rie r= —_ jr (x'sb 
I] (22 )r( SF) Feive'ins 

3 : 6 —e 7! 
(cos ( wv) =( mee 12 —6x, 3) 

2 xX] 

; (2) ma) 
6sin TA ‘ 

2 xX] 


Considering that 


i=2 
A3,y (4) = 7 ; 
r( ivi 
2 
we obtain 
4 2,-X1% / 
Ip+id,y*1e “Ny (x ,b) _ 
4 24ly’| « 
al aly +1, 
4 2°-XxX1% / aa mi 74 2,-x1% / 
—— | 15 ,xyje “jG, b) +et 2 Ty ,xye jy’, b) | = 
Py.y*] , P_y*1 , 
Hsy(4) | Pe” : J ” 
4 tly’. c 
eo 2 6(cos x, — e*!) 


iyi: »( 12 — 6x, —x?-+ 
IT 


(ttl! 
Asin ( oa ) 
, : / —p*l 
ora (cos (? “ly 1) x (Seen e*!) ‘28%, 4) 
xX] 


(") =) 
6sin It: = 
2 X{ 


e-"1(6— 64 + 1112 +116 + m1) 
4x 


X] 


jr’: b) 


10.2 Method of approximative inverse operators applied 
to inversion of the hyperbolic B-potentials 


10.2.1 Method of approximative inverse operators 


Here we describe one approach for inverting potential type operators, based on the 
idea of approximative inverse operators developed in [426,492]. 

The problem to invert a convolution operator Af =a «* f reduces to multiplication 
of some convenient integral transform of a function f by the reciprocal x of a chosen 
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integral transform of the kernel: 


Af=axf,  Af=a-f, Afax fh 


Indeed, we have 
—| 1 na 
Sale ARS an a 


However, in the case of potentials, the multiplier ; is unbounded at infinity and, 
maybe, on some sets. In this case we use the multiplier m,;, which is dependent on 
€ such that 4 £ vanishes at those sets on which it is necessary and jin m, = 1. So we 
can construct AG f= a : f . Applying the inverse integral transform and passing to 
the limit ¢ > 0, we obtain A~!. Next, it is necessary to prove that the resulting oper- 
ator will be inverse to the operator A in some appropriate space. Therefore, the factor 
m, should be chosen so that inverse integral transform of me . f provides a fairly good 
class of functions. 
In our case, we take the Hankel transform. Considering that 


Fy Ip xio,y f = (PF i0)y 7Fy f, 


where fe®’,, V={xeR‘, : P(x)=0}, we take 


(P $= idy"e4| 
Mes =a 
(P(E) +ie|&|?) 
So we should prove that left inverse operators to [5 , i0,y are 
BY. hy m+% —d\é| 
_1(P Fi)" 2e 
y iesree =lim lim { [F>! x)*x f(x)} . 
(Baio) 2) = fim tn ((& Pe +g |P*F : 


We denote 


ies ciae: (G (Px | ee rw) : 
P+i0, €,6 — Y - 2\m — 
H (P(E) + ie|é|?) ‘ 


[ Fetsove ti reny’ay. 


where 


F g(x) = (Fo! (PF id)" +764 7 
Be 5X) = (P® +ieeD™ (x) = 
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gn-ly| (P + i0)"+2 e416 
: vd 
i p2 (vit! (P(E) + ie|é|2)™ Jy, £)E" dé, 
oH 2 JRE 
m>=n+|y|—5,n+|ly|—2<a<n+ly|. 


10.2.2. General Poisson kernel 


In this section, we consider a certain function used for solving the problem of inverting 
a hyperbolic B-potential. Based on the type and properties of this function, we will call 
it the general Poisson kernel. 

We first prove an auxiliary lemma. 


Lemma 39. The Hankel transform of e~°""' is 
lv | “ vitl atl|y|+l 
avis []r (zgt) r (et) 


Fy [e7*1(@) = ——=! =a —- (10.32) 
J/m (5 + |&|?) 


Proof. We have 


Fy [e"|(&) = Je “Atel 5 (x: &)x¥dx = (x = po} = 


R' 
CO 

/ ge pre da / jy (p90; &)o" dS. 
0 Si (n) 


Applying formula (3.140), we obtain 


mr r (44) 2 
F,[eH@) = = yf P jnspt_(plé Do" dp = 
ir ERD 
rir ( uz) oO 
1 = nly! 
Se, BE a eae Invi, (lEDP 2 dp 
eae 


Applying formula (2.12.8.4) from [456], p. 164, of the form 


2p(2c)’T (v 4. 3) 
JE(p? + c2)"43 | 


Rev>-—l, 


[o) 
/ x t26-PX DT (cx)dx = 
0 
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we obtain 


atly| 
, vey) 2802) 24 -tr (stylet) 
e P Jus (olé De 2 dp = Wate 5, Ey +I 
(82 +182) 3 


and therefore 


n 


itl n 
ty FY osaien weoip (2th) 
= i= 

F, [e HIV) = n—ly ntly| n+|y|+1 a 


22 (| 2) we (82 + |E)2)— 2 
n 
avleq[r wp) p most) 
i=1 ( ( : 
ntly|+1 


Vm (8? + 18/7)? 


We give the following formula from [246], which will be used later: 


fee) 

i= ntly|-3 
=e [rama =~ dp, 
Sra (eho \s 


[ PEPE x)" dex = 


ST (n) 
(10.33) 
2 n+ly|-3 
where f(t)(1-t?)~ 2 €L,(-1, 1). 
Definition 51. The function 
amp (thitt) oe 
nt+lyl[+ 
P(x, 6) = e@stixey 2 5>0, (10.34) 


ares) 


is called the general Poisson kernel. 


Lemma 40. For P, (x, 45) the following properties are valid: 
I. FP, G@, de) =e =|, 
2. f P(x, 6)x” dx = - Py (x, I)x’dx =1, 
R" Rt 
3. Py(x,8)€ Lh, 1<p<o. 


Proof. 1. From Lemma 39 we get 


Qn-ly| 


Fy le) = =—— Fy le 18) = 
- free) 


j=l 
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n 
aivlg r (a) r (ee) 
gn-ly| Ul 2 2 
n+ly|+1 
rhre(“) ve? + 161) 


jet 
ny 
anor (Zt) i 


vzTl r (4) (+E) 2 


j=l 


= Py (x, 64). 


rile 


Hence we obtain F),[P, (x, 5) ](€) =e °!!. 


2. Consider the integral fi Py (x, 6)x” dx. We have 
RY 


a 6r (yi) 


x’ dx 
ney = {x =dy}= 


7 7 j+1 2 2 
it JETT (GF) gy OF RP 
j=l 
np (style) ras ; 
= , ; > ST = | Py (x, Ix" dx. 
ve I]t (4 Vip FIP Ege 


Let us show now that f P,(x, 1)x”dx = 1. Going over to spherical coordinates 
R’ 
and using (1.107), we obtain 


CO 
y’ dy ptlrl-l do 
Lam" t= pol= | ager o’dS= 
(1 +|yI) J (+p?) 


Sf) 
n 


ue (4) 


CO 
pttlyl- ma . 
a8 fe ) eet = =e 
a+ a 
)s 


n +1 
one i 00 ntl 


r2 
dr 
anr (#41) / > ae ae 


Using formula (2.2.5.24) from [455], p. 239, of the form 


| eee a8 -a, 0 <Rea < Ref, 
XZ 
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we obtain 


7 prtll-ldp oe peel Jar (ap) 
2f =| myn 2F = 


= (10.35) 
ntly|+1 
(+p?) 2 p(t) 
and 
n oe n ree 
r ust) tpl 7% r(¥ ) 
| y’ dy oi ( 2 var (1 =) ae : 
CFR SES amp (Heel) p (et) np (mtg) 
Finally, 
"7 st) r 
2 d 
i P, (x, x?dx = ( i =a = 
R" Pall r() gn (1+ yl) 
+ 5 
j=l 


n 
an (syle) vm IT (#3) 
= 
le j atly|+1 
vm TT (%") anp (ttyl) 
J= 


3. We finally prove that P(x, 5) € Ly, 1 < p< 00. We have 


Y Y 
i aes _ paneer i ae = 
nt+ly|+ n+ly|+l 
(82+ |x[2)P 2 ) (Ix +1)? 2 
Rt Rt 


CO 
pelt 
jfapq i= pies ee » {| -_ ap / o’ dS. 
0 


eb acqp ee 


1)P 
(p? + 1) stim) 


Applying (1.107) and (10.35) for 1 < p < oo, we obtain 


1 
n ’ P 
Jar (51) r(3) 
= 
or (yt) Qn-1p (ay) 


vel iT (4+) 7 


+ly|+1 
mr (2 y ) 


[Py @, Dlp.y = sUtly)U—p)—p 


gartlyDU-p)-p Sd, 


For p = 00, using (1.47), we get the inequality ||P, (x, 5)||oo,y < ©. 
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Following [543] we prove that a generalized convolution of a function with the 
Poisson kernel tends to a function in Ly. 
Let 


(Py.5 SQ) = (Ff) * Py, dy. (10.36) 
Lemma 41. If f € L),, 1 < p<ooor f €CoC LX, then 
Py sA@)—-FfOllby?r0 Ff 60. 
Proof. Considering the property 2 from Lemma 40, we can write 
(f&) * Py (x, 8))y — f(x) = forse — fO)Py(y, dy" dy. 
RY 
Hence, applying the generalized Minkowski inequality, we obtain 


Cf (x) * Py (x, 6))y = FfOMpy < 


Pp 


[err — f(x)Px"dx | |Py(y, diy” dy = {y = dt} = 


R® \Rt 
a. 
Pp 
[erty -sfeoreas |Py(t, Dt’ dt. (10.37) 
RY \R 


From [441], p. 166, Lemma 3.6, it follows that for f € i. 


I? TE £2) — F@lpy SellFOIIp,y, 
and from [442], p. 182, Preposition 4.1, and [445], p. 50, it follows that 
: 
lim ferro — f(x)]Px’ dx = 0. 
560 
Ri, 


Then, by the Lebesgue theorem on dominated convergence, the integral (10.37) tends 
to zero when 5 — 0, since the integrand is majorized by the integrable function 


cll fllp,y|Py @, It”. 


10.2.3 Representation of the kernel * g° ; 


In this section we get the integral kernel representation * g 
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Theorem 132. The function * g* ; can be presented in the form 


up ame Tin + |y| +a) 
Be,3(%) = n +1 ntly'l=1\ 

arin Fn 2B) CE) (RE) 

i=l 

° 2 ayn 
Jou (—r* Fi0y""? . 
1 (42) 172 + ied +r2))™ 
p (6 bttomtl ativi-1 oa ce’ \, 
i ee a aie 5 ° &@04r)’ &@04+Pr)) 


where B =n+ |y| +a F4(a,b,c1,c2;x,y) is the Appell hypergeometric func- 
tion (1.36). 


Proof. We represent the function ¥ g® s(t) as the sum 
+ _| (P Fi0)" +24 
Be 3(X) =F! : : = 
(P(x) + ie|x|?)” 
an-ly| (P £i0)"t3 eS 
AT p2 (vit! (P(E) + ielé|2)" Jy @, 8)E" dé = 
IT () a 


j=l 


an-ly| pmt$g)e—slé| 
| (§)e i, (x, £8” dé+ 


a ae eee! 
yjt! (PE) + rele Py" 
MT I 2 ) {P(E)>0}* 


ian) 


m+5 ,—6|€| 
F(m+$)xi / |P(&)| ze jy (x, EE” dé 


_ Pw + ie|E |)” 


{P(&)<0} 
Let 


A= / Berane Ml 


yee ASS eS : Yd : 
(PE) +iseym Hs 


{P(E)>0}* 


= [PEt se FE ; 
- / (PE) Hele yn Or BS" a: 
{P(E)<0}* 


Going in J; over to spherical coordinates &’ = pa, 0 € Ri, p= |&'|, we obtain 
foe) 


ji = f in-sonsvey dé x 


0 
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I ENE” dé! = 


| (&? — ig 2)"+3@ —5,/EP +18" | 
( 


EP — |é"/2 + ie (EP + |&’ Pmt 
lg"? <8? 


ioe) &1 24 2 
2\m+% ,—5 VE, +e 
J jnaucnsney as [ p n+ly"|= 2, (&? —/p \? 2e@ 1 
: 0 


: (7 — p? + ie(&? $ payne? 


/ jy’, po)(a)” ds. 


Sf@-l) 


The formula 


n re 
Ir (4) 


= foun = nly Colx’ I), 
Qn- r(? Lely" ') 


i iy", poy(o)"" dS = 


Sf(n-1) 


is valid (see (3.140)). Therefore, 


ll (4) = 
fy) —1 (x11 )E] dé x 
ve Sema |! eal 


0 


/ (2 — prymt be OV ite" 


pry ay le) 
/ a (6? — p2 +ie(E? + p2))™ 


i= 


dp ={p =r} = 


Ir r (4) én 
sar eaey | 7 1Oneygr tm ae Te 
Se = 


0 

few (réilx (y= wake Cs 
Jn- cate roi|x 
(l—-r2+ie(1+ pay 4 


Oo 


x 


n 
rr (4 ‘yy ine nS salar “ip (pt) 
: 2 
= n—|+ly’| 
i pe 


1 
| miy!|=1 d— r2ymt5 
Gag ware 
0 
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[o-6) 
ml tl - 
a oe Inst C181) Ingy (r&ilx'|) dé = 


0 


ee 
r (4+) : 
= pe (—r2ym+3 
(-r2 Fie + Pyne” 


yc n—\+ly!| 
- 2 ay 2 ot 


ml rl = 
g 2 tet eit? Fry 181) Ing 7811/1) dé. 


0 


To calculate the internal integral, we apply formula (2.12.38.2) from [456], p. 194, of 
the form 


CO 
= ee bc” T(iat+pt+yv) 
a-1 e—PX 7 (bx) Jy(cx)dx = 
i C8 THON KOI = Tr patEr P+ DPW + D 
at+ptv atptv4l bP ~e? 
F, ; ; l,v+1;-—,-— }, 
+( 2 2 BeOS gE 
Re(a+ut+v)>0, Rep>0. 
We have 
-—1 
es Seg ciea: ah ieee: yet 
2 2 
| ! 
oe eee, ee) 
2 
and 


Co 
atly| 
so tat] _ [472 
i BP ME Fat 18 )Fnagn't_ Eile) dé = 


0 
res 
* lx! Pativite 
Sa. —2¢3,/T 4 72 +1 +ly'[=1 
(5 Zyrtivite p (uot yr (24 ) 
Pee ie ee ee i (rlx"1)? 
a ne i a 2 S04) Per 


where 6 =n+|y| +a. Then 


an i Tr (4) I 
i=l : ntly’|o1 (l—r?ym*3 
Ji = — J: 2 rx 
MER n=tHy'l_y (l—r?+ieQ+ rym 
Xx 2 0 


‘| 
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Mek wel ’|=3 
end ae Pat+iyi+e) 
2° 2 6/ T+ remtinita p (Hoe) p (tot) 
7 {8 Bti.mtl ativi-1 xt (rix'D? \ 
Age ag ges 2 2" Pia PGS.) 


n 

r (4) 

ul : Tint l|y| +a) 

2-258 vit ntly|=1 " 
(ates) 


d— r2yn+3 


1 
ees = x 
: (l+r2)" 2 (l—r?+ie(1+r2))™ 
B B+1 ymtl1 ntly'|-1 ey (r|x"|)? 
F4{ =, ; , ; ? dr 
2 2 5 §S2(1+r2)’ 820 +r) 


Similarly, we find 


vitl 
pied r( ° r'(B) ' 
2 9n=2 58 (ae) r (1) 


n 


- 2ym+4 

ja Caras Ae e 

(14 r2) 1 72 $ ied +2) 
B B+l wtl n+ly'\-1 x} (r|x’|)? 

Fal =, : ; : ; dr 
2° 2 9 2 &(1+r2)’ 82. +r?) 


Multiplying by the corresponding constants, adding Jj (x) to J2(x), and taking into 
account that 


d _ r2 = ioy™+2 = d = pyr? ake et(m+$)ri _ pyert 


9 


we obtain the statement of the theorem. 


10.2.4 Inversion of the hyperbolic B-potentials 
Consider a convolution operator 
Af=(T*f)y, fe Sev. (10.38) 


In the images of the Hankel transform we can write 


F, [Af] =F,[T]-F,[f]. 
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Definition 52. Let MES’. The weighted generalized function is called B-multiplier 
in i if for all f € Sey the generalized convolution (F;'M * f), belongs to es and 
the supremum 


sup ||(F5'M * f)yIlpy (10.39) 
WAllpy=l 


is finite. Linear space of all such M is denoted by My, y=Mp,,(R'.). The norm in 
My,y is the supremum (10.39). 


Consider a singular differential operator 


2 ‘ 
where B,, = @ 4+ % 2 


Xj Xj OXx;* 
In the article [348] the following criterion of the Mikhlin type for a B-multiplier is 


proved. 


Theorem 133. Let M(é)eck, (IR".)\{0}, where k is an even number greater than 
at lvl and there is a constant A which does not depend on B = (61, .--; Bm), |B|<k, 
such that for AO, EcR', the condition 


le" (Daye ME) <A 


is valid. Then M(&) is a B-multiplier for 1 < p < ow. 


Lemma 42. Let ¢, 5 > 0 be fixed numbers and m > n + |y| — §. The function 


> (Pxi0)"+ 7 e~ SII 
My. 5) — (P (é)+ielé|2)” P(é) £0, 
_ 0 P(é)=0 
is B-multiplier for 1 < p< ©. 
Proof. We prove the estimate 
By Bn By Bn #- 
lePt...6f* (Da)fi...Da le" ME, 5@)| SCC, 8). (10.40) 


For§ ¢ V = {& € R’_: P(€) = 0}, we have 


|(Dp)(P + i0)"*2| < Cy |E4|-| PEt 2-V1, 


m+|k| 


|(Daye(PE) + isl?) "| < Colé*| [PPE +e71EC 2, 
el 
jee 


|(Da)ee | < C3|é"|- 
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Using these estimates and the Leibniz type formula for B-differentiation of the form 


(see [67]) 


2l 


21-2 


Bi(uv) = Ch (Dg *u) (Div) + <a Porm (Dav: Dou) 


where 


2l—m—j j 
Pym (Da,v; Dau) = >> arm—j.j%)) (Dy, : ‘u) (D},»), 
j=l 


k=0 


21—v— 


1 


we get the required estimate (10.40). 
If € € V, then the estimate (10.40) follows from the continuity of the function 


Mt 


Lemma 43. The function 7 


a.c.g45) and its derivatives on V. 


Proof. Since the function 


cee 


m=1 ! 


i 


gt s(x) belongs to space Ei l<p<o. 


i (P a i0)"+3 e—4lxl 


s;O=F, 


Lemma 44. Let f € Soy. The operator 


cee 


RY 


is bounded in Li l<p<m. 


(P(x) + ie|x|?)™ 


“io gf @) = i F 9 s(1)(T f(x) "dt 


Proof. By the definition of the operator 


Ups 


sy : . —] q 
it is a generalized convolution (Fy, M, 


y 
therefore belongs to L),. 


ty. [fove ei teh 
HO” eat -((% PO +ieam | OT 7 


c.6 * f)y with the B-multiplier M, 


Lemma 45. Let f € 1, V={EER": P(E)=0}. Then 


is representable by an operator generated by the B-multiplier M ei ¢6(6) in is , we have 


= Y 
86,3 © Lp. 


oe) and 
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(Up x.i0, re he pl pei. yf) = 


gn- ly | m ‘ 
(Py,5 f(x) + =A 9° CK (ie Far Ayn), 
i r2 (4) k=0 


j= 


where (P,,5 f)(x) is a generalized convolution with the Poisson kernel (10.36) 


(AL 1G) = (AR) * SOD), 


2k ,—6|€ | 
Bee ere ae 


y,6,€ _ 
Ay = I Be 4D 
Rt 


Proof. Let 1% = g. We have 
&§ 


+i0,y- 


rm a _ | (P Fid)™+7¢- FE 
Fy (Up..10,7)288)@) = Fy | (Py age pe | O*8@)) = 
¥ 


(P $i0)r 2 eA (P $10) eas 
(Px) +ielx[” 8 ~ (PG) + ielx 2” 
(P2idyte *I 

(P(x) +ielx?)" 


(PS 10), Fy f= 


F, f. 


Then 


7 (P +i0)” —6d|x| 
(Ipsi0,y 2.51 P-4i0,y P)CO=Fy (a ; Ff) = 


Y (PQ) +ielePy 


P+i0)Me —6d|x| . . . 
Applying to FR, aa the Newton binomial formula, we obtain 


=, CH 
Y (P(x) +ie|x|2)" 


an-ly| | (&7 _ je" 7)? eI ; 
Sa eeral ; jy, &)§" dé+ 
a ; (P(E) + ielE/2)™" °” 
Mt r2 (4) {e1> lg") _ 
ane (lg? — E2)Me —d\é| = 
; ll PO aise dr O68" dé | = 


{&1<|é/1}* 


P iQ)” —4d|x| 
(oe r) (10.41) 
Y 
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zd ielél? 7 —d\&|* y 
2 1>|&’ 
j=l 


: 2 m 
mai ¢_yym / (a--o¥ ) eS (x, E)EY dé | = 


e 
P(E) +ie|é|? 
{Ep <|E/|}* 
on lvl m . ee 
Seer) gos i lee 5 867 d+ 
P(é)+ Dyk 
tT r2 (44) ie 0 Boag (P(&) + iel&|*) 
JE |7ee F181 
i (Pe) Tiele Ee 8" 4 | = 
{E1<|E|}t 


m 2k ,—6 
\é|**e lg | 


ck (—-ie)t = jy @, EY dé. 
tl r2 (ut) oh FA (P(E) +ie|g |?) 


Qn-ly| 


For m = 0, application of (10.32) gives 


avis Tyr (mgt) r (stig) 


tee a 2 2 _ 
(F e Ma) = n n+|y|+1 _ 
i r2(4") Ja (82 + |x?) 2 
j=1 
+lyl+1 
ar (? 2 ) 2 ard 
5(5 = P,(x, 8). (10.42) 


vel (=) 


Here P,, (x, 6) is the general Poisson kernel (10.34). By Lemma 40, Py (x, 5) € Et 
Introducing the notation 


|e |24 —d|é| |x|**e— 4+ 


P Y =F, —____- 
aed O55 dé a (P(x) + ie|x|2)* 


y,€ e. 
Av O= I Dey ial 
Ri 


for m > 0, we get 


(P a iO)" e—SI gn-ly| m é 
—1 ‘a _ k Kk AYVs%€ 
, Pq) aieD® 2 a eG (—ie)K AY (x). (10.43) 
ai re (4 Jie 0 
j=) 
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5a a (10.42) and (10.43) in (10.41), we obtain the statement of the theorem for 
fe oO}, O 


Theorem 134. Let f ¢ ®, V={€ e R14: P(E) =O}, 1 <p < “Hl p <2, 
n+ ly|—2<a<n+|y|. Then 


(IB.si0y) | !Ptioy A) = f(x), 


where 


Lp Ly _, (P ¥i0)"*F e516 
a 1 
(8.107) 1 f) =Him lim (G Pb tiger ) O*SO : 


where the limit by ¢ is understood by the norm a and the limit by 6 is understood by 
the norm ee 


Proof. From Lemma 45 it follows that it is enough to show 


Li, Ly an-ly| lt 
lim lim | (Py.s f)(x) + =~——— ) ch (-ieAY"* fed | =f. 
ie fl r2 (4) ic 0 


j= 


We find the limit for ¢ in lee We have 
36, 56, 
Ar’ N@=GP"@)*f@)y= 


" Ee ’T? v dy = 
| ateareeead (WCT. A) (@)y" dy = 
R” 


+ 


(P(x) + té|x| 


F jx Pew 2h ae ee vey Yd 
if ¥| (Pay iela De al aC 5) |e (WC Tx fy(x)y" dy. 
Ri 


Applying the Parseval equation to the Hankel transform (see [242], p. 20), we obtain 


2k — § xl 
i ee (VOTE fy” dy = 
R’, 


[IF Ay?" @e) Fy f@)y/IB, = 


(—ie)k |x [e734 ‘ 
(PO) + ielxPE E G *)| ies 


Dy 
x’dx= 


nn-ly| 
j+l | 
I] 1 (*) a 


j=l 
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2 


«ok ) y |2k eo 3 
(—ie)*|x 2 
id x’ dx. 


(P(x) + ielx|D* Fy [Pys f)@)] 


Qn-ly| i 
Il r2 (ya 
j=l 
Considering that 


2 


<e MF, [ys AO] | 


(—ie)|x[e73 hl 
(PQ) +ieR DF 


Fy [Py f@)] 


and e~ I! |F, [ Py (x ; ail € LE on the basis of the Lebesgue dominated conver- 


gence theorem, we obtain 
(—is)F(Ay?* f)(x) 0 for e>O in LY. 
The fact that 


Py sAO)—-Ff@O|lpy79 for 56-0 


was proved in Lemma 41. Thus, the theorem is proved. 


10.3 Mixed hyperbolic Riesz B-potentials 


In this section we consider the so-called mixed hyperbolic Riesz B-potential. This 
potential is the negative real power of the hyperbolic operator 


2 n 
5 — By): (10.44) 
k=1 


where y; > 0,..., Y > O and (B,,)x, = Ae a is the singular differential Bessel 


Xj oon Xe 
operator. 


10.3.1 Definition and basic properties of the mixed hyperbolic 
Riesz B-potential 


Let |x| =, ia +t Kes First for (t,x) € Re, 2. €C we define the function s* by 
the formula 


N(a,y,n) 


(#?=|x|?)* 2 2 
s*(t,x) _ | when f° > |x|* and t > 0, (10.45) 


when ¢? < |x|? or t <0, 
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where 


ot yitl a—n—|y|+1 a 
N(@ yin) =e Ben ; )r( 5 )r(§). (10.46) 
i=l 


We will denote the regular weighted generalized function corresponding to (10.45) by 
a 
si. 
We introduce the mixed hyperbolic Riesz B-potential I;',, of order a > 0 as a 


mixed generalized convolution product (3.174) with a weighted generalized function 
a—n—|y|—1 


“a and f € Gey: 


a—n—|y|-1 


(FG a= Ge 2 Pye e): (10.47) 


The precise definition of the constant N (qa, y, 1) allows to obtain the semigroup prop- 
erty or index low of the potential (10.47). 
We can rewrite formula (10.47) as 


U2, fylt,x) = / sf? (e,yCTD FE — 2, x)y"dedy. (10.48) 
Ri! 
Since 
(8, f(t.x) = / sf? (By TD SE — ty" dtdy = 
Ri 


1 ~~ 
/ dt i (2? = |yPy "F(R fa —1. Dy" dy = 
N(a, y,n) 
—0o 


ly|<t 


+00 T 
_ _ 1 2. 2: 
w=rl= ao far fo 2) 
—0o 0 


/ (’T") ft — t, x)0" dS, 


ST (n) 


=n-ly|-1 
stg pitlvllar x 


using the weighted spherical mean (3.183) we obtain 


2P-8 ag 
Uf) t,x) = / dex 
iY p(y) r (et) rg) 2 
(MY) x f(t — 0, x)(02 — 2) tll, (10.49) 
0 


468 Transmutations, Singular and Fractional Differential Equations 


atlyiet 


Theorem 135. Letn + |y| — l<a<n+|y|+1, 1< p<. For the estimate 


ey Flay <MIIFllp.y; f €E Gey, (10.50) 


to be valid it is necessary and sufficient that q = ee Constant M does not 
depend on f. 


Remark 23. By virtue of (10.50) there is a unique extension of I;*,, to all Ee l< 


p< mely ht preserving boundedness whenn + |y|—1<a<n-+|y|. It follows that 


this extension is introduced by the integral (10.48) from its absolute convergence. 


Theorem 136. For f € Ge, the Fourier—-Hankel transform of mixed hyperbolic Riesz 
potential I% sy Jt ts defined by the formula 


Fy Us, fce.€) =4[e?— 16] * ALP 8), (10.51) 
where 
1 Pe? 
q=i eo?! [EPR <2 720 
eu (e/? <7, 7 <0 


10.3.2. Homogenizing kernel 
Now we introduce the homogenizing kernel N,,(t, x, €), which is defined as follows: 


C(n, y, €) 
(1? + 67) (|x|? +6 


Ny (t,x,8) = 


where x = (X1,...,.%), € > 0, 
ng2 n+1+ly| 
ary (metpl) 


3 n oe . 
x? |] r (4) 


i=1 


Ctn,y,e)= 


We give properties for the function N, (t, x, €) proved in Lemma 40 for a more general 
case. 


Theorem 137. The homogenizing kernel N,,(t, x, €) has the following properties: 


1. Fy [Ny (t,x, €)\(E) = e782, 
2. f N,(t,x,e)x’dtdx= f N,(t,x, )xYdtdx =1, 


n+l n+l 
R® R' 


3. Nm 2) EL. 1S pee. 
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Let us define the operator N,,,_ by the formula 


(Nye f(t, y) = } Ny (t,x, €)’ TR f(t —t, x) x" dtdx 


n+ 
Ry 


Theorem 138. Let f € by. Then (Ny,< f)(t, y) converges to f(t, y) almost every- 
where for € tending to zero: 


Him (Nye J, y)=f(t,y) 


a.e. 
Proof. Let us consider 


Nye f(T, y) = 


N,(t,x,€)”T2 f(t —t,x)x" dtdx = 
Rw 


VTY f(c—-t ee 
Clay of re 


ya 
(z/?-+ 


The inner integral is estimated using [210], p. 315, Theorem 2 (see also [208]), and 
this estimate has the form 


+00 
M,. —t,&)d 
Nyef ey) SCO. 7.8) | (M, f)(t —t, €)dt 


(t? + 67) 


where M, is the maximal function (see [210], p. 313). Applying now Stein’s theorem 
(see [543], p. 77, Theorem 2), we obtain the following estimate 


Sup (Nye), y)| < A(Mc f)(, &) 


where 


(Mc f)(t, &) = sup sup —— 


d t Yd 
B>0r>0 EOF il f i, | f(t, x) |x" dx 


|t—t|<B Ber) 


is the maximum function with respect to the cylinders in Rit with centers at the point 
&. Now the existence of the limit is proved, as also in the ser [543] 


,p. 58. O 
10.4 


Inversion of the mixed hyperbolic Riesz B-potentials 


In this section we obtain an inverse operator for the mixed hyperbolic Riesz B- 
potential which generalizes the classical, presented in [425,426]. For the inversion 
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of the potential (10.47) we will use an approach based on the idea of approximative 
inverse operators as in Section 10.2. This method gives an inverse operator as a limit of 
regularized operators. Namely, taking into account formula (10.51), we will construct 
an inverse operator for the potential (10.47) in the form 


(18,1 = lim (Fy Nate? — 1g Bee « f) 


where the limit is understood in the norm Le or almost everywhere. Let 


Cpe Oar, Go le EP ee tl eG x), 


10.4.1 Auxiliary lemma 


In order to prove that gy,,- belongs to cg rR"), 1<r<on, we first prove the follow- 
ing lemma. 


Lemma 46. [fm €N, 2(m — 1) <a, 


2 2 ep ntly| 
Gea | toc! ep 2 Insy\_,(p) do (10.52) 
Ors 1 |x|? =a 
0 
then 
T|x| 
n+ly|_ 
ny (t,x) = / 7 ie aia Jntiy\-2 4 (P) 
0 
m d Ss os p 5 
di ems (es) je FH (1-> 4) ae, (10.53) 
: dp T2 |x|? 
s=0 
where 
C0,0 = 0, Cm,0 = 0, m = Ls 
ai.=-l, Cm = 2(m — 1)em-1,1, m>2, 
Cm,s = 2(m — 1)cm-1,s — Cm—1,s—1) s=2,3,..,.m—1, m> 2, 
Cm,m = —Cm—1,m—1> m> 2. 
Moreover, 


fo. oN 
> 
——’ 
| 
ar 
zs 
— 
| 
aS 
#|% 
Ss 
> VK 
wg 
— | 
ll 


P a a 
70 lee ii e Fl, (10.54) 
Pe \ lel el 
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pti ; 
where Op+i(y) = >- aj(a,é,l)y/ is a polynomial of degree p +1. So 


jan 
T|x| ti Pp 
Kix) = | po” Insiyi2 (0) Oms Dt Opti (* ) x 
0,y bb) = p Sie 4+m\P m,S p+l [x| 
0 s=l1 1=0 
1 Pe a Bd (10.55) 
_ e kldo. : 
t2|x|2 y 


Proof. Following [425], we prove (10.53) using the method of mathematical induc- 


tion. 
First we show that formula (10.53) is true for m = 1. Applying the formula 


2, @y=2" 0) (10.56) 
dz 


to (10.52), we obtain 


T|x| 
ntly| 


2 \%5 
4 _ p a8 a zl 
By en= f (1- Fo) e "lp 2 Jnsyi (0) | dp. 
0 


Integrating by parts, we have 


d n+ly| n+lyl 
dv=— [6 2 Jus (0)] dp, v=p > Insiyi(p) 
dp 2 2 

and 
2 2 tla 
_ &p p n+lyl 
BG (t,x)=e M(1—-+—Z]} p-? Inti (0) = 
iY Tt |x| 2 p=0 
gd d 2 5 
atly| ee p 
2 Ju — TxT 1 — —— d = 
[- sal (0) 7 . ( ane) ‘ 
0 


T|x| a 
n+ly| d Berit 2 7 
cif p°P Jus) (0) . Pl (1-45) |e (10.57) 
0 


where cj; = —1. For m = 1, formula (10.53) is proved. 
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Suppose that (10.53) is true form =k. Then 


py @.x) = 
t/x| k s 2 \% 

ntlyl_ d -& p : 
Prt nan toS nu (ob) fe (1) Io 
: = 

(10.58) 
Applying (10.56) to (10.58), we can write 

i a= 
T |x| ai k d Ss 7 p- 5 

mH) 4 -¢£ — —2k = 
Je 2 Tesi 44-1(0) Ds (0) . (1-5) oP 
: = 
i yen 
aa oe k a\5 : 02 5 

Sg 2 7 - — a (t= ada. 
[Sle Fes c(O]Q 4s (-<) . ( aap) } si 
0 —_ 


0 
k Ss 2 5 
d _ £0 a 
Seser*H{-24(od) [er (i-a)"]s 
= do T*|x| 
d\st! -#(, 02 5 P 
Pip e 72 |x|2 Pp, 


d atly| 
= a7 +k 
= do [6 2 Fos (0)] dp, 


oul k 
v= pt Instn (0). 


dv 


Therefore, 
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ntivl 
I eos p 2 * Just! 44 (0) 


d\*| _# 
Seales) [el 
s=0 do 


p- 2 pv 
T2 |x|? 


k 
n+lyl 
+k ~2k—-1 
[e 7 espe 44(P)) hs {-28 (- 
s= 


d s+l _ p 
p— e hig 1l— 
do T2\x 


For 2k < a we have 


Ky (t,x) = 


T|x| 


ntly| _ 
-f 2 (k+1) Jespsax(O{ —2 04. p 


k d s+] ep 
> Ck,s \ P AS e hi(] 
s=0 p 


ntly| _ 
- fe at (k+1) Jeg (| 1-204 
0 


k+1 ane _ 
aes (o=) jee (: 
s=l1 p 


mbly| d 
fe AY ©) Joy ,(0) {2k (05) 


0 
k 


d S 
YS “[2kcx,s — Ck,s—1] (=) 
dp 


s=1 


d k+1 _ ep 
one Ga) of (: ee 


Taking into account that 


Cke+1,1 = 2kcex,1, k>2, 


Ck+1s5 = 2kck,s = Chg—1s 


Ck+Lk+1 = —Ck,ks k>2, 


we obtain 


k 


s=0 


k 


s=0 


<8 
T2 |x|? 


$25.35. K; 


k>2, 
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aed k+1 4 
ntlyl fs 
Iny (tx) = / p 2. (k+1) Insp (0) ) | Ckt1.s (0) x 
0 s=0 


The proof is complete. 


10.4.2. Property of L;-boundedness of the function gq... 


Using Lemma 46 we prove that gq.y,.(¢, x) belongs to fis (Rat). 


Theorem 139. The function gq,y,2(t,x) belongs to the space L,,y, 1 <r < 00, with 


the additional restriction see <rforn+|y|—l<a<n+ly|whenn+|y|+1 


is odd. 


Proof. Let us write the function gq,y,¢(t, x) aS a sum 


gn-ly|-1 
8a,y,e(t,X) = ae Caaehe es 
2( Vi 
m {1 r2(%5") 


j=l 


fate 1g rele 5, cx, e98 dea = 


Ri! 
gn-ly|-1 

= ee 
x {I r2 (4) 

j=l 

/ on sent |r? - |E|2|2 dee las Ae E)EY dtdé+ 
{t?>|&|2}+ 
|x? — |g /7|2 eee #7 5x, BEY drdé = 

{t?<|§|?}+ 


gn-lyl-1 


n 
2 (vitl 
eALe =) 
I= 


[Ji(t, x) + Jo(t, x)]. 
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Consider the first integral J) (t, x): 


[o,@) @ 
2\ 2 
Attx)= fe Bee recse aes / (1-5) elf, (x, EE” dé. 


= 12 >|6/? 


By replacing variables € = |t|y and passing to spherical coordinates y=ro, |y|=r, 
o=(01,..., On) in the internal integral, we obtain 


CO 
Ji (x) = / oF sent e|t| itty intlyitody yx 
—0o 
2\2 _ 
[ G-pe)? Ply deyny” ay 
{1>|y|}* 
oo 1 “ 
iz F sent, elt ithe plies | ( (1-7? Vea ai pti hae 
—oo 0 
/ jy (Itlro, x)o” dS. 
ST (n) 


Integral over S T(n) is (3.140). Then 


1 
a 
De = =i] x 
f0-?) e elt|r rot * josigi-a ((t||xIn)dr = 
0 


ami. : a+lyl n 
ew 2 SENT, e|T| ile | 2 FO+] ey 
n+|y|~2 
2 


—oo 


1 
a 
7 n+ly| 
f0-?) el pT Frapy-a (|e | |x|rdr. 
2 
0 
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Doing the same with the second integral Jj (t, x), we can write the function gy _¢ as 


22 ami ni 
8a,e(X) = —; a [e 2 Ig, te = “Toy + Jb + Ieoy | 
mT] (Ze) ix 
j= 
where 
CO 
2—-n-ly| =f a4 la 
Oy (ts x) = |x| r Je r(etit), “SZ t+a+l ayy 
0 


1 
Qa 
2 = my 
I (1-7?) a Jnaiyi-2 (t|x|r)dr, 
mele? 
0 


[o,@) 
a 


fe nt+ly| z my | 
lea ie x= f- —t(ed ge tlds (le ee 7 Ins ntlyl-2 (t|x|r)dr. 


1 


Let us consider Joy (t, x). By replacing variables t|x|r = o in Jy (t,x), we obtain 


(oe) 


+ _ n—|y| t(e+it)_ a 74 
J yt x) = [2 fe T Ip, (t, x)dt, 


0 


where 


T|x| 


2 
+ _ p -e& at 
ix [ (1-5) e hip Jnsiy~ ntlyl-2 (o)dp. 
0 


Applying Lemma 46 to i s (t, x), we obtain 


nie 


Tx Sel 
mtv = 
ix= fp ™ Fnstyl- age cna Doe 1S" aja, é, l)x 
0 j=al 


So 
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5-1 ntly! 
i as 
I( (1 —r? r 2 ™+Jdpx 


0 
n+ly| re : 
/ rc 2 m+a—2l+j-4 I, t(et+ert+it) Fnsipl2 4 (TLX|r)dt 
2 
(0) 


Using formula (2.12.8.4) from [456], we obtain 


s stl 
prarnite-atity, 
Fils) =D ens OY alee ae 
1=0 j=2I a tmp (20 tm ) 
(i p2)2! patlyltj-l 


: x 
(e ber Hit)etly|+e—-2+j+1 


n+ y|ta—2I+j+1 ntly|ta—21+j+2 |x|2r2 
2F > ntl - a | ar 
7 +m (e + er +it) 


Let b(m, 1, j,«) = P(ntly|+o—-2/+j+) 


THE om nap . We estimate the weight norm || Jo y | lev Ry 
2°02 P(t 4m) 
applying Minkowski’s inequality as 


s stl 


Woy llcr @ = ys lemsl 95 dS laj(a,e, bn, 1, j,e)|x 


s=0 i=0 j=2] 


1 
[0 t pMtivitinl dy x 
0 


ntly|ta—2+j+1 n+ly|+a—2l+ j+2 


1 - 
oe ) , ca — _/zfr* : 7 
i mpl om | 


(e+er-+it)2 


Y 
2. 42) ttle j+l, x" dtdx 
Rit! ((e + ep)? +t?) 7 

+ 


The substitution t > (e€ + €p)t, x > a e+"? ¥ converts eas 


yllny to 
m s stl 
Jo yllny = >_ lems| 9) >_ laz(@, 2, DbGm, 1, j,a)|x 
s=0 1=0 jae 


/ (1 — p23 ptt 


dox 
(e+ epyttttlr ite 2itj 
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r l/r 


ntly|+o—2/+j+1 n+ly|+o—21+j+2 
: 


+ly| : 7 al. 
atly (+it) 
2 +m 


2Fi 
x’ dtdx 


n+|y|+a—2/+j+1 
a, Cn r 


(1 +1?) 


n+l 
Ry 


Noting that the functions (1 — p*) ae | <™m, are integrable when p = | andn+|y|+ 
j-l1- nt lvl > —lifr > 1, we obtain 


1 ; 
/ (1 — p22 pttiyitj-1- Se 
dp <M. 
Lq4 \ Ls at+i+lyl 
, (e+ ep) tty ite 2l+j 7 
Assuming 
nt+ly|+a—-2+j+l n+|y|t+oa—2/+ j+2 aye 
F, ? 2, 4 |x| 
see n+l¥l 4 iy (+in? 
; 2 
PPOs x’ dtdx 
2 n+|y|+a—2/+j i ’ 
n+1 (i +t ) : 
RY 
we can show that the integral //!"""" converges. We have 
jolmyr _ yilm.r jlmr jl.m,r 
T- =Jj +55 + J; , 
where 
14? 
+00 . 2 
i,m, t eo 
J ™ —|s+ (n)ly / ——ae / ptlyl ly 
14+ 17) aaa ane 
Tit ‘ 
atlyl+o—2I+j+l ntly|+o—2/+j+2 p- p 
? 2 
2F\ -——7 || de. 
mel + am a+inz}} “? 
+00 J20+12) 
Jim yot dt n+|y|-1 
Jy = |S} (nly i 3 nly [+o 20+ j+1 p “ 
(1 +t) z 
=O 1412 
2; 
eyes ntly|+a—2l ji+2 p- : 
2Fi | -——,j{ || dp, 
mel +m a+ire}| “° 
+00 4 +00 
; t 
Jlmr pet n+|y|-1 
HY" = \stly | ——apeeme fet x 
Ea) ee are 


J2(+t2) 
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ntly|to—2+j+1 ntly|t+a—2+j+2 2 " 
oF z , y) ae? ieee dp. 
nell + im (1 + it)? 
We estimate each of the integrals ee, ee, | aaa The hypergeometric 


series 2 F(a, b; c; z) absolutely converges when |z| < 1. Therefore, 


A as r = 
+00 Vv Lyf 
dt _ 
Ci, j,m)) i n+|y|+a—2/+j+1 / pn ‘dp = 
(+2) ere 


ntly|+a—21+j+1 
———f 


+00 
C21, j,m)) / (1+ 22)" tlvl- "dr <0o 
—0o 


forr > 1. 


Consider now | ae Since > 1, it can no longer be argued that the 


ai 
(+ity? 
hypergeometric series in this expression converges absolutely. Transforming the hy- 
pergeometric series using formulas (15.3.3) and (15.3.7) from [2] we get a convergent 
series. So 


+00 


j - ats 
geen" < 2C4(m, j,D) | a4 2! m+1+—5 ee 
0 


V2(1+12) 
n+lyl43 ty 4214 i)5 


pred? +97) 24P) (“ dp. 


1412 
2 


The substitution p? = 2tn + t? — 1 gives 


j,l,m,r j,m,l,r j,m,l,r 
ns 27, +n", 


where 


(31 m+14 yr (Lhe m+a+2I-4 j)r 


1 
Bt = Cima 1) i (1+1°) dtx 
0 


3412 


atly|+3 m+a+2I+4 i)5 


4t 
/ (tn 422 — 1) 4 gy 


3 


4t 
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+00 
j ppp ots ntly|+3 ear 
7 cumin f a+r ace pa oe i 
1 


3412 


“at 
n —2 
fem+e—-y (bap) 


3-12 
Tt 


(4S m+a+2I+4 ee 


; j,m,l, F 
Evaluating oe me" we obtain 


melpl? 4 (252 41-I-m)r 


1 
Bee cotm. j.D fee) 2 dt, or>t. 
0 


n+1+ly| 
2 


Since m =| forn—1+|y|<a<n+1+|y| for noninteger or even n+ |y| 


and forn + |y|<a<n+1+|y| for odd n + |y| we get 


+00 
Br 2 Cai) i (1 +17) 
1 


(31 mises )r (ene mratati)r a 


ly|+3 
nt+ly|+ 1 L;\r 
fasr ( eis DN Sse 


—c 


if 5 <r < +00 forn+|y|—1 <a <n+|y| and ifn +|y|+ 1 is odd and 


1 <r < +00 in other cases. 
It is similarly shown that the integral J ae converges. So dy wt Ly (R‘,). Bound- 


edness of the £L? (R‘)-norm of Io y> jee and I50,y is proved in the same way. 


10.4.3 Inversion theorems 


n+1+ly| 
a 


Theorem 140. Letn+|y|—l<a<n+1+ly|,l<p< with the additional 


2a+1+yD@tly) 
nt+|y|+3a(n+ly|) 


for f(xyéE€ Ly the following representation is true: 


restriction p < whenn+|y|—1<a<n+|y| and n is odd. Then 


(U2, ye IS, AG. x) = (Nye f (t.%), (10.59) 


where (18, Je! f= (Fy'agle? — \gPBer*t-#8l) « f) 
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Proof. Let us consider the operator (I¢',,)- rye sy: The following Young inequality for 
generalized convolution is well ino ee fon example, [419]): 


1 1 1 
(CF * yllny SMF llpyllellay: I<p.q.r<so, oe 


(10.60) 


ae (10. we obtain that the operator J i. is bounded from Ly, to Ly y, where 


1 (a+l+ly)P i iti 
i=; ee lr= aa THyl-ap’ and q satisfies the conditions of Theorem 135. 


The operator Ny,¢ is bounded in £Lp,,. Therefore, it suffices to verify equality on 
a weighted Lizorkin space by, y which is dense in Lp, (see [343,346]), where 


V = {r? —|é/? =O} U {r = OF U {& =0, i=1, ..., n}, (t,€) € R4T!. Thus 


Fy [ (ase!) BF ]@ =a Ne? — EP Fe lz Ue, AG, = 
efltI-ell ET F(z, €) =F, eae * f),] (t,€) 
and 
Fy | (Use!) Myf] =F (7 pete leg) Joe. (10.61) 


Applying the inverse Fourier—Hankel transform to (10.61), we get (10.59). 


nti +lyl 


Theorem 141. Letn+|y|—l<a<n+1+ly|,l<p< with the additional 


aoe whenn+|y|—l<a<n bi |v | and n is odd. Then 


restriction p< n+l4+]y|t2a(n+lyp 


(Ce Be eas x)= f(t, x), FU “2eL., 
where Chrys a lim Us ef 


The theorem follows from Theorems 140 and 138. 


Fractional differential equations 
with singular coefficients 


11.1 Meijer transform method for the solution to 
homogeneous fractional equations with left-sided 
fractional Bessel derivatives on semiaxes of 
Gerasimov-—Caputo type 


11.1.1 General case 
Using the Meijer transform method we will solve the equation 
(BY 04 f(x) = Af (x), a>0, AER, (1.1) 


with the left-sided fractional Bessel derivatives on semiaxes of Gerasimov—Caputo 
type with constant coefficient when y 1. 

Let met <a < 4,mé€N. To Eq. (11.1) we should add m conditions which for 
0<y <1 have the form 


. ; d 
(BY 0, f+) = a2k, fina? 5 By orf) = d2k+1, arx, G2K+1 € R, 
~ 
(11.2) 


and for the case when y > | we should consider the conditions 
(BE. f)\(O+) =b jin fix) =b box, b+) ER 
y,O+ = O2k; Rare vs dx y,0+- = O2k+15 2k» O2k+1 ’ 
(11.3) 
where k € N U {0}, such that the following inequalities are true: 
0<2k<m-1, 1<2k+1<m-—2 if m is odd 
and 
1<2k+1<m-1, 0<2k<m—2 if m is even. 


That means that for odd m the last condition is (BY 9 if, f)(O+) = Gm—1 or 

(Be al) (0+) = b,—1 and for even m the last condition is jim, x” Be of) = 
: d pk = 

Am—1 OF mn Xa orl =Dm-1. 
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Theorem 142. When 0 < y <1 the solution to (11.1)-(11.2) 


for the case when m is odd is 


Dy (kK+1+4,a),(1,1) 
2k ade ae 
f(«) = ———— Doan 32 | (kK+1,a),Qk+y +1, 2a) cf |}: 


m—3 
ore (k+3.¢).a,0 
YY akc IY yy 3 : ae | 
ve a (k+ 35%, a1), Qk +2, 2a) 
(11.4) 


and for the case when m is even, it is 


sles Ss (K+14+4 a) di, 1) 
2k Pony ee 
f(x) = —“— + ee 2 «| (k+1,a),(2k+y +1, 2a) c |}: 


on. (k+3.0).a.0 
ae > ae ktl-y ww, : 2 2H 
vr & (k+ 35%, a), (2k +2, 20) 
(11.5) 


When y > 1 the solution to (11.1)—(11.3) for the case when m is odd is 


y+l m-1 
was sale) ee wf (kK+14 4.0). (LD bo] 


PG) = (e+ 1, a), Qk +y+1, 2a) 


yt+l m—3 
ar (3) ~~ 2k (kK+1+4,a),(, 1) 20 
2 bret x 2W Ax |, 
Vay —1)¢ (kK+1,a),Qk+y+4+1,2a) 


(11.6) 


where the second sum vanishes if m3 <0, i.e, whenm = 1, 


and for the case when m is even, it is 


ee = k+14+4,a),(,1 
Do Pae x2 «| (kK+14+5,e),0, 1) jm] 


fa) = (kK+1,a),(2k+y +1, 2) 


y ~ m—2 
2 ar (4) z . (kK+1+4,e),(1, 1) 5s 
2 bast x oWo x . 
Vay —1) 4 (k+1,a),(2k+y+1,2a) 


(11.7) 


Here »WVq(z) is the Fox—Wright function (1.38). 
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Proof. First we consider the case when 0 < y < 1. Applying the Meijer transform 
(1.58) to both parts of (11.1) and using (9.44), we obtain 


ee | ne -e 2k—1— ’ BY f(O+)- 

k=0 
a. lim ye se “1B By f (x)] =AKy LF IE) 
ar (4 Vee - ° 


where n € N,n — 1 <a@ <n. Taking into account the conditions in (11.2), 


for the case when m is odd we obtain 


m—1 Ht) m= 
z r(igy 
2 
EK LFME) — DY) areb2 NY — Sty eS 
k=0 2rT (4) i= 
AKy LANE), 
where the second sum vanishes if mea <0,ie., when m= 1, 


and for the case when m is even, we obtain 


— r sy) m2 
E77 LAME) — Yo ang np £20 2k? 
Y 2,024 vr (ee) a 
Ky Lf). 
Therefore, 


for the case when m is odd, 


2 2a—2k—1— 
_[ &* “ 
y 


Poa) (x)+ 


k 
ley) 33 = 
ed eat = — Jo. 


and for the case when m is even, 


m— 


2a—2k—l-y 


m2 
f@)= Yi ax K;! a= | (x)+ 
k=0 


‘ie = “= 2a—2k—2 
7G) Dat Sa | (x). 
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In order to find an explicit expression for f we will use the formula for inversion 
of the Laplace transform. So first let us find inverse Laplace transforms taking into 
account formula (1.55): 


g20—2k—2 ; 
| oa | (x) = 24" Bog met 2 (Ax), 


i a 2k—1-y * 4 
a Fla Jo= TY Bog 2k--y-+1 Ax"). 


Now let us find (PY )~!x8-Y Eoy B (Ax?”), Using (3.124) we can write 
(Pry xP) Bog ax) = 
2/1 x ( d 


where p = [4] + 1. We have 


x 
Pp 
) [Ferns 02a? — 2a, 


0 


ym 22mo 


2a) __ ——— 
Era, p (az) = dX Pam +B) 


and 
x 
[Perso =P ya dz= 
0) 
0° ym a 
> TF poate _ 2yP-3-ldz = 
m=0 ( i aa B) 0 
oo r a) T(p—z 
z ym (ma + (p ) 2mat2ptB—y=1 
0 TQam + B) 20 (ma + p-+ Bytt ptt) 
Therefore, 


(PLY 'xP-? Boy g(ax) = 


ot) 
oo r Boe 
VEX ( d i. a” (ma + 2 x 2mat2p+B—y—1 
r (4) 2xdx = Fam + B) p (mow + p+ =!) 


Using the formula 


d " 2uct2n _T@tnat I) an 
2xdx (w+ 1) , 
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we get 


Jaxb-Y > P(ma+ 25") 


(PY) 1x? YBog gx) = 
(4) mol Qam+p)P(mo+ byt) 


Ox 


Using the Fox—Wright function (1.38), we can write 
(Pr) 1 XPY Bog, pax) = 


So 


g20—2k—2 vette (oa | Ee? 
Sear o=a 0? (6 [Fez | O- 


1 = me 
rr 1 TOY Booey 242 (AK) = 
Y 
+1 
avr (x4! ) ve (k+3.a),0,0 ; 
ee ee ; ax | 
© (k+ 35%, a), (2k +2, 20) 
20—2k—1—y 
=i) _ 
K, pa rT ]= 


avr ust) y 
2 k+1+5,a),(,1 
eran] ( 2) (11) pom (11.8) 


(kK+1,a),Q2k+y +1, 2a) 


Then for the case when m is odd we get (11.4) and for the case when m is even we get 
(11.5). 

For y > 1, applying the Meijer transform (1.58) to both parts of (11.1) and using 
(9.46), we obtain 


n—-1 


EK, Lf E) — Seek T” BE FOF)— 
k=0 


n—-1 


1 
ao 2k—1— rf [Bi f(x) = AK yLFI(E), 


where n € N,n — 1 <a@ <n. Taking into account the conditions in (11.3), for the case 
when m is odd we obtain 


aS 


ptan2k— ly 


f@= Sts =| (x)+ 


k=0 
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a p20- 2k—l-y 
Sa eae gla) |. 


and for the case when m is even, we obtain 


we 


2a—2k—1—y 


f(x)= Yh =| (x)+ 


“Z pee 2k—l-y 
ek = Fa) |. 


Therefore, applying (11.8) we obtain (11.6) and (11.7). 


11.1.2. Particular cases and examples 


In this subsection first we consider Eq. (11.1) when the conditions of Remark 21 are 
valid. Then we give some examples. 


Theorem 143. Let Ls meéN, wot <a < 4, and let 4 {BE f(x) be bounded for 


0<y,vyFl, and # x [BY f (x)] ~ SB. B > 0 when x — 0+. Then the solution to the 
equation 


(Byorf@)=*AF@), a>0, AER, (11.9) 


with m conditions for 0 < y < 1 of the form 


d 
(BY 04 F)(O+) = 02K; Jim x” —=iR* vor f = (11.10) 


with m conditions for y = | of the form 
(BE 9, f)O+) = arx lim Inxg [BE f(x)] =0 (11.11) 
pit : x>0+ dx ”° , , 
and with m conditions for y > 1 of the form 


. d 
(By op SO+) =a, tim x BY 9, F(X) =0, (11.12) 


where azz € R, k € N U {0}, such that 
0<2k<m-1, 1<2k+1<m-2 ifm is odd 
and 


1<2k+1<m-l1, 0<2k<m-—2 if m is even, 
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for the case m= 1 is f(x) =0, for the case of odd m => 3 is 

f)= 

y ytl m—1 
arr (44) - 2k (kK+1+45,a), (1,1 2a 
————_—— p> a2 X~ 2W2 AX : 
\ | (K+ 1,0), Qk-+y +1, 2a) 
(11.13) 


(kK+1,a),Qk+y+1, 2a) 


m—2 
ar (4) : k+1+4,a),(1,1 
——~ Sax ae ( aN ie] (11.14) 


Here »Wq(z) is the Fox—Wright function (1.38). 


Example 1. Let us consider the general case of the problem (\1.1)—(11.2) when 0 < 
a< 7 O<y <1. In this case m= 1, 2k =0 and using (11.4), we obtain that the 


solution to the problem 
(By 04 SG) = Af (x), a > 0, AER, 
f (0+) = 40, ajeR 


ar( y 
joy). | (1+ 4,@),(1, 1) po, 


Jr (1,a),(y +1, 2a) 


It is easy to see that for y > | the solution has the same form when 0 <a < 


When y = 0, we obtain 
(So DA" fx) =Af@), O<20<1, AER, 
f+) =a, a,€R, 
and using (1.40) we obtain 


(1,q@), 1, 1) 2a 
f(s) =a02| (1,q@), (1, 2@) a 


ao | = 


which coincides with (2.50) if | = 1 and 2a is taken instead of a. 


uae] = a9 Eg, (Ax"”), 


(11.15) 


Example 2. Let us consider the case presented in Theorem 143 when a = 1, bo = 1, 
X= —-1. In this case m = 2, 2k = 0, 2k + 1 = 1, which means k = 0, and using (11.14) 


we obtain that the solution to the problem 
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By fx)=—f@), AER, 
fO+)=1, f'(0+) =0 


dD, +1,2) 


“pe ft] # 


(y + 1,2) 


27r (4 i 
z ws] (1+4,1),0,0 ==] 


7 arr (43+) > (—1y"P (1+ % +m) x2m 
eee 2 T(y+1l+2m)  m!- 


m=0 


Using the Legendre duplication formula 


922-1 1 
I (2z) = rear (s+5). 
we obtain 
ii -1I"r(1+44+m am 
pagar (2 ) fe NC eee 
2 mao 272T (1+ 5 +m) 7 (4 +m) i 
ysl 1 
ai r (4) SDL pay tm 
x2 mao P (5 ob ie 2 
where 
2Trwt+)) 
jv(x) = ——— _ Jy (x). 


x’ 
For jy-1 (x) we have 
z 
By jy 1 (tx) = —t jr (tx). 


Therefore, the function 


y 
| (1+ 4,e),d,1) a] 
(,a@),(v+1,2a@) 


can be considered as a generalization of jy-1. 
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11.2. Mellin transform method 


11.2.1. Ordinary linear nonhomogeneous differential equations 
of fractional order on semiaxes 


Here, following [241], we apply the one-dimensional direct and inverse Mellin inte- 
gral transforms to derive particular solutions to such ordinary linear nonhomogeneous 
differential equations as 


m 
a Ape) OBE Fi = no), x>0, a>0 (11.17) 
k=0 


with constants A, € R,k =0,..., 1. 
The Mellin transform method for solving Eq. (11.17) is based on the following 
relation: 


Ge (Re Gy = 


Pigth Slag ay 
2(a+k) 2 ’ 9) ‘6 
" r| ‘ Pe f'®), (11.18) 
2? y) 


which we obtained from (9.30). 
Applying the Mellin transform to (11.17) and using (11.18), we obtain 


m Ss s-—y+tl 
5tat+k, —5—+a+k 
Sager] 2 : 5 Jro =h*(s). (11.19) 
k=0 2? 2 


Let 


m 
Ron= ya er 
k=0 


s—y+tl 


Statk, ““"+a+k 
2 p 


Using the inverse Mellin transform we derive the following solution of (11.17): 


mere 1 
f@)= (m lz cmino}) (x). 


We introduce the Mellin fractional analogue of the Green function: 


to 3 
Ga,y,m(*) = (1 lion 51) Oe 


So we can write 


FOR) = (MO [(MGa,y,m)(8)\(MhY(5)]) @). 
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Applying the property of the Mellin convolution 


CO 


d 
M fu(=)om? (s) =(Mu)(s)(Mv)(s), 
t t 


0 
we obtain that the solution to (11.17) provided that Py, ym(s) 40 has the form 


CO 


f= if Gorm (2)nen, 


0 


11.2.2. Example 


Example 1. Let m = 0. We are looking for a solution to the equation 
Agx*(DB® _ f)(x) =h(x), x>0, a>0. 


We have 
Ss 
Py,y,o(s) = Ag2™ 7 


Now we can find 


ere oe 
Ga,y,0(X) = (m law) %) 


Using the formula 
e(2)=a f fe xa =a pre") 
a 
0 


and Wolfram Alpha, we obtain 
= 
r(gyr(g+5) 
r(gt+a)r(g+5%+a) 
ro) P (s+ 4) 


rotayr(s+4%+q) 


M7! 


2) mM! 


Fractional differential equations with singular coefficients 493 


1 
Gx? 10a] SF) (« ae se ?) , 


T (2a) 


where 0(z) is the Heaviside theta function 


1 z>0, 
a= | 0 z<0. 
Therefore, 
8 Sp dey 
Mo! r(s)r ($+ 2 ) ee 


2 (= x??2-'9F; (a + 54,0; 205 1-2”) Ix| <1, 
TQa) | 0 jaleed, 


Finally, 


Cay (3) 


= 2 2a—1 _ 
ae 2( =) 2Fi (a + 45+, 0; 20; 1 - 5) 0O<x <t, 
Aol Qa) 


0 O<t<x 
and 
[oe] 
_f[c x nae _ 
f(x) = a,y,0 (=) rs = 
0 


oo 2 
1 | Pay Py Oe ca eee 2 eet! 
ae so 2os l= —= 
A22—'F (2a) 2 ie 2 a) i 
x 


or) = 
1 p2 — 42\ 7071 vend x2\ hit) 
2F\ a + ——, a; 2a; 1 — 5 dt 
Aol (2a) 2t 2 t too 
x 


Using the designation of the right-sided fractional Bessel integral on a semiaxis from 
Definition 47, we get 


1 a —La 
fa)= 7 UBE yt **h(t))(x). 


Example 2. We consider Eq. (11.17) with m = 1. It is easy to see that without loss of 
generality we can put A, = 1. Letx > 0,a >0, Ao ER. We have 


go DBE FG) ab Ax" (DBS _ FG) =h(x). (11.20) 
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Let 
y #2k —-1, keN, 
1 
5 1—4a —,/(y — 1)? —4A0) 4 —n, néN, 
1 
xv —1—4a t+ (vy — 1)? — 440) 4-2, neN. 
We have 
tay, Seb 
Pani =P*r| a ae ((s +2a)(s — y +1+2a) + Ao). 
2? 2 


So we obtain 


oe ae ee 
Ga,y.1(%) = (m1 lzno)) com 


i M7! 1 r 55 < (x) = 
72a ((s + 2a) (s—y+1+2a)+Ag) S44, saa ane = 


ytioo s s—ytl 
1 1 2 2; 5 
x "ds. 


Tr 
Q2a+l 77 haces tame a 1+ 2a) + Ao) Sta, a a +0 


yt 


Let us show that Ga,y,1(x) = 0 for x > 1 and for Res > 0. We have 


(MGa,y,1)(s) _ 


8 s—ytl 
1 1 i . 7 
220 ((s + 2a)(s —y +1+2a) + Ao) Sta, — it = 


ia et PG 
ras—sis—2P (5 +a) p (Hott +a) 


1 
jaa MG1)(s)(MG2)(s)(MG3)(s)(MGa)(s), 


where s\ and sz are solutions of the quadratic equation 


s°+ (4a+1—y)s + Ao —2ay + 2a + 4a? =0, 
1 1 r(5) 
(MG\)(s) = ——, (MG2)(s) = ——, (MG3)(s) = ——=——, 
S—S] S—S2 r(5 +a) 
r(34) 


(MGa)(s) = r (et +e) 
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Then 
—S| 0 1, 
a ee 
“2 O0<x <1, 
ee ee 


(1—x2)¢71 
c= | 2 rep" eek 


x>1 


when Res > 0, 


G3(x) = 


n—-1 
— "Ss dean ym 
m! 
m=0 


when —n < Res <1—n, 


Pee vase 
Ga(x) = rat4%) 


0) x>l 


0<x <1, 


when Res > 0, a+ a > 0, and 


when —n < Res <l-nat++ > 0. 
Let us consider 


if pci Ba 
Go,y,1(x) = (™ zw) eS 


ytioo 
1 


Res > Res, 


Res > Resp, 


n—1 


x>1 


(-a-*54)m m 


pz 


m=0 


1 
r 
Q2etl yj / ((s + 2a)(s —y +1+2a) + Ao) a 


y—ioo 


We have four group of poles: 


1 

s=1= 5 1 —4a —/ (vy — 1)? —4Ao), 
1 

s=82= 5(y —1—4a + yy — 1)? — 440), 


m! 


n—1 
2 2ya-1 (=a) 
Tw (« — x“) =, = v") O0<x <1, 


Xx 


0<x <1, 


x>l 
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5 =-—2n, n=0,1,2,..., 
s=y-—2k-1, yeEN, k=0,1,2,... 


Let all poles be simple. If we choose 


1 
y = max | 507 = 1 dart yy = 1? = 4do).0} 


y #2k + 1, then evaluation of the residues at the above poles yields 


1 1 s s-y+l 
Ga,y,1%) = res r a8 2 Pa 
ay Q2a \ s=s, (s — s1)(s — 52) s +a, soy +a 
I s s-y+l 
res | —————_- f° 2°? 2 x78 ae 
s=| (s—si)(s—s2) | S+a, tte 
0° 1 s s—ytl 
y- re r 2? 2 x os 
= sa Oh (s — 51)(s — 52) +a, sy +a 
1 1 SL si-ytl 
_———s ——_T" 2 ? 2. x! + 
on (E — $2) + +a, sicytt +a 


ial 
— x |p 
(s2 — $1) 3 +a, aayth +a 


> (-1)" r (5 oe on 


n!(—2n — s1)(— 2n — 82) P(q@—n)P a+ 


n=0 


K Ss smyth 
— 1 Tr ve = 
20 \) (s1 = 50) aoe ie nytt y 


x (=1)" Z ae 34 


X ae 
n(n + 51)2n +52) p(y —n)P = eae n) 
1 1 Sy sj-ytl 
—-(|———r| .”’ : xt] + 
oe (E — $2) d+a, ae +a 


on a 
——_T i Pa io 
(sz — 51) 3 +a, say tt +a 


© [ays T (sy + 2n)P(s2 + 20) (5% -2) 


a) nl P(s) +20 + IP (9 + 2n+ DF @ =n) (w+ 5% =n) 
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where 
sy= 5 1—4a (y 1)? 4Ao), 
1 
82 =5(¥ —1—-4a+ yy — 1)? — 4Ap). 
Let us consider the last term in Ga, y,1(x) as a Wright function (1.38): 

3 (-1)" P(s1 + 2n)P(sp + 2nyr (GY -n) , 
x 

rao | @! Psy +2n + DM (92 +2n+ DP @—an)P (a ees -n) 
(11.21) 


We obtain p = 3, q =4, 


a, = S|, 42 = $2, 43> 


,@) =2,02=2,a3=—-1, 


j= 
bh =s, +1, bp =524+ 1, b3 =a, ae eames 


2 
6, =2, By =2, Ps =—1, Ba=—l, 

4 3 

>> Bj - Yoa = aes eee ae eee eee ee ee 


j=l l=1 


So the series (11.21) is absolutely convergent for |x| < 1 and 


3 1)" T (sy + 2n)P(s2 + 20) (5¢-2) 
| os eo ae ny 
(51,52, +54; 2,2, —1) 
3W4 
(sp +1,s2+1,a,a@+ 1; 2,2, -1,-1) 
Therefore, 


. 1 an ne Se ae ee 
ay) = 555 ean 44a, smytl 4g x + 
l S2 sa—ytl 
r 2? 2 x82 + 
aa 3 +a, 22 om 


652, =~32,2,-1 
Ms (81, 82 - ) 21), 
(si +1,52+1,a,a + 45%; 2,2, -1,-1) 
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where 


1 

s1=5Y 1 — 4a —,/(y — 1)? — 4Ao), 
1 

s2= 5(y —1— 4a t+ y(y — 1)? — 440). 


So for x <t, 

G i(=)= : Lop} - a (=) " 4 

a,y, — pa 

Y t 22a (s1 = 52) S| +a, S] ye +a t 
1 r a4 aot ay” ae 
(s2 — 51) See ay tt +a t 
(s1, 92, G4; 2,2,-1) x? 
34 1— Py ’ 
(si +1, +1,0,a+ 5"; 2,2,—-1,-1) t 


CO 


fea)= f Gay. @loes 


x 


and 


11.3 Hyperbolic Riesz B-potential and its connection with 
the solution of an iterated B-hyperbolic equation 


M. Riesz [472,475] has created a new method for solution to nonhomogeneous linear 
equations by generalization of the fractional Riemann—Liouville integral. We general- 
ize and apply this method to solution to some linear equations with Bessel operators 
acting by all variables. This method overcomes difficulties within the theory of dif- 
ferential equations which are due to the occurrence of divergent integrals. Namely, in 
some cases (for example, for hyperbolic equations) it is necessary to use the analytical 
continuation of a potential which depends analytically on a parameter. 


11.3.1 General algorithm 


Let us start from the presentation of the general algorithm of construction of the solu- 
tion to the nonhomogeneous equation Lu = f with some linear operator L. 

An algorithm for constructing the Riesz potential generalized by the operator L and 
application to the solution of differential equations with this operator L follow next. 
1. An integral transform .; convenient for working with operator L is chosen (for 

example, .“, is the Fourier transform when L = U1, ¥, is the Hankel transform 
when L = U,,). For suitable functions f we have ¥,Lf = PF, f, where P isa 
symbol of operator L. 
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2. The fractional negative power of L or the Riesz potential is constructed by the 
formula L~? f= a P-2 Fr, f. Here P-> can bea generalized function, for 
example when P is an indefinite quadratic form. 

3. An integral representation of the Riesz potential for operator L is realized in the 
form of the convolution /° f = (F,P~2 * f)_. The convolution (- * -)7 must 
correspond to the chosen integral transform ¥,. 

4. The obtained integral 7° f is studied for absolute convergence for some class of 
functions f. It is examined at what values of a this integral converges absolutely. 
Other properties, such as boundedness, semigroup property, etc., can also be stud- 
ied. 

5. Additional conditions on the function f for which the equality 1°+*Lf = 1% f 
for some natural k (for example, k = 2 when P is a quadratic form) is true are 
clarified. 

6. By constructing an analytic continuation (or without it if possible) it should be 
shown that for aw = 0 the potential /® f is the identity operator /° f = f for some 
class of functions. 

7. Using obtained results one can easily write a solution to the equation Lu=/f for 
some class of functions f. It is just necessary to apply /“+* to both sides of 
Lu= f: 1°+*Lu = I%u = 1°+* f, Then putting w = 0, we get u = I* f. Here an 
analytic continuation /% f is used if needed. 

It is easy to see that using this scheme, we can also obtain a solution to the equation 

Lu = f with the iterated operator L. 

The algorithm for constructing the Riesz potential is close to the composition 
method (see Chapter 6) developed by S. M. Sitnik (see [146,230,231,535]). 


Remark 24. /t we would like to construct a solution to Lu = f with initial conditions 
(for example, in parabolic or hyperbolic cases), it is better to start from the case when 
the time variable acts by the first or the second derivative. Then, we apply a trans- 
mutation operator preserving initial conditions and obtain a solution to the problem 
under consideration. 


11.3.2 Definition 
Consider the potential generalizing the Riesz potential of the form 


a-n-ly| 


a foe ot 2.2 g, ost 
Ug, No) = He | (Fy. DEBT’ Ney’dy, — (11.22) 


n 
where y’= J] y?', 


i=l 


Dee +1 “ ; +1 a a—n— 
Hn, y (A) = = sin( 3 n) (4 )r(S)r( 5 vet), 


i=1 
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Kt={yeR}: reve. by}, WiF2k—1, KEN, and (YT? f) (eH Te... 3" f(x) 
is the multi-dimensional generalized translation (3.169). Operator (11.22) will be 
called hyperbolic B-Riesz potential. Up to a constant, this operator coincides with 
the first term in formula (10.3); therefore, for (11.22) the same statements about abso- 
lute convergence (Theorem 127) and about boundedness (Theorem 129) are true. 

The reason for considering this operator is its convenience in finding a solution to 
the iterated nonhomogeneous general Euler-Poisson—Darboux equation of the form 


yu = f,m €N. By constructing an analytic continuation we show that for a = 0 


the potential /% is the identity operator J°, f = f for some class of functions. 
Y Y 
Note that (11.22) can be written as 


a—n-ly| 
2 2 


pos fei y3—-. Ya) 
y Hn y (a) u 


wn | dy, / (2-Ly'2)> 


(T? fy(x)y’dy = 


2 OT Py! "dy ={y' =yiz'}= 


ly'|<y1 
ee : ae 7 
mem f ne [22 HY DEM Payee’. 


(11.23) 


11.3.3 Variables in Lorentz space 


Let x1, x2, ...,Xn be the coordinates of the Lorentz space, such that x;>0, x2>0...., 
X,=0. The metric in Lorentz space is defined as follows: 


2 2 2 
(xX, x) =x — x7... — XP. 


The squared distance between points x and y, x, y € R', is 


rey = (x —y,x — y) = (1 — y1)? — (2 — yn) — .. — rn — Yn)”. 
The scalar product (a, b) of two vectors a and b,a, be Ri, are defined as 
(a, b) =a,b — agb2 — ... — anby. 


Two vectors whose scalar product vanishes are called orthogonal to each other. If the 
scalar square (a, a) of a vector a is positive, then vector a is called time-like. If (a, a) 
is negative, then vector a is called space-like. A light-like vector is a vector a such that 
(a,a) =0. A light cone or characteristic cone with vertex a is given by the equality 
(x —a,x —a)=0 

Consider a fixed time-like unit vector a=(1, 0, ...,0) and a variable space-like unit 


n 
vector v=(0, v2, ..., Un) which is orthogonal to a such that > uz = 1. If a vector v 
k=2 
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goes from the origin, then its end gives part of the unit sphere S A (n). Also a vector v 
is orthogonal to a. Therefore, 


(a,a)=1, (v,v)=—l, (a, v) =0. 
Let t > 0, p => 0. The arbitrary vector y € Ri can be written as 
y=ta+puv. 


We rewrite the expression for y as 


1 1 
y= ig + p)(atv)+ ae — py(a—v). 
By entering the notation 
b=s(atv), c=s(@-») 
=;@+), c=,@—), 


we can write 


ya (+p b+ (t= pe= (+p) (b+ Fe). 
t+p 


Putting now 


t-— 
pF o=t+p, 
t+ 
we obtain 
y=o(b+t0), 


where b and c are some vectors. Expressing p and f in terms of o and T, we obtain 
(di—-t) _ (+r) 
== —T), == T). 
p 5° 5% 
From the definitions of a and v it follows that 


1 
(b, b) =0, (c,c) =0, (b,c)= 5 
The square of the Lorentz distance from the point y to the origin can now be expressed 
as 
t-— 
P= (y= lat puta t pry? — pr a(t py 2 =07r, 


We have 


y= (91, 925) Yn) = tat pu= (ft, Pv2, ..., PUn), |v| = sft +..$02=1. 
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So y; =t, |y'| =p. Let 5 > 0, y’ = (yp, ..., yn), and let |y’|? = (y; — 6)? be a part of a 
cone with the vertex (6, 0, ...,0). Consider its lower part 0 < y; < 6. Then taking into 
account that |y’| = p, we can write yj + o = 45 ort + o =6. Therefore, the lower part 
of the cone, having the form | y’| = 6 — y, or op =6 —t (0 +f = 5) in new coordinates, 
will take the form o = 6. On the surface (y, y)=0 (t = :¢), with the exception of the 
vertex, we obtain t=0 and a0 >0. 

The interior | y’| = 5 — y; (|y’| =6— yj ort +p <5) for y; > 6/2 (p < t) becomes 
o <6 and t > 0. The interior |y’| = y; (|y’/| < y1 or p < t) for y; < 6/2 becomes 
O0<t<lando>0. 

The Jacobian is 


0(p,t = = 
pe Nae ae 


1 1 1 
“SG. Alba -¢ 


Denoting by ea the domain bounded by | y’|?=(y1—4)* or tf + p = 6 on top and by 
the part of the cone (y, y) = 0 or t = p below, we write that Kt = Kj U(Kt \ Ks). 
Using new variables t and o we getO <t < 1 and0 <o <6 characterizing ee 

Let 0 < ¢ <6. Then the cone (y; — ¢)* =|y’|? becomes t- 0 =e. 


11.3.4 Identity operator 


Theorem 144. For the function f €Sey, the Riesz hyperbolic B-potential continues 
analytically to the values a > —1. Moreover, (I°,_ f(x) is the identity operator: 
Y 


(Up, Ja) = f@). (11.24) 


Proof. Let first n + |y| — 2 <a. We consider the hyperbolic Riesz B-potential at the 
point (x1, ...,%») = (0,...,0) =O 


a—n 


a = 1 2 2 2 =lvl y y_ . i 
U PO= ee) foi Ya7--—Yn) 7 FO)" dy, y =H 
. = 


Dividing the domain K* into two parts, Ke and K+ \ Kx, we can write 


U8, JO) = 1 + 


where 


a-ly\ 


1 a- 
It = [oi 2-2)" Fy" ay, 
1 %@) yr-y2 Yn f(y)y" dy 
Ky 


1 a-n-ly| 
—————— i, Of 92-92) = FO de 
2 = 6 @) Yi-Y2 Yn f(y)y" dy 
Kt\Ky 
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We show that J’ and J; are holomorphic as functions of a for a > —1 and 
(I?) f(O) = f(O), 1) =0, which is equivalent to (2, f)(O)=f(O). 
Va 


Let us pass in /;’ to spherical coordinates y’=(y2, «5 Yn)! 


a—n 


1 =ly : 
= Fe [ot- IPE fO)y dy = (y" = 00) 
Ke 


a—n-ly| 


= f ort 8 = py" FO, 190 yf dSdpdy, 


es 
Ks 


where |y/=y/.y3 +... + yas ¥/= (2. 5 Yas [Evatt Yn OY = O/7..87" 
By replacing variables y; and p by formulas 


1 1 

p= sos): w= 500 8), (11.25) 
considering that Soe) = 50 and y = (y1, p90) =a (b+ Tc) (see Section 11.3.3), we 
obtain 

v= 

51-n-l7I of 

—___. / 6” as [ o%\dox 

Hn, y (a) 

Sf (a1) 0 


1 
| tel tporndiaan' pews code. 
0 


Let 
1 
21-n-ly| a—n—|y| , 
A@,o=T a tr 2 (14+r)" 1-1)!" fo (b+ te))dt. 
n,y (a) 
0 
Then 
6 
I? = / ads [ A(a.ojo% "do. 
Sf (n-1) 0 


We expand f(o(b + tc)) by the Taylor formula by variable rt: 


N-1 rP 
fO)=fe@btto) =>) pi (9) + Rw), 


p=0 
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where 


oP 
PO as ny ee) 


t=0 
and 


T 


1 aN 7 oe 
Ry (t)= aaa | prieb+%o) (t —T) dt. 
0 


We get the following expression for A(a, a): 


1 
ginal A PGB) faa 
A = pw? y +P Ny — yetly'l-2g 
(a,c) We) dX a ic (d+17)"( T) TH 
= 0 


gl-n-lvl Pg. 
= c 
Feny (a) J 


Toast cua—otl’ Ryder. 


Using the integral representation of the Gauss hypergeometric function for c—a—b > 
0, 


1 
oF \(a, bc; -1) = io 5 ft ta-o- a +a, (11.26) 
0 


~ Tw (c— 


in our case we getc-—a—b=n+|y|—2>0,n+|y|—2 <a, and 


1 
[eRe -o0 4 yar = 
0 
r (54 pti)restiy'|-0 
r (tyien 4 ) 


a—-n— atnt+ly'|—- 
Fi (-n Me pet a Yh + ps 1). 


x 


The integral (11.26) converges for b > 0, c— b > 0, and c— a— b > 0 and has an 
analytic continuation on the values b < 0, c— b < 0 as a series 


(oe) 


F(a, b: c-l)=)> 


n=0 


(@)n@)n(—D" 


(c)nn! 
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Using this analytic continuation, we continue the integral 


1 
i corer try — cyte 
0 


to valuesa <n+|y|— 
Introducing the notation 


y1-n-ly| p (e+ p+1)ratiyl= 


Ap(a) = x 
! nn 
a-n— atnt+ly’|— K,(a 
2Fi (-n =u UA a al ia eT 1)= ae 
r (5) 
where 
r2!-lvi-a 
Kp(@)= 


x 
n 
pisin (4 ftr) Tr (44) r (2! +1) 
i=1 
p (els p+ i)r@tiy 1-0 
r (eye ee pr) 


a-n— a+tn+|y’'|— 
Fi (—n pt a Yh ps i), 


x 


we can write 


A(a,a)= 

— 2!-a-ly! iste a 

> F,(0,0)Ap OW as a 7 (+7)! —r)"t"'l-2 Ry (zr) dt 
p=0 Feny 


(11.27) 


and 
5 


N-1 
=) A,@) i; vas | Fyto, 0)0% dot 
p= 


sae 0 


al-n-ly| 
— oY «fo alg 
Hn, y (A) 


Sf(@-1) 0 


(d—r)"t”"|-2 Ry (r)dt= 
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é 
Ao(@) i as | Fo(0.8)0% 'do-+ 


Sf(n-1) 0 
N-1 8 
Y> Ap(@) / oY aS | Fp(0,8)0"'do-+ 
St(n-1) 0 
5 1 

ae vas | alg if as (l= yt" Ry (x) 
——_—- Oo oft —T N(t)dT. 
Hn, y (a) 

Sf (n—-1) 0 0 


(11.28) 


3 
The most important term in (11.28) is Ag(a) f 6” dS { Fo(o,0)0%!do. We 
Sf(a-) 0 
show that 


3 
lim, Ag(o) / a¥'ds | Fo(o,6)0°'do = FO), (11.29) 
a 

Sf (n-1) 0 


N-1 5 


lim )~ A,(@) / ov ds | Fp{o,8)0%!de —0, (11.30) 
a0 


p=1 


and 


a1-n-l7| A 
lim 
i ow) / 6” dSx 


Sf(n-D 
1 


frac 


0 


(1—ry"t!'l-2 Ry (r)dt =0. (11.31) 


To prove (11.29), let us consider 


Fo(o, 6)Ag(a) = =" F(ab). 
r($) 
We have 


2!-l7| r=.) restiy'I- 
Ko(0)= x 


it ‘ +ly- 
sin( fa) Tr(a) r(r— yet) (A) 
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’ 


n+ly| nt+lyl-v 
F Jl : ;-lJ= 
2 i( Y1 2 2 


n2}-lltpat+ly|—1) 
x 
I n il 
sin (447) r (2 ral a) I Iv (4 1) 
i= 


ne ly) ae ly (=P. ‘ 
a. 2 ’ 


2F\ ( vi, 1 
Using formula (15.1.21) from [2] of the form 


Jal (a—b +1) 


2F\(a,b;a—b+1;-1)= : 
2er (1+ $—2)r (4) 


a—b+140,-1,~-2...., 


we geta=—y,,b=1 mHlyl g b+1= "lyin 49, VDoc 


at+ly'|-y 
n+lyl atlyl—n1 an Jar (stein ) 
oF, v1, 1 5 : 5 >--1}= ey =F 
iit) 
and 
n2!-l"IDn + |y'| — 1) an far (thin) 
Ko(0) = 


. L Jy! it 4 +ly’| 1— 

sin (4x) r (Y a) p(s) (44) 
= 

> "Ie Sent |y’| — 1) 


r (24) sin (4px) r (54) . re): 
2 2 2) id 2 


l 


Taking into account formula (1.5), we obtain 


tell Vara tly —D 
ely tty 
r(s) ir (4) 

fi —} 


Ko(0) (11.32) 


Now we construct an analytic continuation of the expression 


6 


[re a)o*—!do. 


0 
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The most important term in (11.27) is the term containing Fo(o, 0) Ao(q@). Let us write 
it in the form 


6 


Ao(a) | Fo(o,8)0%~!do = = Ko@) 


($) 
(3) 


|r b)o*—'do. 


Factor Ko(q@) does not have singularity at « = 0 and for y; 4 2k — 1, k € N, can be 
5 


calculated by (11.32). Integrating [ f(ab)o%—'do by parts we get 
0 


é 
r) 
@ stg | fom ae f(ob)o* - | fe(obo%d0 
(5) al (5) o= 0 
1 r) 
oe f (8b)8% — / fi (ob)o%do 
ar ($ +1) ‘ 
Then 
li Bre | [ b)o-!do == f (5b) — | ciobae = 
Ko(O Ko(O 
ul £0 (rp) f (6b) + f(0)) = us Ao 00, 


Thus, we have 


6 
lim Ao(@) / ds | Fe(0,8)0%'do = Ao F0) / ev'dS. 


Sf (n—-1) 0 Sf (n—1) 


Using formula (1.7), we obtain 


n 
oe I r (4p 
Ko(0) | adsa cere tly'l-) inn \* ) _ 
2 7 ntly'l\ 7 vit n—2 (2) 7 
sfa-1) Bi 2 ) Tr (4") —- 


which gives (11.29). 
5 
To show (11.30) and (11.31), let us consider A p(@) f Fy(o, 0)0%—!do for p>O: 
0 


gi-nivi T(p+1— BE) rent |y'|- 


x 
Hn, y (a) p! r (seen rs p) 


Ap(@)= 


Fractional differential equations with singular coefficients 509 


a-n— atnt+ly|— 
Fi (-n pa a HT eps i) 


2 2 
atin P(pt1— E*) rat iy'|= 0 
pur (434) r(g)r (i mlyi-a) p (ED + p) x 
2F (-n. aan tt I: atntiinn foe ‘). 
Applying (1.4), 
r (> +1- ues) = 


1 n+ly|—a@ D n+|y|—a@ 7 
2 2 
ate n+ |y|—a@ r(1 n+ly|—a@ 
2 2 


and 
Ap(@) = 
2!-lvl-egr(n Jy ical (1 miyl-e) (2 wipe) 7 (p wipe) 
x 
n nN 
p! uu (4) r (2) r (ctety' V1 +p) 
[— 
a—n— atn+|y'|— K,(a@ 
aK (-n. : is ue a Sp 1)= ple) 
r (5) 
where 
Kp(@)= 
2'-lvl-¢7 Tr (n ais ly’| 1) (1 us) (2 “tiple ) - (p wipe) 
x 


ntl r(4 1) p (ey al +p) 


=1 
| 


l 
a-n— atnt+ly’|— 
fi (—n, Me pt we El cog 1). 


We obtain that the expression 
2!-Wlat(nt|y’| —1) (1 mil) (2 ml) | (p nl) 


* itl tly! 
finances 


i 


K,(0) = 
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n+ n+ly'|- 
lvl. ly’ Vi 25 i) 


Fil -v, 1 ; 
2Fi(-n.p+ > > 


is finite for n + |y’| — vy) 4 —2k, k EN. For any entire p we get 


QP n Pp 

aor OO rea) = 8" (ya) f. (11.33) 
where 0, = ae y =o(b+ Tc). Considering (11.33) we note that 2 A atte (b+ Tc)) 
has a factoro”, p = 1,2, .... Therefore all integrals 


6 


| Foto. 0)0°"do, p=1,2,..., 
0) 


and 
1 


frac fe" 


0 


(l—r)"t”'l-2 Ry (t)dt 


converge a a > —1. Taking into account that K,(0) is a finite number and 
lima > 0, r® = = 0, (11.30) and (11.31) are proved. 


Let us now consider J; oe 


1 
Bayz f ro Monsonytdy=(' = 09) 
2 = %o@) fy" dy ={y 
Kt\K# 
1 ntly’|-27.,2 2, e=nolyl ry 
a (yy — p?) 2 f(y, p00” y!'dSdpdyy. 
Wa) / p yp-P fO1,e yy pdy, 
K+\Ky 


Passing in the last expression to variables (11.25), we obtain 
1 


y1-n-ly! 
eZ ovas fe 
Hn, y (a) 


St(a-1) 0 


tr)" —rytl lar x 


CO 


forsee +tc))do. 


6 
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CO 
Since f € Sey and 6 > 0, the function G(t, 8, a) = f ao! f(a(b + tc))do belongs 
fy 


to Sey by (t, 8) and is holomorphic by q@. Putting 


aI-Ivl-a 
: 7 d+e)"0 —2)"t”'-26 (7, 0,0) = Wr), 
r (4 
i=l 
we obtain 
1 1 
If = — / vas fe" wade, 
r(#)r (ou y 1) 
(5) 2 = Sf (n-1) 0 


1 
a-n-ly| ‘ é : 

——— jr 2 : W(t)dt, using integration by parts, can be 

(w+) A 

continued analytically as a holomorphic function of @ for all @ > ao, where apo is 

an arbitrary number. So 


The expression 


1 
1 y a—n— 
r (341) 0 


St(a-1) 


1 
r(5) 
that ce ‘ f)(O) = f(O). If we ike g(O)= YT? Fy) instead of f(O), we can write 


(op Si f)@) = f(x), which means that J, o : is an identity operator. O 


is a holomorphic function for 


and TS vanishes for a — 0. Therefore, it is shown 


Based on the proved theorem and equality (10.28) for hyperbolic Riesz B-potential 
for f € Sey, 0<a andk EN, the following formula is valid: 


I As ae ae (11.34) 


Y Y 


n 
where L1,=B,,— >> B,,. 
i=2 


In addition, when 0 <a and f € Sey such that xe 3 flxi=0 =0,i=1,...,n, the 
equality 


PPO, fait fF (11.35) 


Y ‘a 


is true. If function f such that a ae ( yi flx=0 =90, j =0,..,m—1,i=1,...,n, 
then the equality 
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pen, yy f= 7 (11.36) 


Y y* 


is true (see Theorems 130 and 131). 


Due to density Sey in Ly equalities (11.34)-(1 1.36) extend to functions from i, 


atly| 
a 


a 


forl<p< 
Le 


, in the case when the integral [> f converges absolutely for f € 
Y 


11.4 The Riesz potential method for solving 
nonhomogeneous equations of 
Euler—Poisson—Darboux type 


Riesz potentials are generalized convolutions with fractional powers of a certain dis- 
tance (Euclidean, Lorentz, or other). From the point of view of application, such 
potentials are tools for solving differential equations of mathematical physics and in- 
verse problems. For example, M. Riesz used such operators to obtain a solution to the 
Cauchy problem for the wave equation. The modern theory of Radon transforms is 
based on Riesz potentials. In this section, we use Riesz potentials constructed using 
generalized convolution to solve wave equations with Bessel operators. First, we de- 
scribe the general Riesz potential method, introduce solvable equations, and compare 
each equation with a suitable potential. Then, using the connection of the Riesz hyper- 
bolic B-potentials with the d’ Alembert type operators with Bessel operators instead of 
the second derivatives, we solve some singular hyperbolic equations. 


11.4.1 General nonhomogeneous iterated 
Euler-Poisson—Darboux equation 


In this subsection, we consider the nonhomogeneous iterated Euler-Poisson—Darboux 
equation, with the Bessel operator acting on each of the variables, of the form 


Ok, yp @@, t) = f(x, 2), u=u(x,t:k), (x) eR", men 
(11.37) 
where 
a? ka 
(Ok,y t,x = (Bet — (Ay) x, (Be); = ae a 


n 2 
0 Vi 0 
AS 24 | 
( yx o(S+2 =) 
f(%, 0) € Sey (Rit!) and u(x,t; k) € Sey (Rit). If necessary, f can be taken from a 


wider class of functions, such that the corresponding Riesz B-potential exists and the 
solution u has the desired properties. To solve Eq. (11.37), we will use the potential 
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built and studied in Section 10.1. Also, if function f is eae from a wider class 
of functions, it should be such that ko ky)! flo = 0, x?" x? ty Ch.y) flxi=o = 0, 
J=0,.,m—-1,i=1,...,n. 

As a potential inverting (Cx, , )7”, we will use the first hyperbolic B-potential (10.3) 
having a form (10.4), but with a more suitable constant. Namely, form + |y|+k—1< 
a, 


(18, De0= Be mms — ly) ATTY pee. nytky’ardy, 
(11.38) 
n n Vi I 
where y = (y1,..., Yn), IWl=,f 0 2, Y= Ty) KT Hl, eR : Ely}, 
i=l i=l 
An k,y (@) = 


ga-n-l k+1 kt+1\ 7 +1 l—n—k— 
sin sn Tr os I[r MES r(s)r acs Iv , 
2 2 }} 2 2 2 


kA2m—1,meEN. It is known that for f € Sey anda >n+|y|+k—1, the integrals 
da, f)(x, t) converge absolutely for x ¢ RY, t > 0. ForO<a<n+|y|+k-1 


iayperbolic B-potentials /% +i0,y Can be defined as 


(8, JO.) = Chey bag 0, 


where g = [ eee). 


Applying the hyperbolic B-potential /, atom to both sides of Eq. (11.37), using 
Y 
(11.36), we obtain 


Top Ok y re.) = 1S" fe.) 


or 


a _ ya+2m 
vf py HOO = ae f(,t). 


Now putting aw = 0 and taking into account (11.24), we get a solution to (11.37) in the 
form 


u(x,t) = IE f(a,0). 


This solution is not unique and we should note that for this solutions we have condi- 
tions 


au ' g2s—l 6 aly ' i 
Aye = P25 (X), DisaT =U, rai =U, L=1,...,n, 
ores t t=0 ax." xj=0 


i 


(11.39) 
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a2s 


where 92; (x)= a 


(2M f(x.) for s=0,1,...m— 1. 


t=0 
Let us formulate the result as a theorem. 


Theorem 145, Let (Ok,))i,x = (Br)t — (Ay)x. For f € Sey (Ri*') and k € N the 
expression u = ey J )(x, t)f is the solution to the iterated equation 
Y 


Chytu= ft), u=ua,5k), eR, meN 
(11.40) 
such that 
a5 uy a2s—ly a2s—ly 
=Wa;(x), ca! =0 —— =0, i=1,...,n, 
at |, 9 ° aT | sy a x;=0 
(11.41) 


where os (x)= 25 Iet De) 


, fors =0,1,...,2k —1. 
t=0 


11.4.2 Mixed truncated hyperbolic Riesz B-potential 


In this subsection we consider the application of the transmutation operator method to 
solve the equation 


(Oey u= f@.d, u=u(x,t:k), (x,eRT, meN, 
(11.42) 
where 
a ok a 
( key It.x = (Be)t — (Ay)x, (Bt = a2 | 5p 


n 2 
0 Vi ) 
Bey) = —+——}, 
( yx ~(S x x) 


i=1 
f(x, t) € Sev (R't), and u(x,t; k) € Sep (Rit) with homogeneous conditions 


Qgz-ly 
21-1 
Ox; 


o*u 


ors 


— =0,i=1,...,n,5=0,1,...,2m—1,/=1,2,.... 
t=0 


Xj =0 


(11.43) 


If necessary, f can be taken from a wider class of functions, such that the correspond- 
ing solution u will exist and have the desired properties. 
As the transmutation operator, we use the Poisson operator (3.120): 


t 


kL 
Pky =? 1¢ =) “fda Fee: 


k+1 
r(S*) 


1-k 
“z pl-k 
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with the intertwining property 
PK D? = BP. 


This approach was used in [218,219]. The inverse operator (Pry! is defined by 
(3.124). 
First, we construct the potential that gives a solution to the problem 


(Fe- pe) a= se00, u=u(x,t;k), (x, eR, meN, 
(11.44) 
where 
re ka 
(Ok.y ex = (Bri -— (Aye, (Bor = ae 


n 2 
0 Vi 0 
A —_ — FS ’ 
( yx ¥(4 Xj “) 


i=l 


au a2-ly 
z =0, —4 =0,i=1,...,n,5=0,1,...,2m—1,1=1,2,.... 
at t=0 Ox; xj=0 
(11.45) 
Then using cos we obtain the solution to (1 1.42)—(11.43). 
For x € R41, t > 0, 4 € C we define a function s* by the formula 

(2 =)xP)* 2 2 

S* (x, t) = N(ay.n) (t = |x| ) A (t = 0), (11.46) 
0 (t? < |x|”) Vv (t <0), 


where 


qa-n— 1% Soe 
Veww= ag (2 )r (“ aul *)r (9) (11.47) 


Consider a mixed truncated hyperbolic Riesz B-potential (a similar operator where 
the external integral is taken in the range from 0 to oo is considered in [504]) 


t 


Chm pf eet) f de / S 


0 {Iyl<t}* 


a-n— pele 


“(r, yO Tx) f (x,t — t)y” dy, 
(11.48) 


n 
where {|y| < t}* = {y € Ri: ly| < t}, y¥ = [] yi", and ’TY is the multi- 


i=l 
dimensional generalized translation (3.169). Integral (11.48) converges absolutely 
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for n+|y|—l<qa for the integrable with weight y” on the part of the cone {|y| < 
t}+={yeR":|y|<t}, 0 < t < +, function f(t, y) (this is shown similarly to Theo- 
rem 127). 

ForO<a<n+ly|—1, 


ap D= Cw. ee, 


where g = shia 


as g2!-1 7 
L =0, Sat =0, i=l, 5, 
t=0 U x; =0 
s=0, 1,...,2m—1,1=1,2,..., the following formula is valid: 
Oy =i at (11.49) 


Proof. Applying formula (3.146) of the form ” ji (By, )x; = =(5,)0 Ts and the fact 
that & f(x,¢—1) = “4 fa,t — 0), we obtain 


a2 
aes wh key t,x f= (Ga, (= = a) f) (x) = 


t 


a—n-—| 
dt mE nr (5 - ay) f(x,t—t)y’dy = — h, 
0 {lyl<r}+ 
where 
t 
s— n— aon ltt y 

y= | dt en Noa Son )f (x,t —t)y’dy, 

0 {lyl<r}+ 


B= / Be / ga i, Ay (TY) fet — Dydy. 
0 {lyl<t}* 


Let us consider /;. Turning to spherical coordinates y = ré in I), we get 


= waren | ‘fi mtlyl-le_2 _ p2) "9 ee rx 
Westy y,n) 


/ SOTO S.t —1)0"dS. 


Sf(n) 
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Let us denote 


/ (YT) f (x,t — 1)0”dS = g(r,t —T). 


Stn) 


Replacing the order of integration in /,, we obtain 


t t 
1 a—n—|y|+1 a2 
hh =——_ atlyl-lq i ae ,f —T)dt. 
1 nora! r]f(t r°) 572 er Tt)dt 
0 r 


Integrating by parts twice, we get 


1 1 a—-n 
fos n—|y|—I(a-n-|y|+1) ie ea 2) stud 


N(@ +2, y,n) 


0 {lyl<c}t 
TY) f (x,t — t)y’dy+ 


t 
a—n—|y|+1 
N(a+2,y,n) 
0 


a / (22 — |yP2) = (TY) fx, t — Dy dy. 


{lyl<t}+ 


Let us consider /: 


ar: 
a—n—|y|+1 
ON i. S i (T, y) (By yj ('T: FG, t—t)y" dy. 
J=10 {lylex}+ 


Let y’'=()1,..., Yj-1, Vj+1s-5. Yn) and ly'=/9? ean Yi + You ise y2. 
For j = 1,...,, integrating by parts by y; we can write 


VPP 

(2? —|yP) 2 [(By)y, TDF, t— Dy dy; = 

0 
JealyP ; 
a—n— aa 
Caley es, lao as i OTL, 1-9| ay 
a—n-ly a 
{u=@ =P) z * dom | ol oF ~T F011) ]ay;} = 
a—n— any P 0 /t?—|y'/ 
(7 [yy pehigminas + 
, dy; yj=0 
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/t?y'|? ; 
-4t] a—n—|y|—-1 
(a—n=|y|+1) i yal)? | RDF .1-0) |dy, = 
a} 
0 


VPP . 
soe] a—n-|y|-1 , 
(w—n—|y|+1) / ye aly | ge PRDSG.1-1) | dy5 = 
J 


j+1 a=n=ly\=1 0 
{uy (7? = |yP?) dv= [2 Tp sero] avi} = 
J 
yjtl_2 gy ean lvl a 
@an- Vie by Gai) 2 UND at 4) - 
2% 
; a—n—|y|—1 
(47+ D(@—n—|y|+1) iA ye (—lyPy 2 (PTR) ft -1)dyj+ 
0 
(a—n—|y|—D@-n—-|y|+)x 
/~2—|y!|2 
Vite 8 2) SS yey 
yy ly) 2 OT) FG, t — t)dyj = 
0 
- a—n—|y|-1 
—(vjitD@—n-ly|+)) / yf (0? =|?) — 2 TDF, tt) dyj+ 
0 
(a-—n—|y|-D@—-nzn-|y|+)x 
yj+2(_2 2) SWS yepy 
yy ly) OTD FO, t — t)dy;. 
0 
Summarizing by j from | ton, we get 
h= 
v1 
a—n—|y|+ 2 2, sorely y 
— d - 2 ('T ,t—t)y"d 
Se ivlem fdr foi onb feet—nytayt 
0 {lyl<t}t 
@@—n—lyl-D@—n IVE) 


N(@ +2, y,n) 
t 
a—n—|y|—3 


dt i lyi?(c? — ly?) 2 (Tf (a, t — ty" dy. 


0 {lyl<t}* 
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Then 
a 
—n—|y|-—D(@+2 a—n 
ee fe f C-pa ompres—oyray. 
{lyl<t}* 
Since 
(w@—n—|yI-D@+2) _ (@=n-lyl|-D@+2) _ 
CoCo aes 
1 1 


ae - itl =n-ly|+1 ~ N@y.n)' 
Us eae 8 Ge LL) 


formula (11.49) is proved for m = 1. Repeating the calculations, we get (11.49) for 
meN. O 


11.4.3 Nonhomogeneous general Euler-Poisson—Darboux 
equation with homogeneous conditions 


From Section 11.3 it follows that for suitable function f(x,t) we have 
caer Sf), t) = f(@, t). Therefore, 
v(x,t) = Cirun,y PYG), 


trun,y 


where {|y| < t}* ={y € R4: |y| < t} is a solution to the mixed problem 


q2 m 
(52) v=FG,1), xeRi, 1>0, (11.50) 
acy g2l-ly . 
ors 1=0 , ax2-l : =0,i=1,...,n,5=0,1,...,.2m—1,1=1,2,... 

L xi 


(11.51) 


for F € Sey. When n+|y|—1<2m, we have 


v(x, 1) = Tran PG #) = fos [ s™ x) F(x, t—t)y"dy. 


{lyl<t}* 


For 0 < 2m <n+ly|—1, 


1,002, Nan= Ce Gi pew, 
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where g = [eet 


When m = 1, we have 


t 


u(x,t) = U2 Pyoxt)= fdr | sr" Cr, y)(Y TY) F(x, t — ty" dy. 


run,y 


0 {lyl<t}+ 


Let us construct a solution u(x, t; k) of the problem 


(Ohy)t.xu = f (x,t), u=u(x,t;k), xeRi, t>0 feSe, 


21-1 
ae Oe oy, (11.52) 
ot = 


i=1,...,n,5=0,1,...,2m—1,1=1,2,.... 


u(x, 0; k) =0, 


t=0 dee 


Application of the one-dimensional Poisson operator (3.120) gives the solution 
u(x,t:k)=Pku(x,t),  xeR", t>0. 
Here functions f and F connected by the equality 
-1 
Foe (?*) f(t). (11.53) 


Introducing the notation f| (x,t) = PF u(x,t), we obtain for the iterated equation 


1 
( ky px = ky ( ky tx u= kyui = f (x,t), 


where uy = (Ch, yx ‘i and 


1 
( ky tx u= fi- 


Next, putting fo(x,t) = Pkoi(x, t), where vy, is a solution to (11.50)—(11.51) where 
instead of F function F; is connected with f; by equality (11.53), taking into account 
(11.43), we get 


Chey) = fr 
with homogeneous conditions (11.52). Continuing like this further, we obtain the so- 


lution to (11.42)-(1 1.43). 


11.4.4 Examples 


In this subsection we present some examples of solutions to nonhomogeneous singular 
wave equations. 
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Example 1. First we consider the problem 
(Bog): - (By)x) u= Pins (x), u=u(x,t;2B), x>0, t>0, y>O, 
u(x, 0; 28) =0, ur(x, 0; 28) =0, ux (0, t; 26) =0, 
where 0 <28 <1,0<y <2, and j,(x) is function (1.19). 
We can find F (x,t) by formula (11.53): 


bE 1 (x) d 


g2) 7B 52P +25 — 
F(ix,t)= ra a wa fe \~ ds = 


jr) ate) a, 2(6+3), 
— t- Jy 
P86) 34/0 dt Jr 
The solution to the problem 
Des 


ae Jr @), 
v(x, 0) =0, u;(x, 0) =0, vx (0, t) =0 


(D? — (B,)x)v(x, t) = 


~ 


1 20 (+3) ; r : 
VED = Te oa a ! i (t—t)*dt if (ey) 29 T? jy Dy" dy. 
0 0 


Taking into account the equality ¥ T?’ jy-1 (x) = jy-1 (x) jy-1(y), we obtain 
z 2 Z 


vex, p= a a ae = fu prac fies )~2 jy (y)y’dy = 
; N(2,y, 1) Ju 


ater (4 Drwete fu ar f 
E- t 


N(2, 7,1) 


(r2—y2)- 5 Jy-a (yy? dy. 


2 


Using formula (2.12.4.6) from [456] of the form 


a 


28-1 gBb+v 
re _ x?)P-! J (cx)dx — ——3 PB) Jp+v (ac), (11.54) 
€ 
0 
a>Q0O, Re 6 > 0, Rev>-—1l 
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and the fact that O= 2 sw, we obtain 
-1 
2° rT ( 4") jy) 2 (643) 25 p(_ 7) p 
ieshS (4) oa ( i) or (1 a ORT ee 
N(2,y, 1) Na Ja : 

r(4)r (1-4) ar (6 +3) 

NQyD = Jv-1 (x)[t" + 2cos(t) — 2]. 

Finally, 
u(x,t: 2B)=1 vx, t= 
-3.B 
r(4*)r (1-4) ar (6+ 3) »,-26- 
Jy=1 (x) x 

N(2,y, 1) 1 M(B) 
t 
fe — 5*)P-l[5? 4+ 2cos(s) — 2]ds = 
0 
r(4*)r (1-4) ar (6+ 3) 2,-26- 

Jy=1 (x) x 

N(2,y,1) wT M(B) 2 

Jal (pyre! (46 + 468 +2)0Fi (: 8 +4;-4) + 2) 


ar (B+ 3) 


Noting that 


ce! y+ y 
Nay. =r( ; )r( ae 


we get 


2 
u(x,t) = (-48 + (4B + 2)0Fi (: B+ 7 -*) a ae 2) Jr @). 


Let us check the result: 


1 2 
(Bop). 1) = jst (Bap (4948+ 2)0F (: p+5: -1)42-2)= 


t2 


1 
—(48 +2) (on (:6+ 5 -*) = i) Jr @), 


2 
(-48 + (4B + 2)0F1 (: B+ * -*) +1 — 2) (By)xJrs @) = 
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2 
(4- (4B + 2)0Fi (: B+ > -*) -? +2) Jy), 


L. # 
((Bop): — (By)x) (-48 + (4B +2)0Fi (: B+5: -5) _— 2) jv) = 
1” jy (x). 
2 
Example 2. Next we consider 
((B2): — (By)x)u@, =e jyi(s), GER},  y>0, (155) 
2 
u(x, 0) = 3jy-1 (x), u;(x, 0) =0, ux (0, t) =0. (11.56) 
2 
The solution to (11.55)-(11.56) is 
L ne . 
u(x,t) = 5° (t* + 3t +3) jfy-1 (x). 
2 


Checking, we obtain 


Lyng : ere : 
(Bo); 5° (t Hath apps) = 5 ¢ (t — 3t— 3) Fra), 
Walp epee . l 4,2 : 
(By dese et +3t+ 3) Jr) = =a (t* + 3t + 3) jv), 
and 


1 mre . 2 -t: 
((Ba)r — (By)x) 501 + 3t + jx @) Se jr @), 
u(x, 0; 2) = 3jy-1 (x), u;(x, 0; 2) =0. 
z 
Example 3. Let us consider the problem 
((B2)r — Ayu=Pejy(x;b), w= (2), @ NERY, 
3 
u(x, 0; 2) = shy (a 5), uz (x, 0; 2) =0, Ux, (x, 0; 2) =0, PS Velen, 


where y = (V1, -+-s Yn)» V1 > 0, «1s Yn > 0, b= (H1, ..., bn), and jy is (1.30). The solu- 
tion is 


[oe 
1 
w= =e [ hoe (sin(t + t) — sin|t — t]) t3dt = 
0 
iP —t 4,2 
adv Ge be (t- + 3t +3). 


Checking, we have 


1 
(Bo)ijy (x; bye (t? + 3t +3) = shy (x bye" (t? — 3t — 3), 
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1 
Aydy (x; Dye (0? + 3t + 3) = sic: bye! (t? + 3t + 3), 


((Bo)r — Ay iy (3 De? + 3t +3) =e “jy (x; b). 


The conditions u(x, 0; 2) = 3 jy (x b) and u;(x, 0; 2) = 0 are obvious. The condition 
Ux; (x,t; 2)|x;-0 = 0 fori = 1, ...,n follows from the properties of j, (x; b). 


Example 4. Let us consider the problem 


((B2); — Ay )u = h(t)jy x; b), u = u(x,t; 2), 


a2 
u(x, 0; 2) = (« (3 _ =) _ 6) yt b), 


u;(x, 0; 2) = 0, Ux; (x, 0; 2) =0, PH denn, 


where h(t) =t 2 for O<t< 5 and h(t) =0 for x; > 4%. Then the solution is 


EL 


1 
u=—jy (x; b) = | (sin(t + tT) — sin|t — t|) tdt = 
0 


mr sint a 
(° or (3 5 )) iver 
Checking, we get 
Pee . 
(Bz); 3 jy 3b) = 
mt sint 
ns an “Wwe b), 
mt sint 4 . 
Ay (° 6+ — (3 3 -)) ics) = 
mr sint nm 
G 6+ F (3 8 )) bree) 


2 


((By); — Ay) (° 6+ = (3 “ )) i 6) = Pip tai 


The conditions u(x, 0; 2) = 35, (x; b) and u;(x, 0; 2) = 0 are obvious. The condition 
Ux; (x, t; 2)|x;-0 = 0 fori = 1,...,n follows from the properties of j,, (x; b). 


Conclusion 


Transmutation operators theory is an intrinsic part of mathematics used for problem 
solving, investigation, estimation, numerical analysis, and statistics. 

The methods presented in this book, which are mostly applied to problems with the 
Bessel operator, can be generalized to the case when instead of the Bessel operator 
we take some other operator L for which the generalized shift operator can be con- 
structed. We present formal algorithms for creating tools for solving problems with 
the operator L. 

We consider the generalization of the translation operator proposed by J. Delsarte 
in [83] (see also [317]). 

If f is a function defined on the real axis, then the shift operator 77, y € R, is 
determined by the equality 


Tz f(x) = fty). (12.1) 


Let now f € C™(R). The approach of J. Delsarte was to find a generalization of the 
Taylor formula 


Co A ad\" 
Rif@=fe+y=L > (+) FO), (12.2) 


n=0 
which gives the expansion of the translation operator 7; in powers of the differentia- 
tion operator £. For the translation operator (12.1), using (12.2), J. Delsarte mapped 


the function g,(y) = x to the differential operator Ly, = i in some special sense. 
Namely, he proceeded from the fact that the solution g(y,A), y € R, 4 € C, to the 
problem 


Lyp =, g(0,A)=1 (12.3) 


is p(y, A) =e”. For any real y, this function is entire of A and 


0° 00s an 
eV N=P ora" or eM =a". (12.4) 
n=0 n=0 ~ 


Functions g,(y) = Y, n=0, 1, 2,..., satisfy the conditions 


Lygo = 0, go(1) = 1, 
Ly Qn = Qn-1; gn (0) = 0, n=1,2,.... 


According to (12.3), Delsarte generalizes Taylor’s formula (9.48) as follows: 


[o,@) 
y = n 
T; f@)= ) Gn(y) (Lx) fo), (12.5) 
n=0 
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where L, is some operator. Since Lygo = 0 and Ly@p = Gn—1, formally 


LT O)=> bas IO=>y waA@Gy lO 


n=0 n=1 


=) nay fH re, 


n=0 
ie., T? f (x) formally satisfies the equation 
LyTy f (x) = LyTi f(x) (12.6) 


under initial conditions 


; dy 
Pigh~=a=7), ra f(x) = 0. (12.7) 
y=0 


Delsarte called the operators 7; generalized translation operators and established a 
number of properties for them. 

In this book, we have studied in detail the generalized translation operator corre- 
sponding to the Bessel operator 


am ya 


Ly, =(By)x =—5 + -—. 
x= (By)s ax2 x Ox 


However, using this scheme and methods developed in this book, one can construct 
harmonic analysis for any suitable operator L. In this case, the generalized translation 
operator can be obtained either by formula (12.5) or as a solution to the problem 
(12.6)-(12.7). Using this translation, we can introduce a generalized convolution, a 
generalized spherical mean, and corresponding potentials, and solve problems with the 
operator L. The integral transformation .7;, convenient for working with expressions 
containing L, is constructed as an integral operator with the kernel @ satisfying the 
equation Ly = i¢g, the condition g(0, A) = 1, and a suitable weight function. 
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Vv 
Variables 
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Vector Y 
functions, 248 Yukawa potentials, 341 
light-like, 500 
space-like, 500 Z 


time-like, 500 Zero potential, 361 
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differential and integral equations and systems and for many theoretical and applied problems 
in mathematics, mathematical physics, probability and statistics, applied computer science, 
and numerical methods. In addition to being exposed to recent advances, readers learn to use 
transmutation methods not only as practical tools but also vehicles that deliver theoretical 
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